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A TRI-STATE  LOGIC  FAMILY 


Stephen  C.  Crist 
Clarkson  College  of  Technology 
Potsdam,  New  York 


ABSTRACT 

A philosophy  for  Implementation  of  three-value 
logic  is  Introduced  utilizing  the  tri-state  concept 
2 

found  in  conventional  T L buffers.  By  utilizing  the 
high  impedance  state  as  a distinct  logic  input  as 
well  as  output,  a three-valued  logic  family  can  be 
constructed.  Circuits  that  realize  one  functionally 
complete  set  of  three-valued  functions  are  described 

2 

The  circuits  are  basically  T L in  nature,  and  retain 
many  of  the  desirable  properties  of  that  family. 

One  supply  is  required,  and  no  level  conversion  cir- 
cuitry is  necessary  to  Interface  between  the  tri- 

2 

state  circuits  and  conventional  binary  T L. 

I . INTRODUCTION 
2 

A conventional  T L totem-pole  output  stage  is 
depicted  in  Figure  #1.  In  the  currently  available 
tri-state  buffers,  there  are  three  states  that  the 
output  can  take  on:  Q1  on  and  Q2  off  (Logic  1), 

Q1  off,  and  Q2  on  (Logic  0),  and  both  transistors 
off.  The  last  state  presents  a very  high  Impedance. 


V 

cc 
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Figure  1.  T L output  stage 


A conventional  T L input  stage,  as  shown  in  Figure 
#2,  reacts  to  a high  impedance  input  as  it  does  to 
a Logic  1 input,  because  R is  normally  chosen  such 

that  sufficient  base  current  is  available  to  Q2 
through  Rj^  without  external  current. 

A typical  RTL  input  stage  is  shown  in  Figure 
2 

#3.  If,  as  in  T L,  the  two  conventional  logic  out- 
puts are  current  drive  (logic  1)  and  current  sink 
(logic  0) , then  a high  impedance  input  will  behave 
as  a logic  0 input  because  it  can  provide  no  base 
current  to  the  input  transistor. 


Figure  2.  TTL  Input  Stage 
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Figure  3.  RTL  input  st.nge 
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Neither  input  described  can  discriminate  the 
open  state  from  both  logic  0 and  1,  but  a combina- 
tion of  the  two  input  stages  can  because  they  iden- 
tify the  high  impedance  as  a different  value.  This 
is  the  general  philosophy  of  the  circuits  described 
in  this  paper.  The  high  impedance  state  is  defined 
as  logic  2. 


II.  A POSSIBLE  IMPLEMENTATION 

The  following  algebra  was  chosen  for  Implemen- 
8 

tatlon  • 

_^B 

Cycle:  F = A + B mod  3.  (B  = 1 or  2) 


For  any  circuit  so  constructed,  the  input  would 
appear  as  shown  in  Figure  #4.  This  configuration 
poses  no  loading  problem  when  the  input  is  logic  0 
or  1,  but  if  the  input  is  an  open  circuit,  a prob- 
lem exists.  Because  logic  2 is  to  appear  as  a logic 
1 to  Ql,  Q1  should  conduct  in  the  reverse  direction. 
Logic  2 is  to  appear  as  a logic  0 to  Q2,  thus  no 
base  current  should  flow  in  Q2.  IJhen  the  two  input 
stages  are  connected  together,  however,  current  can 
flow  in  the  path  shown.  The  solution  is  shown  in 

2 

Figure  #5.  In  standard  T L,  as  well  as  the  circuits 
later  described  herein,  a voltage  of  3 diode  drops 
on  the  base  of  Ql  will  cause  the  collector-base 
junction  to  become  forward  biased  and  thus  Ql  will 
conduct  in  the  reverse  direction.  This  voltage  on 
the  base  of  Ql  is  not  sufficient  for  current  to  flow 
through  the  emitter  of  Ql  to  the  base  of  Q2,  thus  Q2 
will  remain  off  as  desired. 


Complement:  F = A = 2- A 

Max:  F = A + B = maximum  value  of  A and  B 

Min:  F = A • B = minimum  value  of  A and  B 

Because  the  minimum  function  can  be  generated  by  the 
maximum  and  complement  functions,  a functionally 
complete  set  of  operations  need  not  contain  minimum. 
The  cycle  functions  are  constructed  with  B a con- 
stant 1 or  2.  The  cycle  2 function  is  also  redun- 

->2  -1  ^ 

dant  because  A = (A  ) , but  is  included. 
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Figure  5.  Modified  tri-srnte  Input  stage 
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Figure  #6  shows  a cycle  1 gate.  Q5  turns  on 
only  when  A is  logic  1.  If  A is  not  equal  to  logic 
1,  then  Q5  is  an  open  circuit  and  does  not  affect 
the  circuit.  The  remainder  of  the  circuit  is  a 
2 

T L inverter.  Thus,  a 0 input  yields  a 1 output, 
and  a 2 input  behaves  as  a 1 input  and  gives  a zero 
output.  When  the  input  is  logic  1,  Q2  turns  on, 
attempting  to  drive  the  totem-pole  into  the  zero 
state.  However  Q5  will  prevent  this  by  turning  on 
and  keeping  the  base  of  Q4  below  cut-in,  thus 

forcing  to  logic  2. 

The  general  philosophy  of  the  circuit  is 
used  in  all  the  other  circuits  described  herein. 

The  circuits  can  be  divided  into  two  parts,  as  shown 
in  Figure  #7.  If  circuit  B is  Ignored,  circuit  A 
will  always  produce  a logic  0 or  1 output.  Circuit 
A is  designed  so  that  the  output  is  correct  when  it 
is  supposed  to  be  a 0 or  1 assuming  QB  is  off.  Cir- 
cuit B turns  QB  off  if  the  output  is  to  be  0 or  1. 

If  the  output  is  to  be  a logic  2,  the  collector  of 
QB  is  connected  to  the  base  of  either  QA2>  or  QA^, 

depending  on  which  transistor  is  turned  on  by  cir- 
cuit A.  Since  QB  is  saturated  when  it  is  on,  it  can 
force  either  output  transistor  to  turn  off. 


This  scheme  has  been  tested  on  the  A and 

A + B circuit,  and  was  functional.  It  is  noted,  l 2 

however,  that  if  the  collector  of  QB  1?  connected 

2 0 

to  QA^,  the  base-emitter  junction  of  QA^  is  not  re- 
verse biased,  although  the  forward  is  small.  Figure  6 

This  can  be  alleviated  by  the  configuration  of  Figure 
8.  (This  applies  only  to  circuits  that  must  turn  off 
QA^.)  QB  turns  off  QA^^,  insuring  QA^  will  be  off. 

QB^  is  necessary  because  otherwise  QA2  would  turn  on. 


I 


output 


Figure  7.  General  trl-atate  configuration 
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Figure  8.  Modified  tri-state  configuration 
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The  A , A , and  A circuits  are  shown  In  Figures 
9,  10  and  11  respectively,  with  the  modification 

suggested  in  Figure  //8  made  to  the  gate.  The  same 
general  philosophy  is  applied  to  the  maximum  gate  of 

2 

Figure  #12 . Circuit  A is  basically  a binary  T L OR 
gate.  Logic  2 appears  as  a logic  1 to  circuit  A. 
Circuit  B must  detect  the  presence  of  one  or  more 
logic  2 Inputs,  thus  circuit  B Itself  has  both  types 
of  inputs  for  each  variable.  Consider  transistor  Q9. 
It  will  turn  QIO  on,  thus  forcing  the  output  to 
Logic  2,  unless  a)  A is  logic  0,  which  causes  Q9  to 
conduct  in  the  forward  direction,  or  b)  A is  logic  1, 
in  which  case  Q8  forces  Q9  to  conduct  in  the  forward 
direction.  Although  only  a two  variable  gate  is 
shown,  the  circuit  is  readily  adaptable  to  any  num- 
ber of  Inputs. 

III.  CONCLUSIONS 

It  is  felt  that  this  approach  to  three-valued 
logic  circuits  has  the  following  advantages: 

1)  One  power  supply  is  required.  (It  may  need 
to  be  slightly  greater  than  five  volts  due 
to  the  two  diodes  in  series  with  RTL-type 
Inputs . ) 

2)  The  noise  immunity  is  good  because  of  three 
distinct  states  of  current  at  the  output. 

3)  There  is  little  dependence  on  resistor  val- 
ues or  active  device  parameters  for  correct 


operation  of  the  circuits. 

4)  The  circuits  can  be  fabricated  using  exist 

2 

ing  T L technology. 

5)  The  outputs  and  inputs  are  electrically  cc 

2 

patible  with  present  binary  T L circuits. 
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TTL  CIRCUITS  FOR  A 4-VALUED  BUS 
A way  to  reduce  package  and  interconnections 


Daniel  ETIEMBLE 


UNIVERSITY  PARIS  6 


II  - A 4-VALUED  BUS 


Abstract 

This  paper  presents  voltage  mode  multi-valued 
circuits  to  define  a 4-valued  bus.  Two  different 
versions  are  presented  : TTL  circuits  fo-  a 4-va- 
lued open  collector  bus,  and  TTL  circuits  for  a 
4-valued  + high  impedance  bus.  Some  dynamic  cha- 
racteristics are  shown.  With  usual  load  of  a bus, 
the  supplementary  delay  is  less  than  55  ns. 

I - INTRODUCTION 

Integrated  circuit  technology  has  made  great 
advances  in  the  past  fifteen  years.  "Relating  mo- 
nolithic processor  advances  to  large  scale  inte- 
gration processing  progress  and  assuming  election 
beam  lithography  to  replace  photomask  lithography, 
1970-77  growth  in  monolithic  processor  sophistica- 
tion and  complexity  can  be  expected  to  cci’tinue  as 
before  and  double  each  year  (Moore-Noyce  Rule)". 
111.  One  of  the  most  important  problems  is  the  pin 
limitation  of  the  integrated  circuits.  Complexity 
of  a system  is  proportional  to  the  number  of  chips 
and  interconnections.  The  most  commonly  used  me- 
thod to  reduce  the  number  of  pins  is  multiplexing. 
While  in  applications  with  relatively  slow  proces- 
sor elements  the  time  multiplex  solution  is  pre- 
ferred, in  high  speed  applications  the  space  mul- 
tiplex may  be  better.  Multi-valued  circuits  offer 
another  solution.  They  allow  each  input  pin  to 
accept  and  each  output  pin  to  deliver  more  infor- 
mation. 

Since  the  beginning  of  I960’S,  many  multi-va- 
lued circuits  have  been  presented  [2  ] . In  1974, 
there  appeared  papers  with  3-valued  TTL  circuits 
Island  3-valued  COSMOS  circuits  I 4l  . In  1976,  Si- 
gnetics  corporation  presented  multivalued  current- 
mode circuits,  using  I^L  technology  ( 5l . These 
circuits  can  be  used  to  implement  threshold  logic. 
As  shown  in  reference  [ 6] , these  circuits  use  mul- 
ti-valued currents  inside  the  chip.  But  noise  mar- 
gins considerations  forbide  the  use  of  multi-valued 
current  outside  the  chip.  To  reduce  interconnec- 
tions by  reducing  the  number  of  pins,  one  need 
multi-valued  voltage  inputs  and  outputs. 

In  this  paper,  voltage  mode  multi-valued  cir- 
cuits are  described  to  define  a 4-valued  bus. 


Microprocessor  devices,  memories,  etc,  are 
2-valued  integrated  circuits.  It  has  been  shown 
8] that  4-valued  algebras  are  generalized  boo- 
lean algebras.  By  embodying  2-valued  circuits  with 
an  input  decoder  and  an  output  encoder,  it  is  easy 
to  define  4-valued  integrated  circuits  (Fig.l). 

I 


decoder  I J encoder 


Fig.  1 4-valued  IC. 

The  decoder  and  the  encoder  circuits  must  be 
integrated  on  the  same  chip  as  the  2-valued  cir- 
cuit. They  use  the  same  technology  or  a compatible 
technology  as  the  2-valued  circuit.  With  processors 
using  N-MOS  technology,  the  decoder  and  encoder 
circuits  must  use  N Channel  MOS  technology.  TTL 
interface  circuits  are  compatible  with  I^L  or  l^L 
technology. 

The  decoder  and  encoder  circuits  may  be  consi- 
dered as  interface  circuits  between  the  commonly 
used  2-valued  integrated  circuits  and  the  4-valued 
bus,  but  these  interface  circuits  are  integrated 
inside  the  chip.  Outside  the  chip,  the  entire  cir- 
cuit looks  like  a 4-valued  circuit.  This  method  has 
some  advantages  and  disadvantages. 

Advantages  : 

- this  method  is  the  most  efficient  method  to  im- 
plement 4-valued  circuits  with  technologies  which 
are  typically  2-valued  ones  ( 6l  . 

- It  allows  us  to  use  the  usual  2-valued  micropro- 
cessors, RAM,  ROM,  etc..,  with  a slight  modifica- 
tion, as  4-valued  circuits. 

Disadvantages  : 

- the  speed  of  4-valued  circuits  is  lower  than  the 
speed  of  the  2-valued  corresponding  ones.  We  must 
add  to  the  delay  time  of  the  2-valued  circuits  the 
delay  time  of  the  two  interface  circuits.  It  would 
make  no  sense  to  apply  this  approach  to  SSI  cir- 
cuits, since  the  two  conversions  delay  times  would 
be  greater  that  the  processing  time.  But  with  LSI 
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circuits  as  microprocessors  or  memories,  Che  time 
required  for  the  2 conversions  is  only  a small  part 
of  the  delay  time  of  the  2-valued  LSI  circuits.  The 
decrease  in  speed  is  compensated  by  the  drastic  de- 
crease in  the  number  of  required  pins. 


We  present  here  TTL  circuits  for  a 4-valued 
bus.  The  load  of  Che  4-valued  bus  is  the  same  as 
that  of  the  corresponding  2-valued  bus.  The  TTL 
circuits  are  compatible  with  I^L  technology. 

Two  different  versions  are  presented  : 

- 4-valued  open  collector  bus 

- 4-valued  + high  impedance  bus. 

We  adopt  the  following  notaCional  conventions 

. = {0,  I,  2,  3 } Set  of  4 values 

. E2  “ {0,  I } Set  of  binary  values 

• a,  b,  c,  X,  y G E2. 

. z e E,  . 

. Let  be  a 2 valued  function  such  that 

z^  = I when  z > i 

= 0 otherwise 


For  each  version  of  the  bus,  we  define  the  en- 
coder circuit  (Fig. 2),  the  decoder  circuit  (Fig. 3) 
and  the  coding.  Using  the  properties  of  4-valued 
generalized  boolean  algebras,  we  need  only  2 binary 
values  at  the  output  of  the  decoder  circuit  and  at 
the  input  of  the  encoder  circuit  (Fig.  4). 

Coding  determines  the  relations  between 

a)  X.,  y.  and  a,  b,  c for  the  encoder  cir- 

11 

cult 

— I —2  —3 

b)  X , y and  z , z , z for  the  decoder 

0 0 . . 

circuit . 


There  are  16  different  ways  of  coding,  but  on- 
ly 2 fundamental  codes . The  other  ones  correspond 
to  permutations  between  x and  y,  x and  x, 
y and  y . 

For  each  version,  we  give  only  the  two  fundamental 
codes . 


Ill  - 4-VALUED  OPEN  COLLECTOR  TTL  CIRCUITS 
III. I - Encoder  circuit 

We  use  the  TTL  7403  circuit  (quadruple  2 input 
HAND  gates  with  open  collector  outputs).  The  enco- 
der circuit  is  shown  in  Fig. 5.  Table  I gives  the 
relation  between  the  logical  values  and  the  opera- 
ting voltage  levels.  We  may  use  more  diode  drops  to 
define  the  operating  levels  corresponding  to  logic 
values  I and  2 to  improve  noise  margins.  This  would 
need  some  modifications  in  the  decoder  circuit. 


Fig.  5 : open  collector  encoder  circuit 


Logical  values 

Operating  levels 

0 

V sat 
ce 

1 

V sat  + \ diode  drop 

ce 

2 

V sat  2 diodes  drops 

ce  ^ 

3 

V 

cc 

Fig.  2 Encoder  circuit  Fig.  3 Decoder  circuit 


Table  I 

III. 2 - Decoder  circuit 

—1  —2 

The  decoder  circuit  implements  the  z , z and 
z^  functions.  With  the  input  voltage  levels  defi- 
ned by  the  encoder  circuit,  the  decoder  circuit 
is  shown  in  Fig. 6.  It  uses  3 7404  gates  and  2 
^j-ode^  drops^j  The  output  levels  corresponding  to 
z,  z and  z , are  the  usual  level  gf  TTL  techno- 
logy, except  for  the  low  level  of  z , which  is  one 
diode  drop  above  the  usual  level.  A sligh^  modifi- 
cation in  the  integrated  version  of  the  circuit 
would  give  the  usual  low  level. 


Fig.  4 Interface  circuit 
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Then,  the  relations  become 


a » X. .y.  * X.  + y. 

_i  1 1 1 

b * X. 

1 


z*  z . z 


The  corresponding  implementation  is  given  in  Fig. 8 
NOR  with  open  collector  1 

1 K. 

output  T I 


:R2  I L 


Fig. 6 Open  collector  decoder  circuit 
III. 3 - Coding 


. The  first  fundamental  code  is  given  in 
Table  II. 


Fig.  7 First  implementation  corresponding  to  first  code 


As  the  operating  levels  corresponding  to 
and  y.  inputs  are  the  output  levels  of  2-valued 
circuits  inside  the  chip,  we  may  simplify  the  she- 
me  of  Fig.  7 by  using  complemented  values  of  x. 

and  y.  . 

1 


The  sect  nd  fundamental  code  (Gray  code)  is  given 
in  Tab] * III. 


a b c 

z 

-I  -2  -3 

2 Z Z 

rxi  y. 

1 0 0 

0 

1 1 1 

1 1 

0 1 0 

1 

0 1 1 

I 0 

0 0 1 

2 

0 0 1 

0 0 

0 0 0 

3 

0 0 0 

0 1 

Table  III. 

The  corresponding  relations  are  : 


The  resultant  implementation  is  given  Fig.  9 


A 


T. 

^ 74125 


A 


-[> 

74126 


Y 


Fig.  1 1 Tri  State  Buffers 


the  load  circuit  of  Fig 
ding 


10,  and  the  second  co- 


270  Jl. 


74125 


74126 


Fig.  11  : Tri  State  Buffers 
The  encoder  circuit  is  shown  in  Fig.  12 


580  Jl. 


33pF<Cj^<470pF 


Fig.  10  Load  circuit 

For  a 2 Foot  long  4-valued  wire,  the  delay 
time  is  less  than  37ns  with  C,  • 33  pF,  and  less 


than  55ns  with  C.  ■ 150  pF 


1 


With  open  collector  TTL  circuits,  noise  mar- 
gin is  good  enough  to  allow  use  of  a 2 foot  long 
wire  with  a capacitive  load  of  150pF. 

Fig.  18  shows  the  dynamic  characteristics  of 
the  circuits  described. 

IV  - 4-VAmED  * HIGH  IMPEDANCE  TTL  CIRCUITS 

This  version  is  an  extension  of  the  tri-state 
circuits  of  the  binary  case.  We  use  an  active  pull 
up  circuit  which  is  controled  by  a special  input. 


IV.  1-  Encoder  circuit. 

We  use  74125  or  74126  Tri  state  Buffers. 

Fig.  11  shows  the  circuits  and  their  logical 
function. 


Fig.  12  : Encoder  circuit 

Table  IV  give  the  relation  between  logical  values 
(0,  1,  2,  3)  and  the  operating  levels. 
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X . 
1 


Logical  values 

operating  levels 

0 

V sat 

ce 

1 

V sat  + 2 diodes  drops 

ce  ^ 

2 

V sat  4 diodes  drops 

ce 

3 

TTL  high  level 

Z 

High  impedance  state 

Table  IV 

We  use  2 diodes  drops  and  4 diodes  drops  for 
noise  margins  considerations. 


7403  74125 


IV.  2 - Decoder  circuit. 

—I  —2 

The  -z-  , z functions  are  implemented  by  the 
£ircuits  shovm  in  Fig.  13.  An  integrated  version  of 
z3  circuit  is  shown  in  Fig.  14. 


—\  —2 

Fig.  13  : z and  z circuits 


Fig.  15  Implementation  of  second  coding 


IV.  3 - Coding 

We  use  only  the  second  fundamental  coding 
(Table  V) . 


a 

b 

C 

d 

Z 

-1 

Z 

-2 

z 

-3 

z 

X. 

1 

yi  k. 

0 

1 

0 

0 

0 

1 

1 

1 

0 

1 1 

0 

0 

1 

0 

1 

0 

1 

1 

0 

0 1 

0 

0 

0 

1 

2 

0 

0 

1 

1 

0 1 

1 

1 

0 

0 

3 

0 

0 

0 

1 

1 1 

0 

0 

0 

0 

Z 

7 

7 

7 

0 

0 0 

Table  V 

k.  is  the  control  input  of  the  high  impedance  sta- 
te. When  - 0,  the  output  z is  in  the  high  im- 
pedance state.  It  would  make  no  sense  to  decode  this 
state.  The  ? means  that  the  outputs  of  the  decoder 
circuits  do  not  deliver  information. 


The  corresponding  relations  are  : 


A slight  modification  in  the  74126  circuit  would 
give  the  scheme  shown  in  Fig.  16.  It  only  means 
the  use  of  multi  emitter  transistors  for  the  A 
inputs  and  for  the  control  inputs. 


74126 


IV.  4 - Operating  characteristics 

The  results  shown  correspond  to  the  4-valued 
circuit  shown  in  Fig.  17.  The  gates  corresponding 
to  the  High  impedance  control  have  been  deleted. 
This  sheme  allows  us  to  examine  the  switching  cha- 
racteristics of  a 4-valued  circuit  with  active  pull 
up  output. 


r 


Fig.  17  : 4-valued  circuit  with 
active  pull  up  output 

With  a capacitive  load  of  150pf,  the  delay  time 
is  less  than  50ns.  The  delay  time  is  simular  to  the 
open  collector  version  delay  time.  But,  with  active 
pull  up,  we  may  use  smaller  switching  currents.  (For 
a 55ns  delay  time  with  open  collector  circuits,  the 
load  resistor  is  llOJi)  . 

Fig.  19  shows  the  dynamic  characteristics. 


tivalues  pour  le  traitement  de  1 ' information" . 
These  d'Etat  a paraitre. 

7 S.C.  Lee  and  Y.K.  Zvi,  "A  generalized  boolean 
algebra  and  its  application  to  logic  design",  in 
Proc . 1975  Int.  Symp.  Multiple-Valued  Logic, 
pp88-98.  May  1975. 

8 J.Dussault,  G.  Metze  and  M.  Krieger,  "A  multi- 
valued switching  algebra  with  boolean  properties", 
in  Proc.  1976  Int.  Symp.  Multiple-valued  Logic, 

pp  68-73,  May  76. 


V - CONCLUSION 


We  have  presented  TTL  circuits  as  interface 
between  a 2-valued  chip  and  a 4-valued  bus.  These 
circuits  must  be  integrated  on  the  same  chip  as  the 
2-valued  one.  Two  differents  versions  have  been  pre- 
sented. It  has  been  shown  that  with  usual  load  of  a 
bus,  the  supplementary  delay  is  less  than  55  ns. 
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LOGIC  DESIGN  OF  MULTI-VALUED  I^L  LOGIC  CIRCUITS 
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ABSTRACT 

An  algebraic  system  for  designing  multi- 
valued (four-level)  I^L  circuits  Is  presented  here. 
It  was  necessary  to  develop  this  system  because 
the  use  of  existing  multi-valued  logic  formalisms 
does  not  result  in  efficient  I^L  circuits.  The 
close  relationship  between  the  algebra  and  the 
integrated  circuits  Is  stressed  throughout  the 
paper. 


INTRODUCTION 


A number  of  techniques  for  the  logic  design 
or  minimization  of  multilevel  digital  circuits  have 
been  previously  published.  ^ ^ ^ These  papers 
differ  in  the  basic  connectives  chosen,  but  have 
the  common  feature  of  starting  with  an  algebraic 
system.  They  either  do  not  consider  circuit 
Implementation  or  exhibit  only  "proof  of  feasi- 
bility" circuits  rather  than  circuits  Intended  for 
practical  implementation. 


This  paper  presents  an  algebraic  system 
which  was  developed  from  a family  of  four-level 
I^L  circuits  which  have  actually  been  constructed 
using  a standard  I^L  process.  5,6  circuit 

family  Is  called  Multi-valued  I^L  or  MVI^L. 
Although  the  discussion  Is  given  in  terms  of 
four-level  circuits  (since  these  were  the  ones 
actually  fabricated) , the  techniques  are  easily 
extended  to  circuits  using  different  numbers  of 
logic  levels.  The  circuits  discussed  here  are 
Intended  for  MSI  or  LSI  applications.  Their 
advantages  over  binary  circuits  arise  from  their 
ability  to  provide  more  "function"  per  unit  area 
and  their  reduced  requirements  for  Interconnec- 
tions due  to  the  fact  that  fewer  four-level  sig- 
nals than  two-level  signals  are  necessary  to 
represent  the  same  Information. 


‘Digital  Systems  Laboratory,  Stanford  University, 
Stanford,  Ca.  94305 


In  two-valued  or  binary  digital  circuits  each 
signal  can  take  on  one  out  of  two  possible  values 
and  represents  one  bit  of  information.  The  pre- 
cise numerical  values  assumed  by  the  variables 
are  not  Important  for  logic  design  and  thus  the 
symbols  £ and  1_  are  typically  used  to  represent 
the  two  "logic"  values  assigned  to  binary  vari- 
ables. The  circuits  to  be  described  here  operate 
with  four-valued  or  quaternary  signals.  The  sym- 
bols £,  ^ and  3_  will  be  used  to  represent  the 

logic  values  of  the  signals.  In  the  actual  Imple- 
mentations the  four  signal  values  are  represented 
by  four  different  values  of  current  (actual  current 
magnitudes  are  controlled  by  the  speed  require- 
ments of  the  circuit).  Typical  values  might  be 
<0,  10  iiA,  20  mA,  30  mA>. 

The  logic  system  to  be  described  here  makes 
use  of  three  types  of  operators: 

(1)  A set  of  two-valued  (binary)  functions  of  a 
single  (quaternary)  variable.  These  functions  are 
called  literals. 

(2)  A four-valued  function  of  a single  (quaternary) 
variable  called  the  complement. 

(3)  Three  connectives— PLUS , MAX,  and  INHIBIT 
— for  combining  two  or  more  quaternary  variables. 

These  operators  were  selected  because  their  use 
leads  to  efficient  circuits.  In  fact  they  were 
chosen  by  studying  already  designed  circuits  in 
order  to  identify  convenient  building  blocks. 

The  symbology  used  Is  summarized  in  Table  I 
which  should  be  helpful  as  a reference  when 
studying  the  design  description. 


LITERALS 


Literals  are  binary  functions  of  a single 
quaternary  variable.  **  The  most  primitive  literals 

**The  strong  U Threshold  literals  are  called  "step- 
up"  functions  and  the  strong  D Threshold  literals 
are  called  "step-down"  functions  by  Ylng.  ^ They 
are  credited  by  Ylng  to  Muhldorf.  The  delta 
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are  the  weak  threshold  literals . Uj(X)  and  d^CX), 


defined  by 

u^(X) 

> 

0 

Iff  X 

> 

t 

(1) 

Uj(X) 

= 

0 

Iff  X 

< 

t 

and 

d^(X) 

> 

0 

Iff  X 

< 

t 

(2) 

dj(X) 

= 

0 

Iff  X 

> 

t 

where  X is  a quad  variable  taking  on  only  values 
0,  1,  2 or  3;  and  t Is  a rational  number  between 
0 and  3.  For  example  U2(X)  = <0,0,+  ,+  > 

where  the  bracket  notation  shows  the  result  when 
X takes  on  the  successive  values  0,1, 2, 3 and 
the  + indicates  any  non-zero  value.  Similarly, 
d2(X)  = <+,+  ,+  , 0 > where  only  values  of  X £ 2 

(down  from  2)  will  be  non-zero. 

Related  to  the  weak  threshold  literals  are 
the  strong  threshold  literals.  U^CX)  and  Dt(X), 
which  are  defined  by 


Uj(X)  = 

1 iff  X 

2 t 

(a) 

(3) 

U^{X)  = 

0 Iff  X 

< t 

(b) 

D^(X)  = 

1 iff  X 

< t 

(a) 

(4) 

Dj(X)  = 

0 iff  X 

> t 

(b) 

The  two 

classes 

of  threshold 

literals 

differ 

In  that  the  weak  literals  require  only  a value 
greater  than  zero*  when  the  appropriate  condition 
Is  satisfied,  while  the  strong  functions  require  a 
value  of  1 when  the  appropriate  condition  occurs. 
For  example,  U2(X)  = < 0,0,1,1>  and  D2OO  = 

< 1 ,1 ,1 ,0  >. 

A circuit  for  realizing  the  threshold  literals 
Is  shown  In  Fig,  1.  Circuits  will  be  presented 
here  to  Illustrate  the  complexity  Involved,  but 
the  functioning  of  the  circuits  will  not  be  dis- 
cussed. Readers  Interested  In  the  circuit  opera- 
tion are  referred  to  references  5 and  6.  Note 
that  the  simplest  literals  to  form  are  the  weak 
literals  dJX)  followed  In  complexity  by  Ut(X) 
then  Dj(X). 

The  other  type  of  literal  are  the  delta 
literals . X^,  which  equal  1 only  when  X = I. 

Thus  the  strong  delta  literals  are  defined  as: 


*The  margin  by  which  zero  must  be  exceeded 
will  become  clear  when  the  circuits  used  to  pro- 
cess the  output  of  a weak  literal  circuit  are 
presented. 


X^  = 1 Iff  X = I (I  = 0,1 ,2,3) 

(a) 

X^  = 0 iff  X I 

(b) 

(5) 

2 

example,  X = <0,0,1,0> 

llj(X) 


Circuit  to  Generate  Threshold  Literals 


It  Is  also  possible  to  allow  two  superscripts 
which  specify  a range  of  values  for  which  the 
value  1 Is  to  be  taken  on.  Thus: 

X^'^  = 1 Iff  I s X < J (I,J  = 0,1, 2, 3)  (c) 

X^'^  = 0 iff  I > X or  X > J (d) 

For  example , X^'^  = <0,1,1,0> 

The  corresponding  weak  threshold  literals  are 
defined  as: 

x^  > 0 Iff  x = I (I  = 0,1,2,3) 

x^  = 0 Iff  X I 

x^'^  > 0 Iff  I < X < J 

x^'^  = 0 Iff  I > X or  X > J 
1 , 2 

For  example,  x = <0,+  ,+  ,0> 

The  delta  literals  are  derived  from  the 
threshold  literals  by  use  of  the  INHIBIT  circuit  to 
be  described  subsequently. 


(a) 

(b) 

(c) 

(d) 


**(cont'd.)  literals  are  called  literals  by  Allen.  ^ 
The  definitions  given  here  are  generalizations  of 
this  prior  terminology. 


A straightforward,  but  Important,  generaliza- 
tion of  the  literals  Just  defined  permits  them  to 
take  on  values  other  than  1 when  the  appropriate 
conditions  are  satisfied.  Thus  we  have: 
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(7) 


— B 

B e X - X 


CU|.(X)  = C iff  X 2 t (a) 

CD^,(X)  = C iff  X < t (b) 

CX^  = C iff  X = I (c) 

CX^'^  = C Iff  I 5 X ^ J (d) 


with  the  conditions  for  0 unchanged  from  equa- 
tions 3b,  4b,  and  5b.  A circuit  for  producing 
and  CD^  is  given  in  Fig.  2.  Thus , 

2V^0Q  = <0,0,2,2  > , 3D2(X)  = 
<3,3,3,0>,  and3X^'^=  <0,3,3,0>. 


Figure  2 

Circuit  for  Generalized  Threshold  Literals 

COMPLEMENT 

2 

A function  which  occurs  naturally  in  MVI  L 
circuits  is  the  complement  in  which  the  value  of 
X is  subtracted  from  a fixed  bias,  usually  3.  A 
formal  definition  is: 

= B e X 4 B - X iff  B > X (a) 

X®  = B e X A 0 iff  B s X (b) 

If  the  B subscript  is  missing,  it  is  taken  to  be 
3;  X = 7^.  Thus  if 

X = <0123  > 

X = X^  = <3210  > 

= <2100  > 

= <1000  > 

p 

A circuit  to  generate  X is  shown  in  Fig.  3, 


Figure  3.  A Circuit  to  Generate 

Table  1 Illustrates  these  definitions  of  lit- 
erals and  complement.  Inspection  of  this  table 
verifies  the  validity  of  the  Interrelations  among 
the  various  definitions  presented  in  Table  2. 

Table  1 

Illustration  of  Literals  and  Complements 
(a)  Strong  Literals 
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Table  1 (continued) 
(b)  Weak  Literals 


PLUS  Connective 


0 12  3 

X 

3 2 10 

d2(X)  = u^(X) 

U3(5?)  = dgCX) 

1 

0 + + + 

+ 000 

d3(X)  = u^Oi) 

U2(X)  = dj^CX) 

0 0 + + 

+ + 0 0 

dQ(x)  = U3(X) 

U3(X)  =■  d^Oi) 

0 0 0 + 

+ + + 0 

Note:  + represents  any  base  current  large 
enough  to  saturate  a transistor. 


Table  2.  Relations  Among  Literals 
U|.{X)  - D°_j{X)  = 

D|.(X)  = U°^j(X)  = U3_j(50 
u^(X)  = d3_^(X) 
d^{X)  = U3_^(X) 


In  these  tables  the  delta  literal  notation  Is 
extended  to  functions  so  that  If  f represents  an 
arbitrary  function,  then  f°  Is  equal  to  1 only 


when  f is  equal  to  0 

and 

Is 

0 

Otherwise 

For  example:' If  X=<0 

1 

2 

3 

> 

and  f(X)  = < 3 

0 

1 

0 

> 

then  f'>(X)  =<0 

1 

0 

1 

> 

X+Y+Z  A 3 e (X+Y+Z) 

(9a) 

X+Y+Z  Abo  (x+y+z) 

(9b) 

Note:  X+Y+Z  Is  the  arithmetic  sum  of  X and  Y 
and  Z;  the  symbol  6 Is  defined  In  equation  (8). 


(a)  Circuit  (b)  Logic  symbol 

Figure  4 

Circuit  for  X+Y+Z  ® 

Table  3 shows  a table  of  values  for  X+Y. 

Table  3.  Values  of  X+Y 
X 


0 

1 

CM 

3 

0 

3 

2 

1 

0 

1 

2 

1 

0 

0 

2 

1 

0 

0 

0 

3 

0 

0 

0 

0 

X+Y 


CONNECTIVES 

A simple  means  for  combining  two  variables 
Is  to  add  the  corresponding  currents  and  then 
subtract  the  resulting  sum  current  from  a fixed 
bias  current.  A circuit  which  Implements  this 
operation  Is  shown  In  Fig.  4.  The  resulting 
connective  Is  called  PLUS  and  Is  defined  as 
follows: 


By  modifying  slightly  the  circuit  for  PLUS 
It  Is  possible  to  obtain  a realization  for  the 
MAX  connective.  MAX  selects  the  maximum  value 
among  the  Inputs  and  subtracts  this  value  from  a 
fixed  bias.  Formally: 


MAX  Connective 

XvYvZ  A 3 e Maximum  of  (X,Y,Z)  (10a) 
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(10b) 


variables.  * 


XvYvZ  ® A B e Maximum  of  (X,Y,Z) 


A circuit  for  MAX  Is  shown  In  Fig.  5 and  a table 
of  values  for  XvY  Is  given  in  Table  4. 


Minimum  of  (X,Y)  = MAX  (X,Y)  (12) 

The  third  basic  connective  to  be  used  is  called 
INHIBIT.  Whenever  an  inhibit  input  has  a non- 
zero  value , the  output  is  forced  to  zero.  A for- 
mal definition  is: 


Table  4.  Values  of  XvY 
X 


0 

1 

2 

3 

0 

3 

2 

1 

0 

1 

2 

2 

1 

0 

2 

1 

1 

1 

0 

3 

0 

0 

0 

0 

XvY 


Situations  can  arise  when  it  is  desirable 
to  calculate  the  maximum  or  minimum  value  of  a 
number  of  variables.  The  maximum  function  is 
easily  obtained  by  taking  the  complement  of 
MAX.  Thus 

Maximum  of  (X,Y,Z)  = MAX  (X,Y,Z)  (11) 

The  minimum  is  derived  by  means  of  the  fol- 
lowing expression  which  can  be  yerlfled  by  substi- 
tuting all  possible  values  (0,1, 2, 3)  for  the 


INHIBIT 

BX°Y°Z°  A B when  X = Y = Z = 0 (13a) 

BX°Y°Z°  4 0 when  X or  Y or  Z 7^  0 (13b) 

(B  represents  a fixed  bias  and  if  the  inputs  X,  Y 
or  Z are  literals , either  strong  or  weak  literals 
can  be  used. ) Figure  6 shows  an  INHIBIT  circuit 
and  Table  5 lists  the  conditions  for  a two  variabl 
INHIBIT  operation. 


(a)  Circuit  (b)  Logic  symbol 

Figure  6 

Circuit  for  BX^Y-Z” 


*Many  algebraic  systems  for  multi-valued  logic 
use  the  minimum  and  maximum  operators  as  basic 
connectives.  If  XvY  is  used  to  represent  the 
maximum  of  X and  Y,  and  XaY  Is  used  to  repre- 
sent the  minimum  of  X and  _Y.  then  equation  1 2 
can  be  written  as:  XaY  = XvY.  The  similarity 
to  De  Morgan's  Law  for  Boolean  Algebras  is 
interesting  to  note. 
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Table  5.  Values  of  BX°Y 


X 


0 

1 

2 

3 

0 

B 

0 

0 

0 

1 

0 

0 

0 

0 

2 

0 

0 

0 

0 

3 

0 

0 

0 

0 

BX°Y° 


One  use  of  the  INHIBIT  circuit  is  In  gen- 
erating the  delta  literals  (defined  previously). 
Thus: 


BX^  = BDgUI 

(14a) 

BX^  = BD°U“ 

1,2  ^ 

BX  ' = BD°U| 

(14b) 

(14c) 

In  forming  the  delta  literals  by  means  of  the 
INHIBIT  function,  weak  threshold  literals  can  be 
used  in  place  of  strong  threshold  literals.  Other 
possible  valid  expressions  for  the  delta  literals 
include 

BX^  = Bd°U°  = BD°u°,  etc.  In  general: 


X^'J  = d 


i-iY+1  ~ '^i-i^j  Vj+1 


(15) 


where  it  is  understood  that  X^'^  = Particu- 

larly efficient  realizations  result  from  the  expres- 


sions X^  = d°X  and  X^  = d°X^  which  are  dis- 
cussed in  the  following  section. 


The  three  connectives  (MAX,  PLUS,  and 
INHIBIT)  just  described  can  be  combined  in  a 
single  gate  as  shown  in  Fig.  7.  * The  subse- 
quent discussions  will  deal  only  with  use  of  the 
Literals  and  the  Universal  Gate;  the  connectives 
and  complement  function  previously  discussed  can 
all  be  realized  with  the  Universal  Gate  by  omit- 
ting the  input  connections  not  required. 

4 

It  has  been  proven  that  any  multivalued 
function  can  be  realized  with  the  literals  and  the 
Maximum  and  Minimum  connectives.  Since  those 
connectives  can  be  realized  with  the  Universal 
Gate,  it  follows  that  by  using  the  Universal  Gate 
circuit  and  the  Literal  circuits  any  multivalued 
function  can  be  realized. 

♦This  figure  shows  two  Inputs  of  each  type.  In 
general,  up  to  three  Inputs  are  allowed. 

There  are  no  specific  limitations  on  the  numbers 
of  Xj  and  Yj  Inputs  other  than  general  circuit 
considerations  of  margins,  capacitances,  etc. 


SINGLE-INPUT  CIRCUITS 

2 

Techniques  for  designing  multi-valued  I L 
logic  circuits  will  be  presented  by  first  consid- 
ering the  case  of  single-input  circuits  and  then 
generalizing  to  more  Inputs.  It  may  seem  strange 
to  consider  single-input  logic  circuits , since  they 
are  trivial  for  the  binary  case;  however,  single- 
input  multi-valued  circuits  illustrate  many  of  the 
Important  Issues  of  the  general  design  problem. 

N station.  Any  multi-valued  logic  function  can 
L’  specified  by  listing  in  a table  the  function's 
value  for  each  combination  of  values  of  the  input 
variables.**  Thus  Table  6a  shows  the  specifica- 
tion for  the  function  f(X)  = (X+1)  Modulo  4,  and 
Table  6b  shows  the  specification  for  f(X,Y)  = 

(X+Y)  Modulo  4.  For  single-variable  functions 
the  abbreviated  notation  Introduced  earlier  will 
be  used.  In  this  notation  the  function  is  speci- 
fied by  listing  its  values  between  a pair  of 
brackets:  Thus  <1230>  is  the  specification  for 
the  function  f(X)  = X+1  (Modulo  4)  of  Table  6a. 

**For  binary  functions  such  a table  is  called  a 
Table  of  Combinations  or  Truth  Table. 

The  first  value  represents  f(0),  the  second 
value  f(l),  etc. 
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Table  6 

Tabular  Specifications  for  Four-Valued  Logic 


Functions 

(a)  f(X)  = (X+1)  Modulo  4 

X 

0 12  3 

f(X)  = (X+1)  Modulo  4 

12  3 0 

the  literal  term  will  produce  zero  entries  In 
the  f function. 

(b)  Set  f*(X)  equal  to  f(X)  with  each  of  the  0- 
entrles  replaced  by  ff.  The  ^-entries  are 
"don't  cares"  which  are  allowed  to  take  on 
any  value.  Combining  f*  with  the  pj^  guar- 
antees that  f{x)  will  be  zero  for  each  of  the 
^(-entries.  If  there  are  no  0-entries  in  f, 
then  f = f*. 


Examples 


(b)  f(X,Y)  = (X+Y)  Modulo  4 
X 


0 

1 

2 

3 

0 

0 

1 

2 

3 

1 

1 

2 

3 

0 

2 

2 

3 

0 

1 

3 

3 

0 

1 

2 

f(X,Y)  = (X+Y)  Modulo  4 


f^(X)  = <3120  = u|  <3l2^f> 

where  p^  = Ug  and  f*  = <3120 > 

f2(X)  = <0121>  = d°  <012\> 

f (X)  = <2013>  = (XM°  <2^13> 

12 

f^(X)  = <3001>  = (x  ' )■=  <3001> 
fg(X)  = <3100>  = u°  <31|?^> 
f.(X)  = <1213>  = <1213> 

D 

f.^(X)  = <1221>  = <1221> 

f.(X)  = <0101>  = d°(x^)°  <0101> 

O (J 


Table  7 

Patterns  of  0-entries  and  Corresponding  p^ 


The  next  step  involves  forming  the  complement  of 
f*  since  the  Universal  Gate  has  a complemented 
output. 


Pattern** 

Pi 

Pattern** 

Pi 

<0— > 

% 

A 

1 

0 

0 

V 

1,2 

X 

< -0—  > 

xl 

2 

<-0-0  > 

1 

X U3 

A 

1 

1 

0 

1 

V 

X 

<—00  > 

^2 

< —0  > 

“3 

<000-> 

^2 

< 00—  ^ 

2 

<00-0  > 

diU3 

A 

0 

1 

0 

1 

V 

<0-00  > 

%“2 

A 

0 

1 

1 

o 

V 

<-000  > 

**A  - indicates  a non-zero  entry 


Design  Procedure.  The  design  procedure  real- 
izes any  single-variable  function  with  one 
Universal  Gate  having  appropriate  literal  Inputs. 
The  first  step  involves  identifying  the  Inhibit 
inputs. 

Step  T 

(a)  Rewrite  the  Function  f(X)  in  the 

form  PiP§  p^f*(X)  where 

each  of  the  p^  correspond  to  zeros  of  the 
function,  and  the  Pj  are  weak  (or  strong) 
literals.  Table  7 lists  all  14  possible 
patterns  of  0-entrles  and  the  corresponding 
choices  for  the  pj.  Non-zero  entries  in 


Step  2,  Rewrite  f*  as  f**  where  B is  the  largest 
entry  of  f*. 


Examples 

f*  = <312^0  = <021J?>;  f** 
f*  = <012\>  = <01Ol>^:f** 
f*  = <2013>  = <lj2f20>:  f** 
f|  = <3001>  = <0002  >■  f|* 
f|  = <3100>  = <O200>:  f** 

f?  = <1213>  = <2120>;  f** 

® 2 ® 

f*  = <1221>  = <1001>  ;f** 

f*  = <01?(1>  = <0Oj2fO>^f** 


<021JZf> 
<J2fl01  > 
<1020  > 
<0002  > 
<0200  > 
<2120  > 
<1001 > 
<0O0O> 


The  design  is  completed  by  expressing  f**  as  a 
sum  of  strong  literals. 


Step  3.  The  procedure  for  decomposing  f**  is 
explained  most  easily  by  considering  the  patterns 
of  non-zero  entries  in  f**.  First  it  should  be 
noted  that  there  will  always  be  at  least  one  zero 
entry  because  f**  is  formed  by  taking  the  comple- 
ment of  f*  with  respect  to  its  largest  entry. 

(a)  If  there  is  exactly  one  non-zero  entry  In  f** 
(<-000>,  <0-00>,  <00-0>  or  <000->),  then 
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T 


f**  Is  equal  to  the  corresponding  strong 
literal.  For  example,  f**  = <0200>  = 2X^  , 
f**  = <0003>  = 3U3. 

(b)  If  there  are  two  non-ad jacent,  non-zero 
entries  (<-0-0  >,  <-00->  or<0-0->),  then 
f**  is  the  PLUS  of  the  corresponding  strong 
literals.  For  example, 

f**  = <1020>  = Dq  + 2X^, 

f**  = <3002>  = 3Dp  + 2U3 

(c)  Suppose  that  f**  is  made  up  of  a string  of 
adjacent  non-zero  entries  such  as<(XX00>, 
<XXX0>,  <0XX0>,  <0XXX>,  <00XX>.  If  all 
entries  of  the  string  have  the  same  value, 
they  are  realized  with  one  strong  literal: 
f**  = <2200>  = 2Dj,  f**  = <0110>  =xl'2 
If  not,  f**  is  decomposed  into  the  PLUS  of 
two  functions,  f**  = g + h,  where  g has 
the  same  zero's  as  f**  and  has  the  mini- 
mum value  of  the  string  of  f**  for  all  of 
its  non-zero  entries;  f**  = <3200>  = 

<2200>  + <1000^  = g + h.  The  other  func- 
tion h is  equal  to  f**  - g.  The  function 
g is  realized  with  a single  literal  as  des- 
cribed above.  The  other  function,  h,  is 
realized  as  if  it  were  an  f**  function 
(using  the  rules  given  here)  and  then  added 
to  g.  For  example,  suppose  that  f**  = 

<231 0>.  Then  g = <1 1 1 0>  = D2  and  h = 
<1200>  = <1100>  + <0100>  = D3  + X^ 
Finally,'^  f**  = D2  + + X^. 

(d)  The  final  possibility  is  that  f**  is  com- 

posed of  two  strings  of  non-zero  entries; 
either  <XX0X>  or  <X0XX>.  Then  the  single 
non-zero  entry  is  realized  with  a single 
literal  and  the  string  of  two  non-zero 
entries  are  realized  as  in  (c)  above.  For 
example,  if  f**  = 2013  , then  f*  = <2000> 

+ <001 1>  + <0002>  = 2Dq  + U2  + 2U3. 

Because  of  the  way  in  which  it  is  derived , 
the  f**  function  often  contains  don't-care  (^0 
entries.  These  should  be  specified  so  as  to 
result  in  the  fewest  terms  in  the  final  f**  expres- 
sion. If  a choice  is  possible  between  a thresh- 
old or  a delta  literal,  the  threshold  literal  should 
usually  be  chosen. 


t It  should  be  pointed  out  that  another  valid 
expression  for  f**  would  be  f**  = MAX  j<1110>, 
<2200>,  <0300>}  = MAX  )D2,  2Dj  , 3x1} . The 
realization  with  PLUS  is  preferred , since  it  uses 
fewer  collectors.  In  fact  single-variable  func- 
tions can  always  be  realized  without  using  the 
MAX  connective. 


Table  8 shows  the  final  expressions  obtained 
by  using  the  procedure  just  described  on  the 
Example  functions.  The  last  function,  fg,  is 
somewhat  special  in  that  fg(X)  = <C^101>  which 
can  be  made  equal  to  the  constant  1 function  by 
setting  both  fi's  equal  to  1. 


Table  8 

Design  Expressions  for  Single  Variable  Example 
Functions 

fjCX)  ><312a>  - uj  <312JO  = u|  <02T?>  > u|  [U,  ♦ x'] 

fjW  =<0121>  = dj  <U121>  = d»  = dj  [D|  » Uj]^ 

fjK)  = <2013>  - (X  <2013>  =(X  ')°  <re(20>  = Cx')°  [D^  + X^] 

f^(X)  =<3001>  <3001>  - (X  ' ' ° <O002>  = (x‘'^)°  [lu^] 

fjK)  = 0100>  = uj  <3100>  =■  u»  <O200>  » u|  [2Uj] 

f,(X)  = <1213>  = <1213>-<2r2Q>  - [D,  D„  X^] 

f^(X)  =<1221>  =<1221>  = OOOP^  =■  [D^TU^]^ 

fgCX)  =<010D  = d^K^”  <0101>  - dJOC^)" 


SUMMARY  AND  CONCLUSIONS 

2 

The  logic  design  of  multi-valued  I L circuits 
has  been  discussed.  A formalism  for  design  was 
introduced  and  Illustrated  with  a method  for 
designing  single-input  circuits.  Because  of 
space  limitations,  the  extension  to  more  general 
circuits  has  not  been  Included. 
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SOME  I^L  CIRCUITS  FOR  MULTIPLE- VALUED  LOGIC 
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College  Park,  Maryland  20742 


Abstract 

While  various  integrated  circuit  technologies 
have  been  proposed  for  multiple -valued  logic,  it 
appears  that  for  the  near  future  current-mode 

2 

integrated  injection  logic  (I  L)  will  predominate. 

2 

The  present  paper  suggests  I L circuits  for  the 
various  gate  types  and  design  approaches  that 
have  been  proposed,  including  some  memory  ele- 
ments, and  discusses  sorrie  of  the  problems  of 
2 

using  I L multiple- valued  logic  chips  in  practical 
designs. 


is  here  that  the  fan-out  limitation  raises  problems 
of  what  to  package  in  a chip  and  how  to  design  with 
such  chips. 

Section  II  discusses  some  considerations  for 

2 

I L circuits  using  current-mode  multiple-valued 
logic.  Section  III  presents  suggested  circuits  for 
most  of  the  multiple -valued  logic  operations  that 
have  been  proposed.  A brief  discussion  of  multiple- 
valued memory  elements  in  presented  is  Section  IV. 


II.  I L Circuit  Considerations 


I.  Introduction 


For  the  past  several  years  there  has  been 
increasing  interest  in  multiple-valued  logic  design. 
With  the  announcement  [1]  of  commerical  imple- 
mentation we  are  entering  the  second  stage  in  the 
cycle,  where  considerations  of  practical  imple- 
mentation must  be  dealt  with.  While  various  inte- 
grated circuit  technologies  have  been  proposed  for 
implementation  [ 2,  3,  4,  5]  of  multiple  valued  logic, 

2 

it  appears  that  for  the  near  future  I L will  pre- 
dominate. 

A number  of  operator  sets  or  gate  types  have 
been  proposed  for  logic  design  [6,7,8],  all  of 
which  have  at  least  reasonable  implementations  in 
2 

I L.  The  final  choice  of  gate  types  will  thus  be 
strongly  dependent  on  the  development  of  practical 
design  algorithms  and  packaging  considerations, 
as  well  as  on  the  basic  gate  implementations  them- 
2 

selves.  I L packaging  and  layout  problems  are 
somewhat  different  for  large-scale  integration 
(LSI)  than  for  small-  and  medium-scale  integra- 
tion (SSI  and  MSI)  due  to  the  current-mode  nature 
2 

of  multiple -valued  I L.  Because  logic  signals  are 
represented  by  currents  rather  than  by  voltage 
levels,  each  output  signal  pin  (or  connection)  has 
a fan-out  of  one!  In  the  design  of  an  LSI  chip  this 
limitation  does  not  present  serious  problems, 
because  the  necessary  replication  of  signals  is 
easily  accomplished  at  the  input  stage  of  each  gate 
structure.  Even  with  the  assumption  that  most 
multiple-valued  designs  will  use  LSI  chips,  how- 
ever, there  will  still  be  the  need  to  provide  inter- 
face logic  to  adapt  the  LSI  chips  to  the  intended 
application.  Such  interfacing  will  make  use  of 
SSI  and  MSI  multiple-valued  logic  circuits,  and  it 


The  three  fundamental  circuit  operations  in 

current-mode  multiple -valued  I^L  are  the  replica- 
tion of  signals  using  current  mirrors,  linear  sum- 
mation, and  the  detection  of  threshold  values  [Ij. 

2 

1 L is  a bipolar  technology  that  can  be  fabricated 
2 

using  existing  T L production  equipment  [9].  The 
transistors  are  operated  in  an  inverted  mode,  so 
that  multiple- collector  transistors  are  the  most 
common  circuit  element.  No  resistors  are  re- 
quired, fixed-value  current  sources  can  easily  be 
included  in  the  structures  with  the  consumption  of 
little  additional  chip  area,  and  very  good  speed- 
power  products  have  been  reported  [10]. 


Since  using  currents  to  represent  logical 
values  results  in  a fan-out  of  one,  replication  of 
current  signals  is  a common  on-chip  requirement. 
This  is  accomplished  by  means  of  a current- 
mirror,  as  shown  in  Figure  1.  If  the  current  gains 
for  the  individxial  collectors  are  given  by  g,,  B 


etc.  , then  i = 
^1 


B 


1 


(8,  + l) 


^2  , 
(■§7+^1’ 


l'^2’ 

°3 

■(Bj  + l) 


etc.  In  practice  it  is  possible  to  make  the  area  of 
collector  Cj  just  slightly  smaller  than  that  of  the 


others. 


so  that  i_  = i_ 


= i.  The  term 


"current-mirror"  results  from  the  fact  that  the 
polarity  of  the  current  i is  reversed  in  the  repli- 
cated copies.  For  the  remainder  of  this  paper  it 
will  be  assumed  that  the  magnitude  of  current  in 
each  "free"  collector  of  a current  mirror  is  equal 
to  the  input  current. 


Linear  summation  is  provided  simply  by  con- 
necting together  leads  carrying  current-mode 
signals.  For  example,  to  obtain  a current  (sink) 
signal  with  a value  of  2xj  + x^,  the  circuit  of 
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Figure  2 will  suffice 


tors  are  defined  by 


The  third  major  circuit  operation  is  that  of 
thresholding,  which  arises  in  the  implementation 
of  most  of  the  unary  operations  proposed  for 
multiple -valued  logic.  For  setting  thresholds  the 
2 

attractiveness  of  I L lies  in  the  ease  with  which 
constant  current  sources  can  be  integrated  into  the 
gate  structure.  A typical  circuit  configuration  is 
shown  in  Figure  3,  where  the  function  implemented 
is  given  in  the  figure,  and  it  is  assiuned  that  all 
input  and  output  current  signals  take  one  of  the  dis- 
crete values  0,1,2,,,.,  m-1.  Note  that  in  this 
circuit  one  of  the  transistors  is  used  as  a simple 
(current-controlled)  switch  rather  than  as  a current- 
mirror.  The  curr-’.nt  source  with  value  3/2  sets 
the  threshold  for  the  transistor  switch,  and  the 
current  source  with  value  one  provides  the  output 
current,  which  is  shorted  to  ground  by  the  tran- 
sistor switch  when  the  input  current  x is  less  than 
or  equal  to  one. 


m- 1 


D (X)  = { 

1 0 

U(x)  = { 


0 

m- 1 


if  X 2 i 
if  x<  i 

if  X s i 
if  x<  i 


and 


Circuits  for  these  operators  are  shown  in  Figure  5. 


Post  Disjoint  Unary  Operators 

The  Post  algebra  disjoint  operators  C^(x) 

(i=0,l,2,...  m-  1 ) each  requires  two  thresholds  for 
its  implementation.  These  operators  are  defined 
by 

m- 1 if  X = i 


In  designing  I L circuits  to  implement  multiple- 
valued switching  systems  it  is  frequently  necessary 
to  convert  sinks  to  current  sources  with  the  same 
value,  and  vice  versa.  Clearly,  the  simple  current- 
mirror  will  perform  a source  to  sink  conversion. 

A sink  to  source  conversion  circuit  is  shown  in 
Figure  4,  where,  as  usual,  logic  signals  take  one 
of  the  values  0,1,2,...,  m-1.  In  this  circuit  the 
actual  values  of  the  current  sources  are  not  impor- 
tant provided  they  are  both  equal  to  each  other  and 
greater  than  or  equal  to  the  value  of  the  highest 
possible  signal  current. 


and  can  be  implemented  by  the  circuit  of  Figure  6. 
This  circuit  is,  in  effect,  a combination  of  a circuit 

for  D.(x)  and  one  for  Dj^^j(x),  reflecting  the  Post 
algebra  identity  Cj^(x)  = D.(x) (x).  (In  the  Post 

algebra  with  elements  fO,  l,...,m-l}  the  - 
operation  is  just  "minimum".  ) Note  that  a "wired- 
min"  operation  is  achieved  in  Figure  6 by  connecting 
the  collec.ors  of  the  two  transistor  switches. 

Literals 


Solutions  to  the  problem  of  unity  fan-out  are 
somewhat  dependent  on  the  choice  of  gate  types 
(operators)  implemented.  This  problem  will  be 
discussed  below  following  the  consideration  of 
gates  and  their  packaging. 


2 

III.  Suggested  I L Circuits 

The  logic  design  of  multiple-valued  switching 
systems  presupposes  that  some  decisions  have  been 
made  as  to  the  basic  gates  or  operators  that  will  be 
used.  Several  different  choices  have  been  proposed 
in  the  literature,  and  most  of  these  will  be  dis- 
cussed below.  Unfortunately,  different  choices  of 
basic  gate  types  lead  to  different  design  proce- 
dures; there  is  no  uniform  design  technique  that 
will  show  which  set  of  gates  is  best  for  a given 
system.  Most  of  the  gate  types  that  have  been 
proposed  have  reasonable  implementations  in  cur- 

rent-mode  I L.  As  a result,  the  choice  of  which 
gates  (or  which  algebraic  system)  to  use  will  usual- 
ly be  based  on  the  ease  of  using  the  associated 
logic  design  tools. 

Post  Monotone  Unary  Operators 

The  Post  algebra  monotone  unary  operators 
D.  (x)  (i  = 1 , 2,  . . . , m- 1 ) and  their  complements  can 

be  implemented  by  simple  threshold  networks  of 
the  type  shown  in  Figure  3.  The  monotone  opera- 


Another  set  of  unary  operators  based  on  Post 
algebra  is  the  "literals"  defined  in  [6].  The 

usual  notation  for  a literal  in  the  variable  x is  ^x  , 
defined  by: 


a b 


X 


m-1 

0 


if  a s X s b 
otherwise  . 


Inspection  of  the  definitions  will  readily  show  that 
cL  b ““ 

X = D^(x) (x),  and  will  lead  to  the  circuit 
of  Figure  7 with  its  obvious  similarity  to  the  C^(x) 
implementation  that  was  shown  in  Figure  6.  Note 
also  that  ^x^  = C.(x),  ^x*^  ^ = D.(x)  and  ^x^  D.(x). 

1 i 1 


Multiplexers 

The  basic  circuit  structures  of  current-mirrors 
threshold  detectors,  and  shorting  switches  can  be 
combined  to  implement  an  m-line  to  one-line  multi- 
plexer for  m-valued  signals.  Such  a multiplexer 
can  be  used  as  a single -variable  universal  logic 
module  (ULM),  and  several  of  them  can  be  cascaded 
to  implement  any  given  fimction  of  any  number  of 
variables.  Such  a tree-type  implementation  may 
lead  to  excessive  pin  counts  for  functions  of  many 
variables,  but  it  is  often  quite  useful  for  reason- 
ably small  numbers  of  variables.  A circuit  to 
implement  a multiplexer  for  m = 3 (3-valued  logic) 
is  shown  in  Figure  8.  As  usual,  all  of  the  vari- 
ables in  this  circuit  are  represented  by  3-valued 
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currents.  The  two  sources  and  the  current-mirror  ation  of  two  pseudo -complement  circuits  and  a max' 
at  the  output  perform  a sink -to -source  conversion.  gate,  as  shown  in  Figure  13. 

The  three  current-mirrors  driving  this  converter 
have  their  outputs  tied  together  since  at  any  given 

time  only  one  of  the  three  collectors  can  have  a Modular  Algebra  Operations 

non-zero  current. 


Max- gates 

All  of  the  proposed  operator  sets  that  are 
based  on  Post  algebra  require  the  use  of  max  and 
min  operations.  A two-input  max-gate  is  shown 
in  Figure  9,  where  once  again  the  output  section  of 
the  circuit  performs  a sink-to- source  conversion. 
Thus  a max-gate  for  m-valued  logic  will  serve  as 
a max-gate  for  k-valued  logic  for  any  k s m. 

The  basic  structure  of  the  circuit  in  Figure  9 
can  be  extended  to  implement  max-gates  with  more 
than  two  inputs.  A three- input  max-gate  is  shown 
in  Figure  10. 


Pseudo -complement 

Before  discussing  circuits  to  implement  the 
min  operation,  it  is  necessary  to  consider  the 

unary  operation  defined  by  x'  = (m-  1 ) - x,  which  is 
a generalization  of  the  complement  operation  in 
2-valued  logic.  We  will  refer  to  this  operation  as 
"pseudo-complement"  because  only  the  elements 
0 and  m-1  possess  true  (lattice)  complements. 

The  pseudo-complement  operation  is  closely  re- 
lated to  sink-to-source  conversion,  as  can  be  seen 
from  the  circuit  implementation  shown  in  Figure  11. 

The  set  of  operations  [max,  min,  pseudo- 
complement} is  not  sufficient  to  implement  every 
possible  function,  except  for  when  m = 2.  (For 
m = 2,  the  resulting  Post  algebra  reduces  to  the 
familiar  2-valued  switching  algebra,  with  max  = 

OR,  min  = AND,  and  ' being  the  usual  comple- 
ment, ) Hence,  for  m>2  some  other  unary  oper- 
ators, such  as  literals,  Cj(x)'s,  D.(x)'s,  etc.,  are 

required  for  ftinctional  completeness.  However, 
the  pseudo-complement  operation  is  sufficiently 
useful  that  it  is  well  worth  including  it  in  the  set 
of  available  operators. 

Before  leaving  the  pseudo-complement  opera- 
tion, it  should  be  noted  that  there  are  frequent 
occasions  on  which  the  logic  of  a design  calls  for 
a max-gate  driving  a pseudo-complement.  From 
the  circuits  in  Figures  9 and  11  it  should  be  ap- 
parent that  the  pseudo- complement  can  be  imple- 
mented by  simply  removing  the  final  current  source 
and  the  current-mirror  from  the  max-gate  circuit, 
resulting  in  the  generalized  "max  -gate"  similar 
to  that  in  [ 1 ] . A two  input  max' -gate  with  a fan- 
out of  two  is  shown  in  Figure  12, 


Min-gates 


The  only  algebraic  systems  other  than  Post 
algebras  to  receive  significant  consideration  have 
been  modular  algebras  [ll],  in  which  the  available 
operations  are  addition  modulo-m  and  multiplication 
modulo- m on  the  set  of  elements  {0,  1,2,...,  m-  1 } , 
These  operators  can  be  used  to  implement  any 
given  function  if  and  only  if  the  integer  m is  prime. 
While  the  resulting  gate  networks  are,  in  general, 
much  more  complex  than  the  corresponding  ones 
using  Post  algebra  operations,  there  are  some 
classes  of  functions  (notably  those  that  arise  in 
arithmetic  operations)  for  which  modular  addition 
and  modular  multiplication  seem  well  suited. 

The  circuit  for  a modulo-m  adder  is  shown  in 
Figure  14.  While  in  concept  this  circuit  is  straight- 
forward, it  requires  large-value  2(m-l)  current 
sources  which  may  cause  fabrication  difficulties. 

The  need  for  large-value  current  sources  can 
be  avoided  by  using  multiplexers  to  implement  the 
addition  operation.  Figure  15  shows  a modulo- 3 
adder  using  the  multiplexer  (mux)  modules  of 
Figure  8.  This  approach  can  be  used  for  any  value 
of  m and  requires  a current-mirror  and  m-1  sink- 
to-source  conversion  networks  for  fan-out  expan- 
sion, and  m m-valued  multiplexer  modules. 

For  modulo-m  multiplication  one  possible 
solution  is  to  use  multiplexers  as  shown  in  block 
diagram  form  in  Figure  16  for  m = 3.  The  box 
marked  "fan-out"  is  identical  to  the  input  portion 
of  Figure  15.  Again,  this  network  can  be  easily 
generalized  to  any  value  of  m. 

Two  special  cases  of  modular  operations  are 
of  considerable  importance.  These  are  incrementa- 
tion by  one  (mod-m)  and  multiplication  by  a con- 
stant (mod-m).  The  incrementation  operation  on 
X is  sometimes  denoted  by  x*,  and  a circuit  for 
performing  the  operation  is  shown  in  Figure  17. 

In  this  circuit  the  upper  branch  (after  the  current- 
mirror)  is  a sink-to-source  converter  for  the 
signal  x + 1,  and  the  lower  branch  threshold  detects 
and  forces  the  output  current  to  zero  if  x = m-l. 

This  incrementation  operation  is  sometimes 
called  the  "cycle"  operation  and  was  introduced 
originally  by  Post  [12].  Its  chief  importance  lies 
in  the  fact  that  the  set  of  operators  [max,  min, 
cycle]  is  functionally  complete  for  any  value  of 
m,  and  any  function  can  be  implemented  using  only 
these  operations.  (In  fact,  the  sets  [max,  cycle] 
and  fmin,  cycle]  are  each  functionally  complete.) 
The  possibility  of  using  only  one  type  of  unary 
operator  is  attractive,  but,  unfortunately,  the 
resulting  networks  are  in  general  so  complex  as 
to  more  than  offset  the  advantages  when  compared 
to  networks  using  C-operators,  D-operators,  or 
multiplexers. 


The  circuit  for  a min-gate^is  derived  from  the  .^^e  other  special  case,  multiplication  (modulo- 

algebraic  Identity  x.y  = (x  - y ) , and  is  a combin-  by  a constant,  is  of  more  practical  importance 


25 


because  such  elements  are  one  of  the  building  blocks 
(along  with  modulo-m  adders  and  storage  elements) 
of  m-valued  linear  sequential  systems  [13,  14]. 
Multiplication  by  a constant  is  easily  achieved  with 
a single  multiplexer  module,  as  shown  in  Figure  18. 


R2  = D2(Qi)  -Di(Q2)-  03(02) 

S2  = 02(02)'' 53(Q2)v  2- D2(Qi)-Di(Q2)- 03(02)- 
1'Di(02) 


IV.  Multiple-valued  Memory  Elements 


While  it  appears  that  the  fabrication  of  high- 
density  random-access  memory  (RAM)  chips  still 
presents  a problem,  memory  elements  for  register 
and  control  functions  are  fairly  easily  obtainable. 
The  basic  multiple -valued  memory  element  [15] 

in  I^L  technology  is  a generalization  of  the  binary 
NOR-gate  latch  and  has  the  block  diagram  shown  in 
Figure  19(a).  The  max'-gates  used  are  two-output 
gates,  as  in  the  circuit  in  Figure  12.  This  memory 
circuit  can  be  called  an  RS  m-valued  latch  by  anal- 
ogy to  the  corresponding  binary  circuit.  The  chief 
difference  from  the  binary  case  is  that  a quantizer 
network  [16]  to  restore  signal  levels  must  be  placed 
in  each  feedback  loop.  With  such  a quantizer  the 
circuit  will  fvinction  properly  so  long  as  the  loop 
gain  L satisfies  the  restriction 


m - 3/2 
m- 1 


< L < 


m - 3/2 
m-2 


Since  the  loop  gain  is  the  product  of  the  gain  through 
one  or  more  current  mirrors  (nominally  equal  to 
one)  this  constraint  should  be  easily  met  for  prac- 
tical values  of  m.  The  logical  diagram  of  a gated 
RS  m-valued  latch  is  shown  in  Figure  19(b).  In  an 
actual  circuit  it  is  impractical  to  use  current-mode 
signals  as  clocks,  due  to  fan-out  difficulties,  and 
so  the  gated  latch  circuit  of  Figure  19(c)  assumes 
a voltage-level  (negative)  clock  pxilse,  which  allows 
implementing  min-gates  of  Figure  19(b)  with  simple 
shorting  switches  as  shown.  As  pointed  out  by 
Irving  and  Nagel  [15],  such  a circuit  has  m stable 
states  and  can  be  made  to  undergo  any  desired  state 
transition  by  application  of  the  proper  input  signals. 
The  Q'  output  is  the  pseudo -complement  of  the  Q 
output.  Here,  as  in  the  binary  case,  some  input 
values  produce  critical  races  which  should  be  avoid- 
ed. For  the  m-valued  RS  latch  the  restrictions  on 
the  inputs  to  avoid  indeterminate  behavior  are  that 
R + S<  m.  A master-slave  RS  m-flop  can  be  con- 
structed as  indicated  in  Figure  20.  In  this  case  the 
current  source  I must  be  large  enough  to  saturate 
both  of  the  transistors  it  drives.  A resistor  could 
be  used  in  place  of  the  current  source,  but  in 
2 

I L technology  the  current  source  is  likely  to  be 
easier  to  fabricate. 


which  are  implemented  in  a manner  closely  related 
to  the  single  D-operator  circuits  of  Figure  5.  The 
circuit  shown  requires  significantly  fewer  transis- 
tors than  would  implementation  of  these  same  4- 
flop  input  equations  using  multiplexer  modules,  in 
part  due  to  the  use  of  "wired-min"  operations. 


V.  Conclusion 

Application  of  the  circuits  suggested  above 
awaits  their  fabrication  and  commercial  availabil- 
ity as  MSI  and  SSI  chip  sets.  Implementation  of 
2 

I L circuits  for  values  of  m>4  appears  to  depend 
primarily  on  the  accuracy  of  the  lithographic  pro- 
cess used  in  their  fabrication  and  on  the  ratio  of 
the  largest-to-smallest  current  source  values  used 
in  the  threshold  detectors  and  other  circuit  com- 
ponents. Assuming  these  fabrication  difficulties 
can  be  overcome  successfully,  an  inherent  short- 
coming in  the  use  of  current-mode  logic  remains, 
namely,  the  unity  fan-out  capability  of  each  signal 
lead.  A major  advantage  of  multiple -valued  cir- 
cuits is  their  potential  for  reducing  the  chip  area 
consumed  by  interconnecting  signal  wires  on-board 
LSI  chips  and  for  reducing  the  pin-count  per  pack- 
age for  the  (more  complex)  logic  signals  entering 
and  exiting  the  LSI  chip.  The  set  of  MSI  and  SSI 
multiple -valued  logic  chips  used  to  provide  func- 
tional interfacing  between  both  LSI  component 
chips  and  the  external  environment  must  include 
modules  for  sink-to-source  conversion,  fan-out 
expansion,  and  (possibly  programmable)  constant 
current  sources,  if  multiple- valued  current-mode 
signals  are  to  be  used.  As  seen  in  Figures  15 
and  16,  this  is  the  case  even  if  multiplexers  are 
used  as  tree-type  universal  logic  modules. 

Because  the  complexity  of  the  interfacing  circuitry 
is  dependent  on  both  the  particular  logic  design 
technique  used  and  on  the  particular  function  being 
implemented,  all  of  the  circuits  suggested  above 
are  considered  appropriate  for  implementation  in 
a family  of  MSI  and  SSI  modules  for  each  partic- 
ular value  of  m. 
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Figure  4.  Sink-to-source  conversion. 
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(a)  Block  diagram. 


Figure  6.  Implementation  of  Post 
disjoint  unary  operators. 
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Figure  10,  Three-input  max-gate. 


Figure  14.  Modulo-m  adder. 
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Modulo-3  multiplier. 


Figure  18.  Multiplication  (modulo-m) 
by  a constant. 


Figure  17.  Incrementation  or  cycle  gate. 
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(a)  Basic  latch.  (b)  Gated  latch.  (c)  Practical  circuit. 

Figure  19.  RS  m-valued  latch. 


Figure  20.  Master-slave  RS  m-flop. 


ON  THE  SYNTHESIS  OF  MULTIVALUED  CIRCUITS  USING  PRINCIPALLY  BINARY  ELEMENTS 
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I . I nt  roduct ion 

The  design  of  multivalued  logic  circuits  using 
principally  binary  components  have  been  object  of 
attention  for  different  authors  The  approach 

has  several  advantages  over  other  synthesis  methods. 
The  basic  assumptions  are  the  availability  of  some 
input  operators  which  perform  the  conversion  of  mul 
tivalued  variables  to  binary  as  well  as  of  an  out- 
put subsystem  which  performs  the  conversion  of  bina 
ry  to  multivalued.  The  output  subsystem  is  a two  l£ 
vel  sum-of-products  realization  employing  multiva- 
lued MAX  and  MIN  gates.  We  are  studying  an  alterna- 
tive procedure  for  implementing  multivalued  swit- 
ching functions  by  using  principally  binary  compo- 
nents. Our  approach  uses  an  output  element  which  is 
based  on  the  modulus  p sum  for  a p-valued  algebra 

which  takes  values  on  the  set  {0,1 p-1}.  Three 

basic  methods  have  been  developed  which  differ  in 
the  output  block. 

I I . Description  of  the  realizations 

1.  First  Method:  It  is  based  on  the  descomposi- 
tion  of  a multivalued  function,  F,  into  an  arbitra- 
ry number  of  subfunctions  which  fulfills; 

F(X,,  X2 X^)  = (f,  * ^2  * •••  fJ'WJd.p  (1) 

where  X.  is  a p-valued  variable  and  f.  is  a binary 
function  of  the  variables  ’'Xj. 

The  output  block  is  a modulus  p adder  with  m in- 
puts. Since  m is  not  bounded,  a cascadable  adder 
has  been  implemented.  The  circuit  has  binary  inputs 
and  a p-valued  output.  The  core  of  the  approach  is 
the  multiple  covering  of  the  function  cells.  If  any 
cell  has  the  logical  value  i,  we  can  cover  that 
cell  by  using  {k+l)p-i  subfunctions,  where  k is  ar- 
bitrary. The  subfunctions  can  be  used  to  cover  dif- 
ferent cells  in  the  most  economic  way. 


3.  Third  Method:  The  multivalued  function  is  des 
composed  in  p-binary  subfunctions,  but  the  output 
block  assigns  a different  weight  to  its  inputs  as 
f o 1 1 ows : 


>'n)  = 


1 .f,+2.f2+ 


(p-1)f 


mod . p 
(3) 


The  realization  of  the  adder  is  shown  to  have 
the  same  complexity  that  for  the  second  method.  Any 
cell  associated  with  a logical  i only  can  be  cove- 
red by  f.  if  i 0.  However,  the  zeroes  can  be  cov£ 
red  by  pairs  of  subfunctions  f.,  f.  which  fulfills 
J + k = p.  J 


III.  Practical  considerations 

Two  basic  points  have  been  investigated.  First, 
the  development  of  a systematic  minimization  proce- 
dure which  allows  to  find  the  most  adequate  reali- 
zation. Second,  the  design  of  elements  which  makes 
feasible  the  approach.  Both  points  have  been  cove- 
red for  the  three  realization  schemes.  Hardware  im- 
plementation of  the  adders  have  been  carried  out  by 
using  C-MOS  integrated  circuits.  The  multivalued 
output  element  was  realized  by  means  of  a set  of 
transmission  gates  following  the  approach  reported 
in  3 . 

Some  practical  guidelines  allow  to  recognize  a 
priori  which  one  is  the  most  interesting  for  a gi- 
ven function.  Also,  an  important  property  has  been 
found.  The  designed  output  operator  can  perform  any 
cyclic  transformation  with  the  same  cost.  An  excha£ 
ge  in  the  interconnection  pattern  allows  the  synth^ 
sis  of  for  any  value  of  e on  the  set  (0 , 1 , . . , p-U 
It  has  broaden  the  possibilities  for  obtaining  a 
simple  realization  because  the  application  of  the 
cyclic  operator  may  give  a reduced  total  cost. 
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ABSTRACT 

An  approach  to  the  topic  of  computer  arithme- 
tic is  suggested  which  may  have  a particular 
conceptual,  pedagodical , and  practical  appeal  to 
the  designer  of  multiple-valued  logic  processors. 
Computer  arithmetic  deals  with  the  physical  repre- 
sentation of  finite  sets  of  numbers  and  the  design, 
analysis,  and  implementation  of  algorithms  for 
mechanizing  arithmetic  operations  on  these  sets. 
Finite  number  representation  systems  (FNRS)  are 
specified  by  defining  a set  of  symbols  and  a map- 
ping from  the  elements  of  this  symbol  set  to  a 
subset  of  the  real  numbers.  A formal  definition  of 
a FNRS  provides  a basis  for  a set  of  definitions 
which  in  turn  provide  the  framework  for  the 
classification  of  a large  set  of  number  systems. 
Emphasis  in  this  paper  is  on  the  following 
positive,  fixed  radix  systems:  unsigned,  sign  and 
magnitude,  radix  complement,  and  diminished  radix 
complement . 

We  offer  an  annotated  listing  of  primitive 
digit  vector  algorithms  for  the  four  common  number 
representation  systems  with  an  arbitrary,  positive 
integer,  fixed  radix.  These  digit  vector  algorithms 
are  ones  which  the  designer  of  multi-valued  logic 
arithmetic  processors  will  need  to  implement  to 
provide  general  arithmetic  computation. 

INTRODUCTION 

Although  the  predominance  of  two-valued  logic 
has  naturally  led  to  the  implementation  of  binary 
(radix  2)  arithmetic  in  most  digital  computers,  the 
theory  of  computer  arithmetic  deals  with  a much 
broader  class  of  possibilities.  At  a minimum,  the 
designer  of  processors  with  multi-valued  technology 
will  be  interested  in  higher  radix  versions  of 
standard  radix  polynomial  systems,  and  the 
possibility  exists  that  more  novel  number  systems 
(residue,  signed-digit,  rational,  etc.)  may  find 
practical  application  in  a multi-valued 
environment . 

An  ongoing  project  within  our  laboratory 
concerns  developing  a unified  description  and 
classification  of  finite  number  representation 
systems  together  with  a set  of  primitive  building 
blocks  for  arithmetic  design,  so-called  "digit- 
vector  algorithms."  One  of  our  goals  is  to  present 
the  designer  with  a wide  range  of  choices  and  a 


method  for  assigning  a figure  of  merit  to  various 
number  systems  with  respect  to  a given  implementa- 
tion environment.  For  example,  the  complexity  of 
the  SUM  digit  vector  algorithm  is  lower  in  a 
residue  number  system  than  in  a standard  radix 
polynomial  system,  however,  the  reverse  is  true  for 
the  SIGN  (sign  detection)  digit  vector  algorithm. 
The  act  of  defining  these  algorithms  which  simulate 
useful  abstract  arithmetic  structures  is  what  we 
call  "arithmetic  design";  traditional  "logic 
design"  comes  into  play  only  after  we  make  the 
decision  to  represent  the  required  digits  using 
binary  codes.  As  often  noted  by  Avizienis,  failure 
to  make  the  distinction  between  "arithmetic  design" 
and  "logic  design"  has  long  plagued  the  literature 
in  computer  arithmetic. 

The  goal  of  this  paper  is  to  encourage 
collaboration  between  arithmetic  design  and  the  im- 
plementation of  multi-valued  logic.  We  feel  that 
our  first  step  must  be  to  present  definitions  and 
notation  to  facilitate  precise  communication,  and 
to  enhance  appreciation  of  the  wide  range  of 
theoretical  options  available  to  designers. 
Specifically,  in  this  paper  we  present  definitions 
relating  to  the  representation  of  numbers,  give 
formal  definitions  of  several  fixed  radix  systems 
in  common  use,  and  then  list  a set  of  arithmetic 
building  blocks,  digit  vector  algorithms  (DVAs), 
for  performing  arithmetic  in  these  number  systems. 

The  "approach"  we  are  suggesting  is  that 
designers  of  multi-valued  logic  processors  use  the 
DVAs  as  formal  definitions  of  the  functions  which 
they  must  provide  in  their  particular  circuit 
technology.  This  approach  should,  at  a minimum, 
facilitate  the  comparison  of  alternate  choices  of 
number  systems  for  given  constraints,  and  also  help 
to  avoid  the  pitfalls  which  sometimes  arise  when  we 
too  quickly  generalized  from  our  radix  2 arithmetic 
experience.  Our  suggestion  is  to  think  broadly,  to 
learn  the  general  case,  and  to  treat  binary  arith- 
metic only  as  the  special  case  it  is. 

We  shall  use  the  programming  language  APL  as  a 
description  language.  Although  APL  is  sometimes 
criticized  for  having  awkward  control  structures 
and  for  encouraging  obscurity,  we  feel  that  it  is 
well  suited  for  the  task  at  hand.  Knowledge  of  only 
a relatively  small  subset  of  the  language  is 
required  here.  References  on  APL  include  [1-9]. 


This  work  was  supported  by  the  National  Science  Foundation,  Division  of  Mathematical  and  Computer  Science 
under  Grant  No.  MCS  77-03310- 
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REPRESENTATION  QF  NUMBERS 

Computer  arithmetic  deals  with  the  physical 
representation  of  finite  sets  of  numbers  and  the 
design,  analysis,  and  implementation  of  algorithms 
for  mechanizing  arithmetic  operations  on  these 
sets.  We  consider  numbers  to  be  abstract  entities 
which  are  defined  theoretically,  typically  by  their 
properties  (axiomatioally) . Peano's  Five  Axioms, 
for  example,  define  the  properties  of  positive 
integers.  In  implementing  computer  arithmetic  we 
assume  we  are  given  the  algebra  of  real  and  complex 
numbers.  Complex  numbers  (imaginary  numbers)  may  be 
made  to  correspond  to  a unique  pair  of  real  numbers 
and  therefore  will  not  be  further  discussed 
explicitly.  (Alternately  we  could  view  real  numbers 
as  being  embedded  in  the  class  of  complex  numbers 
and  focus  on  a discussion  of  complex  numbers.)  The 
set  of  real  numbers  include,  for  example,  the 
natural  numbers 

N = {0,  1,  2,  3,  . . . 

the  integers 

Z = (0,  +1,  ±2,  ±3,  . . .}, 

the  positive  integers 

P = {1.  2,  3,  . . ), 
and  the  rational  numbers 

= (x  such  that  x = p^q  and  peZ  and  qe£.} . 

Since  we  are  concerned  with  the  physical 
mechanization  of  arithmetic  we  are  restricted  to 
representation  of  finite  sets  of  numbers,  i.e.,  to 
subsets  of  the  reals.  We  will  be  particularly 
concerned  with  representation  of,  and  operations 
on,  the  set  of  integers  modulo  N, 

(0,  1,  2,  . . .,  (N-1),  for  N 2 2). 

Rational  numbers  (fractions)  may  be  treated  either 
as  an  ordered  pair  of  integers  or  as  "scaled 
integers . " 

When  we  deal  with  arithmetic,  we  imply  that 
such  sets  of  numbers  are  part  of  an  algebraic 
system  or  structure  consisting  of  a set  and  one  or 
more  n-ary  operations  (functions)  on  the  set.  A 
more  complete  definition  also  frequently  includes 
relations  on  the  sets  and  distinguished  elements  of 
the  set  such  as  0 and  1.  Examples  of  algebraic 
systems  include: 

where  + and  • are  the  operations  of 
addition  and  multiplication  on  the  set  of  integers; 

+ where  + and  • are  addition  and 

multiplication  on  the  set  of  reals;  and 

<Ui,+N>,  where  +N  is  addition  module  N. 

To  repeat  then,  computer  arithmetic  deals  with 
the  representation  of  finite  sets  of  numbers  which 
are  typically  subsets  of  the  sets  described  above, 
and  with  the  mechanization  si£  well-known  n-ao 


(usually  unary  and  binary)  operations  on  these 
finite  sets. 

In  this  section  we  will  consider  the  represen- 
tation of  numbers  by  symbols  which  are  variously 
referred  to  in  the  literature  as  1)  symbol  strings, 
2)  n-tuples,  3)  code  words,  or  4)  digit  vectors. 
All  of  these  terms  offer  some  expressive  advantage; 
"symbol  strings"  relates  to  language  and  data 
structure  ideas;  "n- tuple"  is  a standard  term  in 
discrete  mathematics;  "code  word"  conveys  the  well- 
known  idea  of  encoding  information;  and  "digit 
vector"  implies  a connection  with  vector  notation 
and  vector  languages  such  as  APL.  We  will  reserve 
the  right  to  use  all  three,  however,  our  preference 
will  be  "digit  vector." 

We  will  define  finite  sets  of  symbols  which 
can  be  physically  represented  and  also  operations 
on  these  sets  which  "simulate"  well-known  algebraic 
structures  such  as  mentioned  above.  This  notion  of 
a "simulation"  may  be  described  in  terms  od  the 
formal  idea  of  homomorphism  and  all  of  the  various 
specific  subvarieties  such  as  an  isomorphism. 

It  is  also  intuitively  useful  to  think  about 
(finite  precision)  computer  arithmetic  as  an 
approximation  of  arithmetic  on  the  reals.  The  fact 
that  it  is  an  approximation  gives  rise  to  need  for 
numerical  analysis.  Only  finite  precision  arithme- 
tic is  mechanized  on  a digital  computer.  This  is 
probably  the  most  important  characteristic  of 
computer  arithmetic:  direct  consequences  of 
finitude  include  overflow,  underflow,  scaling,  and 
the  use  of  complement  representation  of  negative 
quantities.  In  selecting  a number  representation 
system,  the  designer  of  a computer  arithmetic 
system  must  keep  in  mind  the  architectural 
realities  of  time  and  hardware  efficiency,  and  the 
numeric  reality  of  providing  an  adequate 
approximation  of  real  arithmetic. 

Peflnitlpng 

Finite  number  representation  systems  ("number 
systems")  are  usually  specified  by  defining  a set 
of  symbols,  A>  and  a mapping  from  the  elements  of 
this  symbol  set  to  a subset  of  the  set  of  real 
numbers,  F:A  £.■ 

The  elements  of  the  symbol  set.  A,  usually 
have  the  form  of  a finite  N-tuple  which  we  shall 
call  a "digit  vector."  In  other  words,  a digit 
vector  X is  an  element  of  the  set  A where 

A = fil  X E2.  X . . .xM 

and  £1  is  the  set  of  allowable  digit  values  for  the 
Ith  component  and  x denotes  the  Cartesian  product. 

Following  the  suggestions  of  Budkowski  [10]  we 
now  introduce  the  following  definitions: 

1)  The  function  F:A->£  is  a total  function  if  F 
is  defined  for  all  elements  of  A (all  digit  vectors 
in  A)  • 

2)  The  function  F:A->fi  is  a partial  function  if 
F is  not  defined  for  all  elements  of  A-  In  this 
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case  the  subset  of  A for  which  F is  defined  is 
denoted  AE  and  is  called  the  set  of  "legal  digit 
vectors."  Note  that  in  this  case  AF  c A . 

3)  Since  AFc  A is  a finite  set,  the  mapping 
F:AE-»£  is  into  R.  the  infinite  set  of  all  reals. 
The  subset  £Ec£  which  is  the  image  of  At  under  F 
is  called  the  set  of  representable  numbers  or  the 
interpretation  Afii,. 

The  elements  of  a digit  set,  £1,  are  integers 
and  will  be  taken  as  defined  in  this  presentation. 
Note  that  in  practice  the  elements  of  a digit  set 
might  be  denoted  using  other  than  standard  decimal 
notation.  For  example,  in  the  hexadecimal  system 
the  digit  values  are  usually  taken  to  be  elements 
of  the  set  {0,1,  . . .,  9,  A,  B,  C,  D,  E,  F).  For 
additional  generality  numerical  meanings  can  be 
associated  with  digit  symbols  by  definition  of  a 
one-to-one  function  from  symbols  to  numbers. 
Formally  then. 

Definition  1 A finite  number  representation  system 
(abbreviated  FNRS)  is  a triple 

FNRS  = <A,  A£,  F> 

where 

A is  a finite,  nonempty  set  of  digit  vectors, 

AFc  A is  the  set  of  all  legal  digit  vectors,  and 
F is  a function  which  maps  AE  into  £ (the  set  of 
real  numbers). 

In  this  paper  we  concentrate  on  representation 
of  integers,  i.e.,  ££.  will  be  a finite  set  of 
integers.  Having  developed  integer  representation, 
we  may  treat  representation  of  rational  numbers 
(fractions)  by  "scaling"  integers. 

Definition  2 A FNRS  is  said  to  be  partial  if  F is  a 
partial  function  in  Ai  that  is  if  AF  c A. 

Definition  I A FNRS  is  said  to  be  total  if  F is  a 
total  function  in  Ai  that  is  if  AE  = A- 

Definition  A FNRS  is  said  to  be  redundant  if  for 
Xe  AEt  F(X)  is  a many-to-one  function.  In  this  case 
at  least  one  element  of  the  set  of  representable 
numbers  (££)  has  more  than  one  representation. 

Definition 5.  A FNRS  is  said  to  be  nonredundant  if 

for  X^AEi  F(X)  is  a one-to-one  function. 

Although  an  initial  reaction  may  be  that  a 
redundant  FNRS  would  be  a disadvantage,  in 
mechanizing  machine  arithmetic  redundancy  may  offer 
significant  advantage.  A discussion  of  this  topic 
is  beyond  the  scope  of  this  paper  but  may  well  be 
of  practical  significance  in  the  realization  of  a- 
rlthmetlc  using  multi-valued  logic.  For  a brief 
overview  of  the  role  of  redundancy  in  computer  a- 
rithmetic  see  [11]. 

Definition  6 A FNRS  is  weighed  if  F is  defined  by 
the  function 

Q = (rX[I]xW[I])  + C 

where 


Q«a. 

N ipX,  the  length  of  digit  vector  X, 

X[I]  is  the  Ith  element  of  a digit  vector  X 
cAE. 

W[I]  is  the  1th  element  of  a weight  vector 

with  W[I]eE., 

and  C is  a constant. 

In  APL,  the  above  expression  can  be  written 
Q-(*/XxH)  ♦ C 

where  pX  = cW.  The  expression  ♦/XxW  is  commonly 
called  an  "inner  product." 

An  important  special  case  of  weighed  FNRS  are 
those  in  which  the  weight  vector,  W,  is  obtained 
from  a so-called  radix  vector, 

B = B[1],  B[1],  B[2] B[N]. 

Usually  B[I]  is  an  element  of  i,  the  set  of 
integers  (negative  radices  are  also  extensively 
discussed  in  the  literature).  The  prospect  of  B[I] 
being  a complex  number  has  also  been  proposed. 

Definition  7 A FNRS  is  a weighed  radix  system  if  it 
is  a weighed  system  (Def.  6)  in  which  the  elements 
of  the  weight  vector  W are  defined  as  follows: 

W[N]  = 1, 

W[I]  I W[I  + 1]  X B[I  + 1]  for  I : N-1,N-2 1. 

where  B[I]e2  is  an  element  of  a radix  vector. 

Note  that  in  our  choice  of  the  definition  for 
W we  are  continuing  to  restrict  ourselvco  to  the 
representation  of  integers. 

Definition 8 A weighed  FNRS  is  a fixed  radix  (or 

base)  system  if  all  elements  of  B are  the  same, 
i.e.,  if  B[I]  = B[J]  for  1 i I,J  i N. 

Definition  9 A weighed  FNRS  is  a mixed  radix  (or 
base)  system  if  all  elements  of  B are  not  the  same, 
i.e.,  if  there  exits  some  I^J  (KI,J<.N)  such  that 
BtI]rfB[J]. 

Fixed  radix  number  systems  are  the  most 
commonly  used.  In  this  case,  F,  the  function 
between  symbols  and  interpretation,  may  be 
specified  as  a polynomial  ("radix  polynomial")  with 
the  digit  vector  comprising  the  coefficients.  A 
very  interesting  treatment  of  fixed  radix  FNRS, 
based  upon  the  ring  of  polynomials  over  the 
integers  may  be  found  in  [12].  Radix  polynomial 
FNRS  are  also  called  "polyadic"  FNRS. 

The  computer  language  APL  includes  a primitive 
operator  which  mechanizes  the  mapping  from  digit 
vectors  to  integers  for  the  radix  number  systems. 
If  we  represent  the  elements  of  the  set  of 
representable  numbers  ("the  interpretation  set") 
using  standard  sign  and  magnitude  decimal  notation, 
then 

Q"B1X 
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produces  an  element  Qefi£  where  B is  a radix  vector 
and  X is  a digit  vector.  This  APL  operator  is 
called  DECODE.  For  example  if 

B-2,2,2,2 

X-K  1 , 1 , 1 , 0 

then  0 B1.X  is  the  decimal  equivalent  of  the  binary 
digit  vector  1,  1,  1,  0.  If  B is  30,214,60,60  and  X 
is  5,7,15,37  then  Q^B_LX  is  the  number  of  seconds  in 
5 days,  7 hours,  15  minutes,  and  37  seconds. 

Let  us  return  now  to  a discussion  of  digit 
sets,  i.e.,  the  sets  from  which  digit  vector 
elements  are  taken.  Recall  that  A,  the  set  of  digit 
vectors,  was  defined  by 

A=D1xD2x. . .xDN 

where  £1  (I  = 1,2,...,N)  are  sets  of  digits. 

Definition  10  The  canonical  (or  standard)  digit  set 
for  the  Ith  element  of  a digit  vector  in  a radix 
FNRS  is  the  set 

£1  = {0,  1,2, (B[I]-1)} 

where  B[I]  is  the  1th  element  of  the  radix  vector. 
Note  that  in  this  case  l£ll  = B[I]. 

We  will  make  use  of  other  than  canonical  digit 
sets,  for  example,  symmetric  digit  sets,  defined  as 
follows ; 

Definition  11  A .symmetric  digit  set  with  respect  to 
the  positive  integer  K is  the  set 

ZoK  = {-K,  -(K-1),...0,  1,...,  (K-1),K}. 

Definition  12  A fixed  radix  FNRS  with  B[I]  A.2  for 
all  l<,IiN  with  canonical  digit  sets  is  called  a 
conventional  FNRS. 


EXAMPLES  £L  COMMONLY  ££££  FINITE 
REPRESENTATION  SYSTEMS 

The  above  definitions  provide  a framework  for 
describing  a large  number  of  FNRS  including 
residue,  negative  radix  and  signed-digit.  Within 
the  constraints  of  this  paper,  however,  we  will 
only  review  the  definition  of  the  generalized, 
positive  radix  versions  of  four  commonly  used  FNRS: 
1)  Conventional,  radix  B,  unsigned  (magnitude 
only);  2)  Conventional,  radix  B,  sign  and 
magnitude;  3)  Conventional,  radix  B,  radix 
complement;  and  4)  Conventional,  radix  B, 
diminished  radix  complement. 

The  definition  of  these  FNRS  are  presented  in 
Figures  2-5  using  symbols  defined  in  Figure  1.  Each 
figure  describes  the  symbol  set,  the  interpretation 
set,  and  the  symbol  to  interpretation  (SI)  function 
in  the  form  of  an  APL  function.  These  APL 
functions,  generalizations  of  the  APL  decode  (j.) 
operator,  have  digit-vectors  as  arguments  and 
produce  a sign  and  magnitude,  decimal  representa- 
tion of  the  corresponding  element  of  the  interpre- 
tation set.  We'll  use  familiar  notation  to  denote  a 
particular  element  of  the  interpretation  set. 


PRIMITIVE  OPERATIONS  ££  COMMON  FINITE  NUMBER 
REPRESENTATION  SYSTEMS  (DIGIT  VECTOR  ALGORITHMS) 

To  this  point  we  have  concentrated  on  the  rep- 
resentation of  finite  sets  of  numbers  using  symbol 
sets  consisting  of  digit  vectors.  We  now  present 
fundamental  unary  and  binary  operations  on  symbol 
sets  which,  together  with  isomorphic  SI  mappings 
such  as  described  in  the  previous  section,  will 
enable  us  to  simulate  useful  algebraic  structures. 
Examples  of  the  operations  or  "digit  vector  algo- 
rithms" include  sum,  difference,  inverse,  range 
extension,  and  range  contraction.  Note  that  in 
defining  these  algorithms  we  are  assuming  that  we 
are  given  standard  integer  Arithmetic  on  the 
individual  digits. 

In  the  remainder  of  this  paper  we  describe 
primitive  digit  vector  algorithms  which  the 
designer  of  a multi-valued  logic  processor  must  be 
prepared  to  implement.  The  proposed  set  is 
motivated  by  Avizienis  [13]-  Space  does  not  permit 
a discussion  of  each  algorithm,  however,  as  an 
example  of  what  might  be  done,  we  include  a 
discussion  of  the  SUM  and  CARRY  DVAs. 

£Utl  CARRY  Digit  Vector  Algorithms 

The  digit  vector  algorithm,  SUM,  corresponds 
to  what  we  commonly  call  addition.  Given  an  SI  map- 
ping F,  we  need  to  define  SUM  such  that 

F(X  SUM  Y)  = F(X)  +M  F(Y) 
where  X,Y  e AF . 

For  number  systems  (fixed  or  mixed  base)  with 
all  elements  of  the  radix  vector,  B>.2,  and 
canonical  digit  set,  the  following  digit  vector 
operation  applies: 

&HBIX+Y+C 

where 

B is  the  radix  vector; 

X and  Y are  the  digit  vector  operands  with  pX  = pY, 
C is  the  carry  vector  (to  be  defined), 
and  S is  the  sum  vector. 

The  sum  digit  for  a given  position  of  an 
adder,  say  the  Ith  position,  is  sometimes  given  as 

S[I]-^(X[I]  + Y[I]  ♦ C[I])  - B[I]  X C[I-1] 

where  C[I]  is  the  carry  into  the  position,  C[I-1] 
is  the  carry  out,  and  B[I]  is  the  Ith  element  of 
the  radix  vector.  This  form  may  better  correspond 
to  intuition,  namely,  that  the  sum  digit  is  the  sum 
of  the  two  operand  digits  and  the  carry  in  (X[I]  ♦ 

Y[I]  +C[I])  minus  a correction.  If  the  sum  is 
greater  than  the  maximum  digit  we  can  represent 
(B[I]-1)  then  we  subtract  B[I]  from  the  Ith 
position  and  add  1 in  the  position  1-1 . Since  the 
weight  of  position  1-1  is  W[I-1]  = B[I]x  W[I],  this 
subtraction  of  B[I]  in  position  I and  addition  of  1 
in  position  1-1  do  not  change  the  value  represented 
by  the  digit  vector. 


Li9tln«  SiL  DVAs  loc  common 


We  conclude  by  offering  an  annotated  listing 
of  primitive  digit  vector  algorithms  for  the  four 
common  finite  number  representation  systems  we  have 
reviewed.  In  exchange  for  the  reader's  willingness 
to  read  APL,  he/she  will  find  a formal  description 
of  operations  which  should  be  implemented  for  a 
favorite  choice  of  radix,  B,  and  choice  of  common 
number  system.  Similar  work  on  less  conventional 
but  potentially  practical  number  systems  is 
underway  and  the  interested  reader  is  invited  to 
contact  the  author  for  further  information. 
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^ = SET  OF  ALL  DIGIT  VECTORS. 

Af  = SET  OF  ALL  LEGAL  DIGIT  VECTOR  (.THOSE  FOR  WHICH  F IS  DEFINED) 

R = THE  SET  OF  REAL  NUMBERS. 

RF  = THE  INTERPRETATION  SET,  I.E.  THE  IMAGE  OF  AF  UNDER  F. 

B = FIXED  VALUE  OF  ALL  ELEMENTS  OF  THE  RADIX  VECTOR.  B22. 

ZR-^xB  = THE  SET  OF  INTEGERS  MODULO  B. 

X = ELEMENT  OF  d£.  I-E.  A LEGAL  DIGIT  VECTOR. 

Q = ELEMENT  OF  EE- 

pX  = LENGTH  OF  DIGIT  VECTOR,  X. 

B*N  = E TO  THE  POWER  N. 

N CP  X = N-ARY  CARTESIAN  PRODUCT  OF  SET  X,  I.E.  X-^X*. . .x^X,  N TIMES. 
lU  = THE  FIRST  ELEMENT  OF  VECTOR  X. 

UX  = ALL  BUT  THE  FIRST  ELEMENT  OF  X. 

LF  = FLOOR  OF  K,  I.E.  THE  GREATEST  INTEGER  <.K. 

\K  - CEILING  OF  K,  I.E.  THE  SMALLEST  INTEGER  tK. 


FIGURE  1.  SYMBOLS  USED  IN  DEFINING  NUMBER  SYSTEMS  IN 
FIGURES  2-5 
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SYMBOL  SET:  N CP  iB 

INTERPRET ATIOB  SET:  El*\lB*N) 

SI  FUNCTION:  F:4£-*g£ 

7 Q-B  DECODEUS  X 

[1]  nSI  FUNCTION  FOR  CONVENTIONAL  RADIX  B UNSIGNED  FNRS 

[2]  O-BlX 
V 

EXAMPLES 

2 DECODEUS  0110 
6 

2 DECODEUS  1001 

9 

10  DECODEUS  0319 
319 

5 DECODEUS  1234 
194 

8 DECODEUS  3577 
1919 


FIGURE  2.  DEFINITION  OF  CONVENTIONAL,  RADIX  B UNSIGNED  FNRS. 


SYMBOL  SET:  S ^ N CP  \B 

WHERE  S*(0,1)  AND  N IS  THE  LENGTH  OF  THE  DIGIT  VECTOR 
REPRESENTING  THE  MAGNITUDE.  IN  S,  0 DENOTES  + AND  1 DENOTES  - 
NOTE  THAT  IF  XeAE  THEN  N=(pX)-l 

INTERPRETATION  SET:  SI*  -F, . . . , -1 . 0 , 1 . 2 , . . . ,X 
WHERE  K->-(B*N)-l 

SI  FUNCTION:  F:Al*B.E. 

7 Q->-B  DECODESM  X 

[1]  nSI  FUNCTION  FOR  CONVENTIONAL  RADIX  B SIGN  AND  MAGNITUDE  FNRS 

[2]  fi-^Cl*l+r)  xfiJ-l  + AT 
7 

EXAMPLES 

2 DECODESM  0110 

2 DECODESM  1001 
"1 

10  DECODESM  0319 
319 

5 DECODESM  1234 
69 

8 DECODESM  0577 
383 


FIGURE  3.  DEFINITION  OF  CONVENTIONAL,  RADIX  B SIGN  AND 
MAGNITUDE  FNRS. 
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SYMBOL  SET:  A*At*S  CP  iB 


ISTERPRETATIOS  SET: 

RADIX  B,  EVER:  EZ"^-K -1.0.1 (X-1) 

WHERE  K-(B*R)i2 

RADIX  B,  ODD:  -Xl . . . . . - 1 . 0 . 1 . . . . .X2 

WHERE  /ri-^(LBt2)xB*(ff-l)  AND  i?2-<-(  ( B*  (B- 1 ) ) * ( TBi  2 ) ) - 1 

SI  FURCTIOR:  F:4£-*-fi£ 

V C-B  DECODERC  X 

[1]  n SI  FURCTIOR  FOR  CORVERTIORAL  RADIX  B.  RADIX  COMPLEMERT  FRRS 

[2]  fl-(Blir)-((l  + ir)aBt2)xB*pA: 

[3]  t^ROTE  THAT  FOR  THE  SPECIAL  CASE  OF  B=2  THE  FOLLOWIRG  APPLIES: 

[4]  n«-^2i(-ltr)  .l  + i: 

[5]  flI.B.  WE  TREAT  THE  SIGR  IRDICATOR  DIGIT  AS  HAVIRG  REGATIVE  WEIGHT. 

V 

EXAMPLES 

2 DECODERC  1001 
"7 

10  DECODERC  0319 
319 

5 DECODERC  3234 
“181 

8 DECODERC  3577 
1919 


FIGURE  4.  DEFIRITIOR  OF  CORVERTIORAL,  RADIX  B.  RADIX 
COMPLEMERT  FRRS. 


SYMBOL  SET:  A*-&E.*fl  CP  iB 
IRTERPRETATIOR  SET: 

RADIX  B.  EVER:  -l.-O.+O.l K 

WHERE  X--((B*iV)t2)-l 

RADIX  B.  ODD:  KE.->-Kl -l.-O.+O.l K2 

WHERE  Xl+-((LB+2)xB*(B-l))-l  ARD  ^:2+-(  ( B*  (B- 1 ) ) * T B + 2 ) - 1 

SI  FURCTIOR:  F:Al-*Rl 

7 Q-B  DECODEDRC  X 

[1]  nSI  FURCTIOR  FOR  CORVERTIORAL  RADIX  B.  DIMIRISHED 

[2]  N RADIX  COMPLEMERT  FRRS 

[3J  Q-^(BlX)-((liX)iBt2)><(B*pX)-l 

7 

EXAMPLES 

2 DECODEDRC  1001 
“6 

10  DECODEDRC  0319 
319 

5 DECODEDRC  3234 
“180 

8 DECODEDRC  3577 
1919 

FIGURE  5.  DEFIRITIOR  OF  CORVERTIORAL,  RADIX  B,  DIMIRISHED  RADIX 
COMPLEMERT  FRRS. 
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DIGIT  VECTOF  ALGORITHMS 

COMMON  FINITE  NUMBEF  FEPFESENTATION  SYSTEMS 
FIXED-RADIX 

JANUARY  1978,  REVISION  4 

THESE  DIGIT  VECTOF  ALGORITHMS  ARE  DEFINED  FOR  THE 
SPECIAL  CASE  OF  FIXED-RADIX  FNRS.  A SCALAR  GLOBAL 
VARIABLE  fl,  yniCH  MUST  BE  > 2,  IS  THE  RADIX. 

ABBREVIATIONS  FOR  DIGIT  VECTOR  ALGORITHM  FAMILY  NAME-. 

SUM,  CARRY 

DIF  (DIFFERENCE),  BORROW 
INV  (ADDITIVE  INVERSE) 

SGN  (SIGN  DETECTION) , EQZ  (EQUAL  ZERO) 

REX  (RANGE  EXTENSION) , RON  (RANGE  CONTRACTION) 

SDN  (SCALE  DOWN) , SUP  (SCALE  UP) 

PRD  (PRODUCT) 

ABBREVIATIONS  FOR  NUMBER  SYSTEM  NAME: 

US  - COfrVENTIONAL,  UNSIGNED 

RC  - RADIX  COMPLEMENT 

DEC  - DIMINISHED  RADIX  COMPLEMENT 

SM  - CONVENTIONAL  SIGN  AND  MAGNITUDE 

ABBREVIATIONS  FOR  SINGULARITIES: 

OVF  - OVERFLOW 
AN  - ANOMALY 
TR  - TRUNCATIONS 

THE  ABOVE  ARE  FOLLOWED  BY  DVA  FAMILY  NAME  AND  NUMBER  SYSTEM  NAME, 

FOR  EXAMPLE,  OVFSUMUS. 

ASSUMPTIONS: 

1.  FOR  DYADIC  FUNCTIONS  pX^pY . 

7.  THE  RADIX  (B)  IS  ALWAYS  A SCALAR.  THE  RADIX  VECTOR  FOR 
A DIGIT  VECTOF.  X IS  CONCEPTUALIZED  TO  BE  (pA:)pB. 

B MUST  BE  i 2 BUT  MAY  BE  ODD  OR  EVEN. 

3.  FOE  ALL  VARIATIONS  OF  SUM  AND  DIF,  THE  CARRY  IN  (CIN)  AND  BORROW  IN 
(BIN)  WILL  BE  DEFINED  EXTERNAL  TO  THE  APL  FUNCTION. 

4.  IN  RCN,  SDN,  AND  SUP  THE  VALUE  OF  M MUST  BE  s pX  FOR  US, 

EC,  AND  DEC-,  M MUST  BE  < pX  FOR  DEC. 
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V S-X  SL'ML'S  Y 

[1]  nSL'M  DVA  CONVENTIONAL  UNSIGNED  FNRS. 

[2]  « CIN  AND  A FIXED  RADIX  B ARE  DEFINED  EXTERNALLY 

[3]  5-^BU  + y+Af  CARRYUS  Y 

[4]  OVFSUMUS--COUT 

V 


V C->-X  CARRYUS  Y\I-,ORG 

[1]  n CARRY  DVA  FOR  CONVENTIONAL  UNSIGNED  FNRS. 

[2]  n RADIX  B AND  CARRY  IN  CIN  ARE  EXTERNALLY  DEFINED. 

[ 3 ] ORG->-  \ : 

[4]  I->-{pX)*ORG-\ 

[5]  C-(((pjr)-l)pO)  .CJA? 

[6]  LOOPCPR-.^iORG^I)  / LCOUT 

[7]  c[  j-n-^B<A:[7T  + y[7]+c[j]  , 

[8]  ■*<.ORG<I->-I~l)  / LOOPCPR 

[9]  LCOUT:COUT->-B<XiORG'\*Y\.ORG'\*CiORG'\ 

V 

) 

V S-^X  SUMSM  Y iSIGNXiSIGNY  iSIGNSiMAGX  iMAGY  iMAGS 

[1]  n SUM  DVA  FOR  CONVENTIONAL  SIGN  AND  MAGNITUDE  FNRS. 

[2]  SIGNX^SGNSM  X i 

[3]  SIGNY-SGNSM  Y 

[4]  MAGX-^liX 

[5]  MAGY->-l^Y 

[6]  ->-{SIGNX^SIGNY)  / LEQSIGN 

[7]  i\SIGNX  * SIGNY 

[8]  BIN->-Q 

[9]  MAGS->-MAGX  DIFUS  MAGY 

[10]  SIGNS-SIGNXtBOUT 

[11]  -^{'^BOUT)  / LUEQSIGN 

[12]  B7«-<-0 

[13]  MAGS->-MAGY  DIFUS  MAGX 

[14]  LUEQSIGN-.S-SIGNS  ,MAGS 

[15]  OVFSUMSM-0 

[16]  ^LZEROCHECK 

[17]  CIN-0 

[18]  LEQSIGN:S-SIGNX ,MAGX  SUMUS  MAGY 

[19]  OVFSUMSM-^COUT 

[20]  rtFORCE  ONLY  + ZERO 

[21]  LZEROCHECK:->-{O^EQZSM  S)/0 

[22]  5[il]-<-0 

V 


V S--X  SUMRC  Y 

[1]  nSUM  DVA  FOR  RADIX  COMPLEMENT  FNRS. 

[2]  S->-X  SUMUS  Y 

[3]  OVFSUMRCX*{{SGNRC  X)^SGNRC  Y)a(SGNRC  X)*SGNRC  S 

[4]  0VFSUMRC2--(.(SGNRC  X)^SGNRC  Y)  aOV  I SUMU  Sa'^SGNRC  X 

[5]  OVFSUMRC-'-OVFSUMRCUOVFSUMRCl 

V 


V S-X  SUMDRC  Y 

[1]  B SUM  DVA  FOR  DIMINISHED  RADIX  COMPLEMENT  FNRS. 

[2]  S-X  SUMUS  Y 

[3]  CIN-COUT 

[4]  S-X  SUMUS  Y 

[5]  OVFSUMDRCX-iiSGNDRC  X)^SGNDRC  Y)a{SGNDRC  X)»SGNDRC  S 

[6]  OVFSUMDRC2-{(.SGNDRC  X)^SGNDRC  Y ) aOV  FSUMUSa^SGNDRC  X 

[ 7 ] OV  FSUMDRC-OV  FSUMDRClyOV  FSUMDRC2 

V 
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V D->-X  DIFUS  Y 

[1]  ^DIFFERENCE  DVA  FOR  CONVENTION AL .UNSIGNED  FNRS . 

[2]  D-B\(Xr-Y)r-X  BORROWS  Y 

[3]  OVFDIFVS->-BOl'T 

V 


V BRy->-X  BORROUVS  Y-.I-.ORG 

[1]  B BORROW  DVA  FOR  CONVENTIONAL  UNSIGNED  FNRS 

[2]  ORG-xl 

[3]  J-(pAr)+O^G-l 

[4]  BRW*(({()X)^l)pD)  .BIN 

[5]  LOOPBPRi^{ORG^I)/LBOUT 

[6]  SifW[7r-l]-H(  (Ar[7]ty[7]  )<0 

[7]  ■*{ORG<I*-I  r-l)  / LOOPBPR 

[8]  LBOUT:BOUT->-(  iXlORGl^YlORGl)  rBRWlORGl)  <0 
7 


V D->-X  DIFSM  Y-.SIGNX-.SIGNY-.SIGND-.MAGX-.MAGY  -.MAGD 

[1]  fi  DIFFERENCE  DVA  FOR  CONVENTIONAL  SIGNED  MAGNITUDE  FNRS. 

[2]  SIGNX-SGNSM  X 

[3]  SIGNY--SGNSM  Y 

[4]  MAGX*liX 

[5]  MAGY*HY 

[6]  *{SIGNX*SIGNY) / LUNEQSIGN 

[7]  B ***  SIGNU)  - SIGNiY).  *** 

[8]  BIN->-0 

[9]  MAGD->-MAGX  DIFUS  MAGY 

[10]  SIGND->-SIGNX*BOUT 

[11]  ■*('-BOUT)/LCOMBINE 

[12]  BIN--0 

[13]  MAGD* MAGY  DIFUS  MAGX 

[14]  LCOMBINE:D*SIGND.MAGD 

[15]  0VFDIFSM*0 

[16]  *LEQZCHECK 

[17]  LUNEQSIGN:CIN*0 

[18]  D*SICNX .MAGX  SUMUS  MAGY 

[19]  OVFDIFSM*COUT 

[20]  B ***  FORCE  ONLY  POSITIVE  ZERO  *** 

[21]  LEQZCHECK:*(0’‘EQZSM  D)/0 

[22]  D[il]^0 

V 


V D*X  DIFRC  Y 

[1]  B DIFFERENCE  DVA  FOR  RADIX  COMPLEMENT  FNRS. 

[2]  D*X  DIFUS  Y 

[3]  0VFDIFRC1*(.(.SGNRC  X)*SGNRC  Y)a(,SGNRC  X)*SGNRC  D 

[4]  OVFDIFRC2*(.{SGNRC  X)^SGNRC  Y)  aOVFDIFUSa^SGNRC  X 

[5]  OVPDIFRC*OVFDIFRClvOVFDIFRC2 
7 


7 D*X  DIFDRC  Y 

[1]  B DIFFERENCE  DVA  FOR  DIMINISHED  RADIX  COMPLEMENT  FNRS. 

[2]  D*X  DIFUS  Y 

[3]  BIN*BOUT 

[4]  D*X  DIFUS  Y 

[5]  0VFDIFDRC1*(.(.SGNDRC  X)*SGNDRC  Y)a[SGNDRC  X)*SGNDRC  D 

[6]  OVFDIFDRC2*((SGNDRC  X)^SGNDRC  Y) aOVFDIFUSa'^SGNDRC  X 

[ 7 ] OV  FDI FDRC*0V  FDIFDRC ivOVFDIFDRC 2 
7 
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7 Y->-IliVSM  X 

tl]  « ADDITIVE  INVERSE  DVA  FOR  CONVENTIONAL 
C2]  « SIGN  AND  MAGNITUDE  FNRS 

[3]  ,1+jr 

[4]  « GENERATE  AN  ANOMALY  SIGNAL  TO  INDICATE 

[5]  B THAT  A NEGATIVE  ZERO  IS  GENERATED 

[6]  ANINVSM*0^+/X 
V 


V Y->-INVRC  X 

[1]  B ADDITIVE  INVERSE  DVA  FOR 

[2]  B RADIX  COMPLEMENT  FNRS 

[3]  C/Af-l 

[4]  Y->-{(t>X)oO)SVMRC({oX)pBr^X)’-X 

[5]  B OVERFLOW  WILL  OCCUR  IF  SIGNiX)  ^ SIGN(.Y) 

[6]  B AND  Y * 0. 

[7]  OVFINVRC-HSGNRC  X)^SGNRC  Y)^~^EQZRC  Y 

V 


7 Y->-INVDRC  X 

[1]  B ADDITIVE  INVERSE  DVA  FOR 

[2]  B DIMINISHED  RADIX  COMPLMENT  FNRS 

[3]  r-^((p2r)pffri).-yr 

[4]  B GENERATE  AN  ANOMALY  SIGNAL  TO  INDICATE 

[5]  B THAT  A NEGATIVE  ZERO  IS  GENERATED 

[6]  ANINVDRC--0^  + /X 

[7]  B OVERFLOW  WILL  OCCUR  IF  SIGNiX)  = SIGNiY). 

[8]  OVFINVDRC->-{SGNDRC  X)^SGNDRC  Y 
7 


7 SIGN->-SGNSM  X 

[1]  B SIGN  TEST  FOR  SIGN  AND  MAGNITUDE 

[2]  SIGN*-\^X 
7 


7 SIGN->-SGNRC  X 

[1]  bS/C/V  of  X IN  RADIX  COMPLEMENT  FNRS. 

[2]  fl  SIGN^O  IF  X IS  POSITIVE. 

[3]  B SIGNtI  if  X IS  NEGATIVE. 

[4]  SIGN->-(liX)iB*2 
7 


7 SIGN-SGNDRC  X 

[1]  aSIGN  of  X IN  DIMINISHED  RADIX  COMPLEMENT  FNRS. 

[2]  B SIGNED  IF  X IS  POSITIVE. 

[3]  s SIGN^l  IF  X IS  NEGATIVE. 

[4]  SIGN->-(.l^X)iB*2 
7 


7 Z--EQZUS  X 

[1]  t^TEST  OF  ZERO  FOR  UNSIGNED  FNRS 

[2] 

7 


7 TEST-EQZSM  X 

[1]  B EQUAL  ZERO  TEST  FOR  SIGN  AND  MAGNITUDE  FNRS 

[2]  TEST*/^/l*X^O 
7 
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V TE3T-EQZRC  X 

[1]  B EQUAL  ZERO  TEST  FOR  RADIX  COMPLEMENT  FNRS 

[2]  TE3T->-f^/X=0 

V 


V TE3T-<-BQZDRC  X 

[1]  B EQUAL  ZERO  TEST  FOR  DIMINISHED  RADIX  COMPLEMENT  FNRS 

[2]  7’£'57’-«-(A/2rrO)v(A/2r  = fl-l) 

V 


V Z->-M  REXUS  X 

[1]  B CONVENTIONAL  UNSIGNED  FNRS  RANGE  EXTENSION 

[2]  X ==  DV  TO  BE  EXTENDED 

[3]  B W = NUMBER  OF  POSITIONS  TO  EXTEND  (SCALAR) 

[4]  Z-iMpD) ,X 

V 


V Z->-M  REXSM  X 

[1]  B CONVENTIONAL  SIGNED  MAGNITUDE  FNRS  RANGE  EXTENSION 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  REXUS 

[3]  Z-nd  + AT)  , (A/pO) 

V 


V Z->-M  REXRC  X 

[1]  B RADIX  COMPLEMENT  FNRS  RANGE  EXTENSION 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  REXUS 

[3]  Z^((MpB-l)xSGNRC  X)  ,X 

V 


V Z->-M  REXDRC  X 

[1]  B DIMINISHED  RADIX  COMPLEMENT  FNRS  RANGE  EXTENSION 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  REXUS 

[3]  Z-^W  REXRC  X 

V 


V Z-W  RCNUS  X 

[11  B CONVENTIONAL  UNSIGNED  FNRS  RANGE  CONTRACTION 

[2]  X ^ DV  TO  BE  CONTRACTED 

[3]  B M = NUMBER  OF  POSITIONS  TO  CONTRACT  (SCALAR) 

[4]  Z-M^X 

[5]  OVFRCNUS*l*A/DTMiX 

V 


V Z*M  RCNSM  X 

[1]  B CONVENTIONAL  SIGN  AND  MAGNITUDE  FNRS  RANGE  CONTRACTION 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  RCNUS 

[3]  Z-^d  + AT)  ,«41+Jir 

[4]  OVFRCNSM■>-^•^/Dr:M^l^X 
7 


V Z-^M  RCNRC  X 

[1]  fl  RADIX  COMPLEMENT  FNRS  RANGE  CONTRACTION 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  RCNUS 

[3]  Z->-M^X 

[4]  OVFRCNRC->-((SGNRC  Z ) a 1 * a / ( fl- 1 ) r^t  AT ) v ( '♦SCiVffC  Z)  i^'^EQZRC  MiX 
7 


V Z--M  RCNDRC  X 

[1]  n DIMINISHED  RADIX  COMPLEMENT  FNRS  RANGE  CONTRACTION 

[2]  fl  OPERANDS  ARE  DEFINED  AS  IN  RCNUS 

[3]  Z-M  RCNRC  X 

[4]  OVFRCNDRC-OVFRCNRC 

V 


V Z->-M  SDNUS  X 

[1]  n CONVENTIONAL  UNSIGNED  FNRS  SCALE  DOWN 

[2]  P X = DV  TO  BE  SCALED  DOWN 

[3]  9 M = NUMBER  OF  PLACES  TO  SCALE 

[4]  Z-^(WpO)  , (-M)+Ar 

[5]  TRSDNUS*-l=‘^/0-(.-M)iX 
7 


V Z-^M  SDNSM  X 

[1]  n CONVENTIONAL  SIGNED  MAGNITUDE  FNRS  SCALE  DOWN 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  SDNUS 

[3]  Z-^(l^X)  ,(.MpO)  ,(-M)iliX 
[4?  TRSDNSM-l*fy/0-(.-M)  ^l^X 

V 


V Z*-M  SDNRC  X 

[IT  B RADIX  COMPLEMENT  FNRS  SCALE  DOWN 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  SDNUS 

[3]  Z-{Mp{B-\)*SGNRC  X)  A-M)\X 

[4]  TRSDNRC->-l»f^/0  = {-M)  n 
7 


7 Z-^W  SDNDRC  X-,SIGN 

[IT  B DIMINISHED  RADIX  COMPLEMENT  FNRS  SCALE  DOWN 

[2]  B OPERANDS  ARE  DEFINED  AS  IN  SDNUS 

[3]  Z*{MpSIGN->-(B-l)’‘SGNDRC  X)A-M)\X 

[4]  TRSDNDRC->-l*^/SIGN=(.-M)iX 
7 


7 Z--.V  SUPUS  X 

[1]  B CONVENTIONAL  UNSIGNED  FNRS  SCALE  UP 

[2T  B ;f  = DV  TO  BE  SCALED 

[3T  B M = NUMBER  OF  PLACES  TO  SCALE 

[4T  nM<pX 

[5]  Z->-(M*X)  ,MpO 

[6]  OVFSUPUS->-i*^ /0-M^X 
7 


7 Z-^M  SUPSM  X 

[1]  B CONVENTIONAL  SIGN  AND  MAGNITUDE  FNRS  SCALE  UP 

[2T  bAT  = DV  TO  BE  SCALED.  M=  NUMBER  OF  PLACES  TO  BE  SCALED. 

[3]  r^M<pX 

[4]  Z-^(  l + AT)  , ( (W+1  )+Ar)  .AfpO 

[5]  OVFSUPSM■>-l*^/0=M‘>‘^^X 
7 


7 Z-W  SUPRC  X 

[1]  B RADIX  COMPLEMENT  FNRS  SCALE  UP 

[2T  B X = DV  TO  BE  SCALED 

[3T  B « = NUMBER  OF  PLACES  TO  SCALE 

[4]  Z-(M*X) ,MpO 

[5]  OVFSUPRC*((SGNRC  Z ) a 1 * a / ( B- 1)  ) v ( ~SCiV;?C  Z)^~EQZRC  MtX 

7 
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V Z->-M  SUPDRC  X 

[1]  s DIMINISHED  RADIX  COMPLEMENT  FNRS  SCALE  UP 
[2?  n X = DV  TO  BE  SCALED 

[3]  n W = NUMBER  OF  PLACES  TO  SCALE 

[4]  Z->-(M*X)  ,Mp(.B-l)^SGNDRC  X 

[5]  OVFSUPDRC->-{{SGNDRC  Z)  M*k/ {B-^)=M‘^X)'^  (.~SGNDRC  Z ) a i x a /o 

V 


V PRDUS  XiPSiPC 

[1]  B POSITIVE  INTEGER  (Wsfl-1)  PRODUCTS  VECTOR  (X)  FOR 

[2]  n CONVENTIONAL.  RADIX  B.  UNSIGNED  FNRS 

[3]  PS->-B\M*X 

[4]  PC->-l(.M-^X)iB 

[5]  CIN*<i 

[6]  P-(l  REXUS  PS)SUMUS  1 SUPUS  1 REXUS  PC 

V 


V P-H«  PRDSM  X 

[1]  B POSITIVE  INTEGER  {M^B-1)  PRODUCTS  VECTOR  (X)  FOR 

[2]  B CONVENTIONAL , RADIX  B,  SIGN  AND  MAGNITUDE  FNRS 

[3]  P--{SGNSM  X)  ,M  PRDUS  1 RCNUS  X 

V 


V P--M  PRDRC  X 

[1]  B POSITIVE  INTEGER  (.M^B-l)  PRODUCTS  VECTOR  (X)  FOR 

[2]  B CONVENTIONAL,  RADIX  B,  RADIX  COMPLEMENT 

[3]  P--M  PRDUS  X 

[4]  ■*(0  = SGNRC  X)/0 

[5]  B CORRECTION  FOR  NEGATIVE  NUMBERS 

[6]  CIN-<-0 

[7]  P--P  SUMUSipX)  SUPUS  (pX)  REXUS  B-M 

V 


V P->-M  PRDDRC  X 

[1]  B POSITIVE  INTEGER  (MiB-l)  PRODUCTS  VECTOR  {X)  FOR 

[2]  B CONVENTIONAL,  RADIX  B,  DIMINISHED  RADIX  COMPLEMENT  FNRS 

[3]  P->-M  PRDRC  X 

[4]  *{0=SGNDRC  X)/0 

[5]  fl  CORRECTION  FOR  NEGATIVE  NUMBERS 

[6]  CIff-^0 

[7]  P*P  SUMUSipX) REXUS  M-1 

V 
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ABSTRACT 

Real-time  digital  filters  which  have  several 
advantages  over  analog  filters  are  known  as  a very 
Important  digital-signal  processor.  This  paper 
provides  a summary  of  the  design  features  of  a 
special-purpose  microprogram-controlled  ternary 
computer  suited  for  realizing  the  real-time  digital 
filters  by  programming.  Many  advantages  of  the 
ternary  number  system  are  effectively  employed  for 
the  ternary  computer  in  hardware  and  software. 
Particular  emphasis  is  placed  on  the  use  of  the 
ternary  adder  with  three  inputs  and  the  micro- 
program structure  based  on  ternary  logic.  An 
example  of  the  use  of  the  ternary  computer  proposed 
for  the  real-time  digital  filters  is  presented  to 
illustrate  how  microprogramming  and  user  program- 
ming can  easily  be  done  and  execution  steps  can 
substantially  be  reduced,  unlike  the  corresponding 
binary  computer. 

I.  INTRODUCTION 

It  is  well  known  that  digital  filtering  is  a 
fundamental  signal-processing  operation  of  great 
utility  in  many  branches  of  science  and  technology, 
and  digital  filters  for  on-line,  real-time  appli- 
cations have  several  advantages  over  analog  filters 
[1-4].  Digital-filter  computational  algorithms 
obtained  by  merely  a suitable  combination  of 
standard  mathematical  operations  such  as  addition, 
subtraction,  multiplication  and  delay  may  be 
carried  out  by  general-purpose  digital  computers 
or  special-purpose  hardwares.  For  some  applications, 
however,  the  formers  are  too  expensive  and  the 
latters  are  inflexible.  One  solution  to  these 
problems  is  to  use  microprocessors  [5,6]. 

On  the  other  hand,  it  is  said  that  a symmetric 
ternary-number  representation  which  has  many 
advantages  can  simplify  the  construction  of  digital 
systems  [7-10].  The  authors  have  proposed  a ternary 
digital  filter  as  a special-purpose  hardware  based 
on  the  symmetric  ternary-number  representation 
using  digits  +1,  0 and  -1,  and  established  that 
the  ternary  digital  filter  thus  obtained  is  suited 
for  carrying  out  digital  filtering  as  compared 
with  the  case  of  the  binary  digital  filter  [11]. 

In  the  ternary  digital  filter  as  the  special- 
purpose  hardware,  however,  arbitrary  character- 
istics and  structures  have  not  been  obtained 
because  of  inflexibility.  Therefore,  it  is  expected 


that  arbitrary  digital  filters  may  be  realized  by 
programming  on  the  special-purpose  ternary  computer. 

The  SETUN  and  TERNAC  are  known  as  the  full  scale 
implementations  of  ternary  computers  [12] . However, 
little  is  known  as  to  how  the  advantages  of  the 
symmetrical  ternary  number  system  are  applied  to 
the  digital-filter  oriented  ternary  computer  in 
hardware  and  software. 

The  purpose  of  this  paper  is  to  design  and 
Implement  a special-purpose  microprogram-controlled 
ternary  computer  which  is  suitable  for  digital 
filtering.  In  the  computer,  an  adder  with  three 
inputs  is  used  considering  the  many-input  addition 
which  is  frequently  required  for  digital  filtering. 
The  adder  consists  of  only  one  stage  of  ternary 
full  adders  unlike  the  case  of  the  binary  adder. 

The  feature  can  effectively  be  employed  for  detect- 
ing overflow  in  the  adder  which  causes  overflow 
oscillation  in  digital  filters  [13].  In  multipli- 
cation, microprogram  steps  and  execution  steps 
needed  are  reduced  utilizing  the  following  advan- 
tages : the  economy  of  digits,  the  unnecessity 
of  a special  rounding  off  technique  and  a sign 
conversion,  and  3-valued  branching.  Moreover, 
many  microinstruction  fields  are  defined  by  one 
trit.  This  can  simplify  a control  unit  in  the 
ternary  computer  because  the  microinstruction 
fields  are  carried  out  by  only  one  output  signal. 

The  practical  implementation  is  realized  using 
the  ternary  threshold  gates  as  a basic  building 
block  [11]  except  for  the  ternary  ROM  and  RAM 
realized  based  on  the  binary  ROM  and  RAM.  An 
example  for  the  cannonlc  realization  of  a 2nd-order 
digital  filter  is  presented  to  demonstrate  how 
microprogramming  and  user  programming  can  easily 
be  done.  In  this  example,  it  is  established  that 
the  required  execution  steps  can  substantially  be 
reduced  as  compared  with  the  case  of  the  corre- 
sponding binary  computer. 

II.  ARCHITECTURE 

In  this  section,  the  architecture  is  considered 
as  the  machine  as  seen  by  the  programmer.  The 
machine  is  a special-purpose  computer  operating 
with  10-trit  ( ternary  digit  ) ternary  numbers 
corresponding  to  16-bit  binary  numbers.  A 10-trit 
instruction  word  consists  of  a 4-trlt  operator  and 
a 6-trlt  operand. 
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Instruction  Set 


Table  1 


In  general,  many  differences  between  the  binary 
and  ternary  instructions  will  not  be  recognized  in 
the  machine-language  level.  However,  the  instruc- 
tion set  used  here  includes  several  features  not 
found  in  other  binary  computers.  The  most 
frequently  used  instructions  are  ADD,  MULTIPLE, 
LOAD,  STORE  and  JUMP.  In  addition  operation,  three- 
input  addition  which  is  frequently  required  for 
digital  filtering  can  be  done  by  only  one  stage  of 
the  ternary  full  adders,  so  that  machine-language 
programming  becomes  more  elegant  and  simple  in 
detecting  overflow  which  is  very  Important  for 
realizing  real-time  digital  filters.  Fruthermore, 
both  addition  and  subtraction  are  programmed  with- 
out considering  signs.  In  multiplication  operation, 
the  problem  of  rounding  off  noise  is  an  important 
design  consideration  [1-4].  In  machine-language 
programming  of  the  ternary  computer,  special 
rounding  off  considerations  are  unnecessary. 

Address  Space 

By  using  6 trits,  one  can  directly  address  3® 

= 729  memory  locations.  The  main  memory  is 
composed  of  729  words,  each  of  them  having  10 
trits.  In  general,  digital  filtering  can  be 
carried  out  without  large  capability  of  memory. 
Therefore,  Che  digital  filters  will  easily  be 
Implemented  using  the  special-purpose  computer. 

In  the  cannonic  form  for  the  nth-order  digital 
filter,  the  number  of  memory  locations  required 
is  shown  in  Table  1. 


Items 

1 Number  of 
memory  locations 

Multiplier  coefficients 

2n  + 1 

Variable  data  \ 

4n  + 2 

Programming  area 

Multiplication 

3(2n+l) 

3-input  addition 

3n 

Delay 

2n 

Total 

17n  + 6 

1 

Multiplier  coefficients  determine  the  character- 
istics of  digital  filter  obtained  by  programming. 
The  number  of  memory  locations  for  the  variable 
data  corresponds  to  the  number  of  nodes  in  the 
block  diagram  representing  the  digital  filters. 
Under  the  present  capability  of  memory,  this 
ternary  computer  can  implement  about  42nd-order 
digital  filters. 

III.  ORGANIZATION 

Fig.  1 shows  a block  diagram  of  the  ternary 
computer  proposed  here.  The  structure  of  the 
computer  consists  of  three  main  units  ; the 
register  and  arithmetic  unit,  the  main  memory,  and 
the  control  unit. 
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Register  and  Arithmetic  Unit 

This  unit  has  several  ternary  registers  which 
consist  of  six  iO-trit  general-purpose  registers 
(A-F) , one  6-trit  register  for  program  counter  (P)  , 
and  one  4-trit  instruction  register  (I).  Signal 
fed  from  the  register  to  the  bus  line  L,  C,  or  R 
is  muitiplied  by  +1,  0 or  -1  every  trit  at  the 
product  circuit  where  the  product  operation  is 
defined  by  Table  2,  and  then  is  entered  to  an 
adder  with  three  inputs.  Addition  and  subtraction 
can  easily  be  done  using  the  product  circuit. 

In  carrying  out  digital  filtering,  many- input 
addition  is  frequently  required.  The  three-input 
parallei  adder  which  consists  of  ten  ternary  fuil 
adders  with  four  inputs  including  a carry  input 
as  shown  in  Table  3 is  very  useful  for  digital 
filtering.  Unlike  the  case  of  the  binary  adder 
[14],  it  should  be  noted  that  the  three- input 
addition  can  be  done  by  only  one  stage  of  the 
ternary  full  adders.  In  the  adder,  a control 
signal  +1,  0 or  -1  is  entered  to  the  ternary  full 
adder  which  has  the  smallest  weight  as  a carry 
input.  As  a result,  the  up-down  counting  can 
easily  be  done  by  the  control  signal. 


Table  2 


\x 

Y 

1 

0 

-1 

1 

1 

0 

-1 

0 1 

0 

0 

0 

-1 

-1 

0 

1 

Table  3 


ih 

+ C 

4 

3 2 

1 

0 -1  -2  -3  -4 

Carry 

1 

1 1 

0 

0 0-1-1  -1 

Sum 

1 

0 -1 

1 

0-1  1 0-1 

The 

output  of 

the 

adder 

is 

transfered  to  a latch 

circuit  for  the  adder  output  buffer  (AOB)  through 
a shift  circular  circuit  which  operates  as  left 
and  right  shifting.  In  addition,  a sign  detector, 
and  flags  for  overflow,  carry  and  sign  (FFFl,  FFF2, 
and  FFF3)  are  included.  By  testing  the  values 
stored  in  these  1-trit  ternary  registers,  3-valued 
branching  can  be  executed  by  one  microprogram  step, 
A switch  register  (SWR)  is  used  for  entering 
program  and  data  into  the  ternary  computer. 


Control  Unit 

This  computer  which  may  be  classified  as  a 
horizontal  machine  employs  the  microprogrammed 
control.  The  microinstruction  width  is  23  trits. 
The  ternary  ROM  which  serves  as  the  store  for  the 
microprogram  is  composed  of  3^  •=  243  words,  each 
of  them  having  23  trits.  The  content  of  the  memory 
location  specified  by  the  read-only  memory  address 
register  (ROMAR)  is  read-out  into  the  read-only 
memory  data  register  (ROMDR)  every  machine  cycle. 
The  ROMAR  and  ROMDR  are  5-trit  and  23-trit  widths, 
respectively. 


IV.  MICROPROGRA.MMING 


Microinstruction  Format 

The  microinstruction  format  is  depicted  in 
Fig.  2.  The  microinstruction  as  defined  here 
requires  23  trits.  The  microinstruction  fields 
have  two  groups  : the  static  and  sequential 
control  fields. 
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The  static  control  field  can  be  devided  into  ' ' 
following  mutually  exclusive  fields  : W/R,  SL,  SC, 
SR,  LP,  CP,  RP,  ll,  CC,  SH,  C,  D.  By  using  ternary 
logic,  many  fields  are  defined  by  only  one  trit, 
so  that  a control  unit  can  be  simplified. 

The  sequential  control  fields  specify  the 
address  of  the  next  microinstruction.  If  the 
conditional  branch  test  is  required,  then  the 
operation  for  modifying  the  sequencing  scheme 
based  on  the  results  of  the  branch  test  specified 
is  carried  out.  Three  fields  are  used  here  : 

BT,  FB,  NA. 

Static  Control  Field 

(1)  Write/Read  field,  W/R  ( 1 trit  ) 

This  field  controls  the  main  memory  : 

1 Write 
0 No  operation 
-1  Read. 

(2)  Data  selection  for  the  L,  C,  and  R bus 

lines,  SL,  SC,  and  SR  ( 1 trit  for  each  ) 


Main  Memory 

The  main  memory  is  composed  of  3®  ” 729  words, 
each  of  them  having  10  trits.  One  word  can  be 
used  to  store  one  ternary  number  or  one  Instruction 
of  the  programs,  coded  in  ternary  form.  Some  words 
are  allocated  to  the  I/O  registers.  The  memory 
address  register  (MAR)  and  Che  memory  buffer 
register  (MBR)  are  6-trit  and  10-trlt  widths, 
respectively.  The  content  of  the  memory  location 
specified  by  the  MAR  is  read-out  to  the  MBR.  On 
the  other  hand,  the  content  of  the  MBR  is  stored 
into  the  memory  location  specified  by  the  MAR, 


These  fields  select  the  registers  for 
the  L,  C,  and  R bus  lines. 

(3)  Product  fields,  LP,  CP,  and  RP  ( 1 trit  for 
each  ) 

These  fields  control  the  product  circuit 
and  transfer  the  data  source  to  the  Inputs 
of  the  adder  ; 


LP 

1 L bus-*-LA 
0 "0"  -■•LA 

-1  L bu8-*-LA 


CP 

1 C bus-KIA 
0 "0"  ->CA 

-1  C bu8-*CA 


RP 

1 R bu8-*-RA 
0 "O"  -»RA 

-1  R bu8->-RA 
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(4)  Lowest  carry-input  field,  ±1(1  trit  ) 

The  up-down  counting  can  easily  be 
perfoimied  by  this  field  : 


connected  with  the  microprograin  by  this 
field. 

(3)  Next  address  field,  NA  ( 5 trits  ) 


1 Add  with  "-H"  carry-in  to  the  lowest 
full  adder 

0 Add  with  " 0"  carry- in  to  the  lowest 
full  adder 

-1  Add  with  "-1"  carry-in  to  the  lowest 
full  adder. 

(5)  Carry  control  field,  CC  ( 2 trits  ) 

This  field  controls  the  carry  register 
FFF2. 

(6)  Shift  circular  control  field,  SH  ( 1 trit  ) 

A 1-trit  field  is  sufficient  to  encode 
the  three  possibility  : 

1 Shift  right  one  trit 
0 No  shift 

-1  Shift  left  one  trit. 

(7)  Overflow  flag  field,  C ( 1 trit  ) 

This  field  controls  the  OVF  register 
FFFl. 

(8)  Data  bus  destination,  D ( 3 trits  ) 

Information  on  the  data  bus  is  routed  to 
the  destination  specified  by  this  field. 

Sequential  Control  Fields 

(1)  Branch  test  field,  BT  ( 2 trits  ) 

Conditions  from  which  to  determine  the 
lowest  address  trit  for  the  next  micro- 
instruction address  are  specified  by  this 
field.  Using  this  field,  3-valued 
branching  can  easily  be  executed.  One 
must  designate  the  lowest  trit  of  the  next 
address  to  be  "0"  ; 


These  trits  directly  supply  the  address 
for  the  next  microinstruction  to  be  executed. 


Mlcroprogramnlng  Timing 

Fig.  3 shows  the  time  chart  in  execution  of  a 
microinstruction.  One  microinstruction  is  executed 
in  one  machine  cycle.  The  content  of  the  ROM 
specified  by  the  ROMAR  is  read-out  by  a pulse  Cj. 
The  microinstruction  decoded  controls  the  corres- 
ponding gates.  Let  the  decoding  time  be  tj,  the 
delay  time  of  the  product  circuit  be  t2 , the 
time  required  for  the  adder  be  t3,  and  the  delay 
time  of  the  shift  circular  circuit  be  t4.  If  the 
propagation  delay  time  of  the  gates  used  here  is 
assumed  to  be  T sec,  then  tj  - 8t,  t2  “ 2t,  t3  - 
21t,  and  t4  “ 2t.  After  a elapsed  time  ( tj-*-t2't- 
t3-ft4+dt  ) , a set  pulse  C2  must  be  sent  to  the 
AOB  latch  circuit. 

The  elapsed  time  determined  by  t3  is  substan- 
tially decreased  as  compared  with  the  binary  case 
because  of  the  reduction  of  the  digits  and  the 
stage  of  gates  needed.  For  example,  if  the 
propagation  delay  time  of  binary  AND,  OR  and  NOT 
gates  is  assumed  to  be  T sec  as  well  as  the  case 
of  the  ternary  gates,  then  the  time  required  for 
the  corresponding  16-bit  2-input  adder  will  be 
35t.  a pulse  C3  set  the  registers,  and  then  a 
pulse  C4  the  ROMAR. 
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1 0 

1 -1 

-1 1 


-1 0 

-1  -1 


0 -1 


No  test 

OVF  test 

Replace  the  address 

trit  with  the  value 

of 

Carry  test 

FFFl. 

Replace  the  address 

trit  with  the  value 

of 

Sign  test 

FFF2. 

Replace  the  address 

trit  with  the  value 

of 

OVF  1 test 

FFF3. 

Set  the  address  trit  to 

"1"  if  the  value  of 
FFFl  is  "1",  and 
otherwise  set  "0". 

Carry  1 test  Set  the  address  trit  by 
the  value  of  FFF2  as 
mentioned  above. 

Sign  1 test  Set  the  address  trit  by 
the  value  of  FFF3  as 
mentioned  above. 

Sign  0 test  Set  the  address  trit  to 
"0"  if  the  value  of 
FFF3  is  "0",  and 
otherwise  set  "-1". 


(2)  Functional  branch  field,  FB  ( 1 trit  ) 
Machine -language  instructions  can  be 


C2 

C3 


Set  AOB  latch 


C4  — JL 


A 


Set  a register 


A 


Set  ROMAR 


Fig.  3 


Mlcroprogramalng  Example 


The  machine  instruction  consists  of  a 4-trlt 
operator  and  a 6-trlt  operand.  Fig.  4 represents 
the  flow  chart  for  stage  I ( fetch  cycle  ) . The 
microprogranmlng  of  stage  II  ( execution  cycle  ) 
is  given  by  the  machine  instruction  used.  As  an 
example  of  microprogramming,  consider  the  case  of 
multiplication  which  determines  the  operating  time 
of  digital  filters.  The  flow  chart  is  shown  in 


SO 


HALT 


hand,  27  microprogram  steps  are  required  for  the 
case  of  the  corresponding  binary  computer  which 
must  use  more  complex  algorithms. 


V.  PRACTICAL  IMPLEMENTATION 

Fig,  6 shows  a diagram  of  the  real-time  digital 
filter  under  consideration.  In  the  digital  filter, 
the  signal  to  be  processed  is  an  analog  signal, 
while  the  processing  is  performed  digitally. 
Therefore,  the  practical  implementation  needs  the 
A/D  and  D/A  converters  as  well  as  the  special- 
purpose  ternary  computer. 

First,  consider  the  ternary  computer.  The 
practical  implementation  is  realized  using  the 
ternary  threshold  gates  as  a basic  building  block 
[11]  except  for  the  ternary  ROM  and  RAM  realized 
based  on  the  binary  ROM  and  RAM.  The  basic  cir- 
cuits utilized  for  the  implementation  are  the  D FFF 
[15],  the  four-input  full  adder  including  a carry 
input  [11],  the  product  circuit,  and  the  T-gate 
as  shown  in  Figs.  7,8,9  and  10,  respectively. 

The  ternary  A/D  converter  used  here  has  been 
realized  on  the  basis  of  the  commercially  available 
IC  operational  amplifier  [17].  Fig.  11  shows  the 
flow  chart  representing  the  algorithms  for  the  A/D 
converter  where  X is  the  analog  input  and  a^  is 
the  ith-trit.  Fig.  12  represents  the  circuit 
realization  based  on  the  flow  chart  of  Fig.  11. 
Similarly,  the  D/A  converter  is  realized  based  on 
ladder  networks  [18]. 

The  ternary  ROM  and  RAM  are  Implemented  based 
on  the  commercially  available  binary  ROM  and  RAM, 
but  it  is  ommlted  here. 
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VI.  APPLICATION  TO  DIGITAL  FILTERING 

As  a simple  example,  consider  an  Implementation 
of  the  cannonlc  form  of  the  2nd-order  digital 
filter  of  Fig.  13.  This  structure  forms  the  basic 
building  block  for  the  development  of  further  and 
more  complicated  cannonlc  structures.  Any  nth- 
order  digital  filter  can  be  represented  as  either 
a cascade  or  a parallel  ( or  combination  of  both  ) 
of  this  structure. 

Digital  filtering  considered  here  must  carry 
out  two  3-lnput  additions,  five  multiplications, 
and  two  delay  operations.  The  3-lnput  addition 
can  be  carried  out  In  one  machine  cycle  as  well  as 
the  2-lnput  addition.  The  detection  of  overflow 
and  underflow  Is  more  elegant  and  simple  because 
the  ternary  addition  can  be  done  In  one  step,  and 
needs  no  complement  representation.  The  flow 
chart  for  the  3-lnput  addition  Is  Illustrated  In 
Fig.  14.  If  overflow  or  underflow  occurs,  the 
result  Is  set  to  the  maximum  or  minimum  value,  so 
that  overflow  oscillation  can  be  avoided  [13]. 

In  the  binary  case.  It  Is  practically  Impossible 
to  detect  strictly  overflow  In  the  3-lnput  addition 
because  of  awful  complexity. 

The  microprogramming  steps  for  the  multiplica- 
tion mentioned  earlier  are  reduced  to  about  a half 
of  the  ones  for  the  binary  multiplication.  The 
execution  steps  which  determine  the  operating  time 
of  the  digital  filter  are  also  decreased.  In  the 
ternary  and  binary  multiplication,  the  machine 
cycles  needed  are  5t  + 8 and  5b  + 21,  respectively 
where  t Is  the  number  of  trlts  and  b Is  the  number 
of  bits.  The  relation  between  t and  b becomes 
t ~ 0.63b.  Hence,  the  execution  steps  In  the 
ternary  case  are  reduced  to  3.15b  + 8.  For  example, 
the  10  X 10-trlt  multiplication  can  be  carried 
out  by  only  58  execution  steps,  while  the  corre- 
sponding 16  X 16-blt  multiplication  needs  101 
steps.  Fig.  15  represents  the  execution  steps 
required  for  the  binary  and  ternary  multiplication. 
This  figure  shows  that  the  required  execution 
steps  can  substantially  reduced  as  compared  with 
the  case  of  the  corresponding  binary  multiplication. 

VII.  CONCLUSION 

This  paper  has  described  Che  design  and  Imple- 
mentation of  a special-purpose  microprogram- 
controlled  ternary  computer  for  digital  filtering. 
It  has  been  demonstrated  Chat  many  advantages  of 
the  ternary  number  system  can  effectively  be  em- 
ployed for  the  computer  In  hardware  and  software. 

In  particular.  It  has  been  shown  that  the  ternary 
number  system  simplifies  the  arithmetic  operations 
required  for  digital  filters,  so  that  the  hardware 
structure  and  programming  for  Che  ternary  computer 
can  easily  be  carried  out. 
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ABSTRACT 

Byte -organized  memory  requires  an  error 
control  scheme  which  can  handle  errors  involving 
one  or  several  entire  bytes.  A special  parallel 
non-binary  single  error  correction  and  double 
error  detection  SEC-DED  block  code  is  con- 
structed by  an  iterative  technique.  This  code  is 
optimum  in  the  sense  that  it  lends  itself  to  a 
simple  and  high  speed  hardware  implementation 
either  in  binary  or  in  quaternary  logic.  A double 
extension  field  GF(22n’)  of  the  subfield  GF(2'’f')  is 
then  Introduced.  As  a design  example  a (80,64) 
SED-DED  code  in  GF(2^)  is  constructed  and 
Implemented. 


INTRODUCTION 

New  semiconductor  memory  systems  are 
being  developed  which  offer  significant  size, 
speed  and  weight  advantages  over  conventional 
magnetic  memory  systems.  With  the  availability 
of  high-speed  and  inexpensive  logic,  some  type 
of  error  detection  and  correction  is  Incorporated 
into  the  system  in  order  to  enhance  its  relia- 
bility. It  is  usually  a modified  version  of 
Hamming  code  designed  for  optimum  hardware 
implementation. 

An  optimum  code  must  satisfy  several 
important  considerations: 

1)  Speed;  error  correction  should  be  com- 
pleted in  a very  small  fraction  of  the  available 
CPU  cycle  time. 

2)  System  compatibility:  information  process- 
ing and  transfer  in  and  out  of  a CPU  are  per- 
formed in  a parallel,  not  (as  in  communication 
channels)  in  a serial  mode.  The  error  correction 
code  must  be  compatible  with  the  memory  system 
organization. 

3)  Encoder-Decoder  reliability:  a requirement 


*A  large  part  of  this  work  has  been  done  while 
the  author  was  with  Ampex  Corp. 


for  parallel  operation  and  high  speed  could  result 
in  a complex  encoder-decoder  design  with  sub- 
sequent reliability  problems  which  must  be 
resolved  in  the  design  stage. 

4)  Cost;  Incorporation  of  error  correction  into  a 
system  will  necessarily  Increase  the  overall  cost 
in  terms  of  additional  data  redundancy,  computing 
time  and  hardware. 

Organization  of  the  memory,  failure  mode  of 
the  storage  cell  and  of  the  memory  subsystem 
will  determine  the  statistics  of  the  errors  in  the 
system  and  consequently  the  choice  of  the  code. 
Overall  system  design  is  greatly  improved  by  an 
understanding  of  these  interrelationships. 

It  has  been  proved  both  in  the  IBM  370  sys- 
tems'^ ' 2 ^ and  the  Nova/Eclipse  that  a modified 
Hamming  SEC-DED  code  can  be  applied  efficiently 
to  a memory  system  organized  in  such  a way  that 
errors  occurring  during  readout  are  random  errors, 
but  not  burst  errors.  To  handle  random  errors 
only,  a distinct  memory  must  be  physically 
assigned  to  each  bit  of  the  word,  each  bit  having 
its  own  address  decoder,  drivers  and  sensing  cir- 
cuitry. This  memory  organization  is  referred  to 
as  the  Bit  Per  Operating  Memory  (Blt/BOM)  organ- 
ization. The  obvious  advantage  of  such  a struc- 
ture is  that  a single  failure  in  either  the  storage 
cell,  the  decoder,  or  sense  amplifiers  can  now 
be  constrained  to  affect,  at  most,  a single  bit 
Of  the  data  word. 

A second  organization  called  Byte  Per  Opera- 
ting Memory  (Byte/BOM)  (Fig.  1)  lends  Itself  to 
a different  mode  of  errors.  A failure  on  a single 
wafer,  involving  either  the  storage  cell  or  the 
sensing  amplifier,  would  affect  a single  bit  in 
the  byte  but  a failure  in  the  associated  overhead 
circuitry  would  alter  all  the  bits  in  the  byte.  A 
memory  organized  in  Byte/BOM  would  have,  there- 
fore, random  bit  errors,  and  also  random  byte 
errors,  the  latter  being  a special  case  of  the 
conventional  burst  error.  To  combat  this  failure 
mode,  one  must  use  a code  that  could  correct 
random  errors  as  well  as  burst  errors,  and  which 


I P Infetnauan  lilt  tn/Oui  Ck*l)  p kp 


Fig.  1 Byte  Organized  Memory  System  Byte/BOM 


also  lends  Itself  to  high-speed  parallel  imple- 
mentation. 

The  type  of  code  we  are  going  to  deal  with 
is  the  non-binary  code  in  GP(2P),  with  its  sub- 
class the  generalized  Hamming  code.  More  spe- 
cifically, we  will  present  both  binary  and  quater- 
nary Implementations  of  a non-binary  SEC-DED 
code  appropriated  for  a byte-organized  memory. 


NON-BINARY  HAMMING  CODE 


As  in  the  case  of  the  binary  code,  a linear 
non-binary  block  code  can  be  uniquely  defined  by 
a parity  matrix.  ^ The  elements  of  the  matrix  are 
elements  of  the  GF(q)  in  question. 

Consider  a SEC-DEC  (n,k)  code  in  GF(2P). 
Since  it  has  N bytes'  length,  with  K bytes  of 
information,  and  M bytes  of  parity  check  with 
N = M+K,  then  the  H matrix  has  NxM  elements 

in  GF(2P),(N  = - . K = - -and  M = -)  • 

P P P 


Formally,  the  H matrix  can  be  represented 

by  N columns , C,  to  C„  of  K elements  each. 

In  _ 


H = C,  ,C, C. ,.  . . C with  C. 

1 2 j n j 


"2) 


The  theorem  regarding  the  H matrix  of  a 
binary  SEC-DED  still  holds  true  in  the  case  of  a 
non-binary.  We  repeat  here: 


THEOREM  1:  A code  defined  by  the  parity 

matrix  H will  correct  a single  byte  error  and 
detect  a double  byte  error  if  and  only  if  every 


combination  of  3 or  fewer  columns  of  H is  lin- 
early Independent. 


A single  error  of  value  e occurring  at  the 
byte  position  j produces  a column  syndrome  of 
value 


S^  = eC^ 


for  all  e in  GF(2’^) 


e being  an  arbitrary  element  of  GF{2^).  There- 
fore, all  possible  multiples  of  the  column  Cj 
represent  the  syndrome  of  the  error  byte  at  posi- 
tion j : set  S..  If  the  multiples  of  Cj  are 
chosen  such  tnat  all  the  syndrome  sets  Sj  (j=l... 
. . N)  are  disjoint,  then  there  exists  a one  to  one 
correspondence  between  the  error  posltlot.  and  the 
syndrome  set  (isomorphism).  Conversely,  the 
error  byte  position  is  located  as  soon  as  the 
computed  syndrome  is  identified  with  its  proper 
set; 


since 

SinSj  = 0 if  PC^  f \Cj  and  3,X  in  GF(2P) 

Explicitly,  this  means  that  any  two  syndrome  sets 
Sj^,  Sj  (for  all  1 ^ ))  are  disjoint  if  and  only  if 
the  two  corresponding  column  vectors  Cj,  Cj  are 
non-collnear  (mod  2 addition  ^ 0).  The  column 
vectors  of  H must  be  all  distinct  from  each  other. 

Furthermore,  the  code  is  double-error  detected 
if  the  sum  of  any  two  syndrome  sets  corresponding 
to  two  single-error  bytes  (Sj  © Sj) , (1  ^ j)  is  not 
equal  to  any  single-error  syndrome  set  Sj^. 

S,®  S,  S,  for  ell  S,  ,S,,S.  In  S with 
i j k 1'  j k 

s,/s, 

Since  S,  = e.C, , S , = e,C, , and  S,  = e,C,  for 
1 1 1 j 2 j'  k 3 k 

some  e,  , e,,  e,  GF(2^),  then  explicitly  we  can 

write 

e^Cj®  e^Cj®  egC,  /e^*C^®  e2*Cj  C, 

for  some  Sj*,  ©2*  GF(2P). 

This  means  that  every  combination  of  3 col- 
umns of  H (1.  e.  , Cj,  Cj  , C|^)  is  linearly  inde- 
pendent. If  not,  then  the  matrix  formed  by  the 
3 columns  must  be  identically  zero:  in  other 
words,  any  one  vector  can  be  obtained  by  a lin- 
ear combination  of  the  two  other  columns. 

If  we  design  the  H matrix  in  such  a way 
that  the  first  non-zero  element  of  the  syndrome 
column  S computed  from  the  received  word  gives 
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directly  the  value  of  the  error  e,  then  the  error 
byte  location  is  reduced  to  the  search  of  a col- 
umn Cj  of  H which  verifies  the  identity  eCj  = S. 

This  scheme  is  proposed  by  Ulrich.  ^ 

LEMMA  2.1:  No  computation  of  the  error  value 
is  required  if  the  first  non-zero  element  of  every 
column  of  H is  a unit  element 

Of  course,  the  same  holds  true  when  the 
column  is  scanned  upwards.  The  proof  is  imme- 
diate. Since  ea^  = e,  the  first  non-zero  element 
of  the  syndrome  is  therefore  equal  to  e. 

According  to  W.  W.  Peterson,  "Every 
linear  code  is  equivalent  to  a systematic  code." 
Theorem  2.  ^ 

The  J1  matrix  can  be  put  in  the  form 

H = P,I  where  I is  a unit  matrix  (m  x m) 

L mj  m 

and  P is  the  proper  parity  matrix  (k  x m).  If 
the  weight  of  a column  is  defined  as  the  number 
of  its  non-zero  elements,  then  the  following 
lemma  applies: 

LEMMA  2.  2:  H is  a parity  matrix  of  a SEC-DED 
code  only  if  every  column  of  P has  a weight  of 
at  least  three. 

Proof:  If  not,  then  any  column  of  weight 
2 always  can  be  obtained  by  a linear  combination 
of  two  columns  of  Ijj,.  The  three  columns  in 
question  then  form  a linear  dependent  group. 

This  is  not  the  case. 

The  optimum  H matrix  must  satisfy  LEMMA 
2.  1 and  LEMMA  2.  2.  The  following  conditions 
apply  to  every  column  of  P: 

^1)  Each  column  has  a minimum  number  of  non- 
zero elements; 

2)  these  elements  are  mostly  unit  elements 
and  0 ; 

3)  all  other  elements  0 and  5^  a®)  belong  to 
a minimum  subset  of  the  GF(2P)  in  question.  This 
restriction 

1)  provides  for  minimum  arithmetic  operation 
required; 

2)  reduces  particularly  the  number  of  multipli- 
cation operations; 

3)  reduces  the  number  of  different  types  of 
multiplication  operators  needed. 

Furthermore , from  the  hardware  point  of 
view,  the  optimum  matrix  is  that  which  minimizes 
the  minimum  number  of  multiplication  and  addi- 
tion operations  necessary  to  generate  either  the 


parity  check  bits  or  the  syndrome.  With  the  non- 
binary code,  correction  requires  not  only  location 
of  the  error,  but  also  computation  of  the  error 
value  before  correction.  This  additional  step, 
which  does  not  exist  in  binary  codes,  must  be 
taken  into  consideration. 

Application:  Let  us  apply  the  above  rales  to 
the  design  of  a parity  matrix  of  an  (80,  64)  SEC- 
DED  code  in  GF(2'^),  where  elements  are  0,1,2, 
2^...  2^'^,  and  whose  sum  and  product  operators 
are  defined  by  tables  1 and  2.  The  matrix  has 
4 X 20  elements;  each  column  has  at  least  0 and 
a°  (LEMMA  2.1);  each  column  (not  Included  in 
the  section  I4)  must  have  3 non-zero  elements 
(LEMMA  2.  2). 

1)  As  usual,  we  start  with  the  unit  matrix  I4. 

2)  To  it  we  add  4 columns,  which  are  all  pos- 
sible permutations  of  the  set  (cr^,a*^,a’^,0).  It 
can  be  verified  that  the  8 column  matrix  so 
obtained  constitutes  a valid  and  optimum  sub- 
matrix. 

A group  of  8 columns  made  of  all  possible 
c-  iOlnatlons  of  the  set  {0,a^,a,a^)  with  a° 
restricted  to  be  at  the  1st  or  2nd  position,  can 
be  added  to  the  above  submatrix.  The  restriction 
on  is  due  to  the  Lemma  2.1.  The  reason  for 
the  use  of  two  new  elements  a,a^  rather  than 
one  new  element  only  Is  necessitated  by  the  lin- 
ear independency  condition.  Assume  we  have  a 
column  which  is,  for  example; 

0 

0 

a 

a 

Table  1 

Operation  in  GF(2^) 


Binary 

Represen- 


Addition 

Multiplication 

tatlon 

0 

0 

a 

0 

a® 

o' 

o' 
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0 

0 

a 

a' 

0 

0 

0 

0 

0 

0 

0 

0 

0 

a 

0 

a 

0 

o| 

a 1 

0 

o' 

o' 

0° 

1 

0 

a* 

1 

a 

2 

a 

0 

a® 

a' 

0 

o' 

0 

o 

o' 

0 

1 

a' 
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O' 
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a' 
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a' 
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It  can  be  verified  that; 


0 

Of 

d 

a 

0 

0 

0 

0 

0 

0 

0 

a 

+ 

0 

a 

= 

0 

II 

0 

a 

0 

a 

^ 0 
Qf+a 

0 

a 

Therefore  the  new  column  could  be  obtained  by  a 
linear  combination  of  two  existing  columns. 

4)  More  restricted  permutations  of  the  set 
0 3 7 

0,a  ,a  ,a  are  added  to  16  columns  so  far 
obtained  to  complete  the  parity  matrix  as  shown 
in  Table  3.  The  fact  that  we  have  to  use  two 
new  elements  follows  from  the  previous  observa- 
tions. A computer  search  of  all  possible  single 
error  and  double-error  combinations  has  proved 
the  validity  of  the  matrix.  It  is,  by  construction, 
also  optimal,  according  to  the  principle  of  opti- 
mality, enunciated  as  follows  by  Bellman^  in  his 
dynamic  programming  procedure.  "An  optimal  set 
of  decision  has  the  property  that  whatever  the 
first  decision  is,  the  remaining  decisions  must 
be  optimal  with  respect  to  the  outcome  which 
results  from  the  first  decision.  " 

Loosely  speaking  in  the  context  of  the  SEC- 
DED  coding  theory,  the  optimum  (k  x n)  matrix 

M is  obtained  from  an  optimum  k x (n-1)  matrix 
n 

k 

(n-l)  by  adding  to  the  M,  a column  vector 

(n-1) 

Cj  such  that; 

= minimum  for  all  i l)^^i] 

with  the  following  constraints; 

a)  Cj  has  at  least  3 non-zero  elements; 
its  top  element  is  either  "zero"  or  "one;" 

b)  any  group  of  3 columns  in 

and  is  linearly  independent; 

and  with  the  criteria  of  optimality  being  as 
follows; 

a)  The  M has  maximum  0 and  maximum 

0 n 

a . 

b)  Other  elements  in  M belong  to  the 

smallest  subset  of  the  GF(2P).  " 
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ENCODING  AND  DECODING  OPERATIONS  OF  AN 
SEC-DED  CODE  IN  GF(2P) 

Encoding 

To  show  how  the  encoding  and  decoding  of 
an  SEC-DED  code  in  GF(2P)  are  performed,  let  us 
take  a concrete  example  of  the  (80,64)  code  in 
GF(2^)  whose  parity  check  matrix  H is  given  in 
Table  3.  There  are  20  bytes  (4  blts/byte)  in  the 
code.  The  first  16  bytes  are  information  bytes. 
The  last  four  are  parity  bytes.  Symbolically  the 
code  is  represented  by: 

®1'®2'®3'®4'®5'®6'“'®20 

During  encoding,  the  information  bytes  are 
given  Bjg,and  the  parity  bytes  B^^, 

>^20  computed  from  the  corresponding 

H matrix.  Explicitly,  parity  bytes  are  defined  by 
the  following  set  of  simultaneous  linear  equations 
of  elements  in  GF(2^): 


Decoding 

The  syndrome  (S^  , S2 ,82  ,S^)  is  obtained  by 

adding  bitwise  mod  2 the  computed  parity  bytes 
to  the  received  parity  bytes.  Then  each  byte  S^ 
is  tested  for  its  zero  value.  There  are  several 
cases: 

1)  If  all  4 bytes  are  zero,  then  no  error  is 
detected. 

2)  If  an  even  number  of  bytes  are  zero,  then  a 
double  byte  error  is  detected. 

3)  If  3 bytes  are  zero,  then  the  error  occurs  at 
a parity  byte.  The  position  of  the  non-zero  ele- 
ment in  the  syndrome  uniquely  locates  the  parity 
byte  in  error,  and  the  value  of  the  error  e is , in 
fact,  the  non-zero  element  of  the  syndrome. 

4)  If  there  is  only  one  zero  byte , then  further 
computation  is  required  to  determine  the  error 
value  and  the  location  of  the  byte  in  error: 

Inspection  of  the  parity  matrix  in  Table  3 suggests 
the  following  rules: 


®17  ■ “1  ♦ “2  ♦ ®3  * * “7  * * ®10  * »I1  * ®13  * “n  * ®15 

»ie-  V * (B5+  87) 


* { 


Case  1:  The  first  byte  of  the  syndrome  is 
different  from  zero;  then  by  construction  it  is  also 
the  error  value,  and  error  occurs  at  byte:  1,2,3, 
5,6,7,9,10,11,13,14,15. 

Case  2:  The  first  byte  is  zero;  then  the 
value  of  the  second  byte  is  the  error  e , and  the 
error  location  I3  is  at  byte  4,8,12,16. 

In  either  case,  when  the  value  of  e has  been 
extracted,  then  e is  multiplied  by  the  5 constants 

0 2 3 7 „ 

a ,a,a  ,a  ,a  to  generate  the  set  Z = 

2 3 7 

e , ea , eg  , ea  , eg 


Assume,  for  the  sake  of  simplicity  of  compu- 
tation, and  without  loss  of  generality,  that  the 
information  sequence  is  given  by: 
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or 

3 
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0 

0 

1 

0 
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1010 
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1110 

0111 

0 

0 

2 

or 

2 

or 

2 

or 

0 

or 

or 

or 

0 

7 

or 

7 

or 

7 

or 

0 

0 

0 
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■>2 

"b 

»7 

“0 

“10 

“11 

«12 
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6 
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8 

9 

10 

11 

12 

iT 

14 

15 

16 

17 

18 

19 

20 

14 

a 

nil 

1011 

1001 

0000 

“u 

®15 

»16 

Table  3 

Optimum  Parity  Matrix  for  a (80,64)  SEC-DED 
Code  in  GF(4) 


By  referring  to  Table  2,  we  see  that: 

n „ _ 0 1 2 14  0 

Bj,...,B^g  - g ,g  ,g  ,...,g  ,g 
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Replacing  the  (1  = 1,...  ,16)  by  their  corres- 
ponding values  we  have: 


o 1 2 4 5 e 8 9 ^ 10  12  13  14  13 

ot  +a  +<r  +0f  +a  +at  +0f+ar'fat  a a n 


fcr®+a^  + Qr^+a^  + a^^+0)  +■  fa(^  + ot^)a+  (Dr^  + ot^^)(i(^  + 

, 12^^13,  3 3 

(a  + o ) o ■ a 

o 2 3,  ,5  7 6,  ,4^9  11,  2^ 

(a  +a+0f)+(a  +o  +o  )a+(a  +o  +a  )a  + 

, 14  3 12  7 5 

(a  +0)a+a  a -a 

(o^  + a^  + a^)+  (o®  + o^^+a**)a+  (o^+a^  + «^)o^  + 

,13  14  ^ 7 10 

(a  + ct  +0)a  «a 


Each  element  of  Z is  compared  to  each  one 
of  the  4 elements  of  the  syndrome  S = 3^,82,82, 

S^.  The  outputs  of  the  thirteen  simultaneous 

comparisons  are  used  in  a combinatorial  network 
to  locate  the  error  byte.  For  example,  assume 
that  the  error  occurs  at  byte  number  16.  Given 
the  syndrome  S = 3^^  ,82  ,S^ , and  the  error 

value  e , the  error  location  is  identified  to  be  at 
the  16  byte,  if  and  only  if: 


PARALLEL  IMPLEMENTATION  WITH 
GALOI3  OPERATOR3 

A parallel  Implementation  of  the  encoder- 
decoder  as  discussed  above  is  shown  in  Figs.  2 
and  3.  The  heavy  bus  line  actually  represents 
a multiplex  of  4 bit  lines  (or  a byte  line).  On 
top  of  the  figure  there  are  4 parity  byte  encoders. 
Each  square  box  with  a constant  a ,a^  ,a^  ,a^ 
represents  an  operator  which  performs  the  products 
of  a byte  with  a constant  a ,a^  ,a^  ,a^ . The 
input  line  marked  with  a star  (*)  is  the  received 
parity  byte  used  only  during  decoding  to  generate 
the  syndrome.  All  other  lines  are  Inputs  from 
corresponding  information  bytes. 


Fig.  2A 

Block  Diagram  of  a 3EC-DED  Encoder/Decoder 
in  GF(24) 


Encoding  resulted  from  the  direct  Implemen-  Logic  Diagram  of  a 31ngle  Bit  (B^^) 

tatlon  of  the  relation  A where  the  B multiplex  are  (with  its  correction  loop) 

connected  to  the  Inputs,  and  all  the  B lines 
received  the  respective  information  bytes. 
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Fig.  3 Logic  Diagram  of  the  SEC-DED  Encoder/Decoder 
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The  worst  delay  came  from  the  computation 
of  parity  bytes  where  3 levels  of  mod  2 additions 
plus  a multiplication  stage  are  required.  Notice 
that  both  2 and  3 input  adders  are  used. 


The  decoding  process  goes  first  through  the 
same  stage  as  encoding  but  with  the  B multiplex 
lines  activated  by  the  received  parity  bytes.  At 
the  same  points  where  7 - ^2  8 ' ®1  9 ' ®20 
generated,  we  obtain  now  the  syndrome  S = , 

82,32,3^  which  is  stored  in  the  syndrome  regis- 
ter. Outputs  ' "^2  ' *^3  ' *^4  3 non-zero 

value  of  the  3^  element.  The  ^ 3.  Cj  g , C2Q 

outputs  decide  if  the  error  occurs  at  the  parity 
byte  position. 


^7 

II 

■4 

'’2 

^0 

CO 

‘1 

^2 

• ^3  • 

■ ^4 

S9 

= ^1  • 

^2 

■^3 

' ^4 

'"20 

= ^1  ■ 

^2 

■ ^3  ■ 

^4 

neither 

one  of 

the 

S7'S8 

then  depending  on  the  value  of  r^  , the  error 
occurs  at  a byte  of  the  group  g = 4,8,12,16  or 

X 

g2  = 1,2,3,5,6,7,9,10,11,13,14,15. 

If  g^  = .1  , then  3j  is  gated  out  as  the  error 
e.  If  not,  and  g2  = 1 , then  e = S^. 

® = ^l^l  + 3292 


A matrix  comprising  13  elements  each  one 
being  made  of  a 4-bit  comparator  performs  a 
simultaneous  comparison  between  the  8„,8.,3. 

2 7 ^ 

or  row  entries,  with  the  e,ea,  eo  ,ea'^  column 
entries.  The  comparison  outputs  one  defined  as: 


*2' 

^2 

© e 

“2 

■ S2 

© 

ea 

''2  - s, 

© ea^ 

‘3- 

© e 

“3 

- S3 

© 

ea 

''3  ■ S3 

© ao^ 

‘4- 

S3 

© e 

“4 

GO 

II 

© 

ea 

''4  - S4 

© oa^ 

*3  ■ 

S3© 

3 

aor 

*3  ■ 

S3®“^ 

*4  ■ 

S3© 

3 

ea 

*4  - 

S4©  eor^ 

Finally  a row  of  16  (4  Input)  gates,  each  one 
combining  a set  of  4 signals  from  the  t,u,v,w,x 
will  identify  the  error  location.  Assume  now 
that  Cj  is  activated , which  means  that  byte  1 


is  in  error.  The  error  sequence  E = e-.e^.e^.e, 

14  0 4 

computed  previously  must  be  added  bitwise  to  the 
corresponding  byte  = ^J2 ' *^12  ' l3  ' ^14 

store  in  the  register.  The  result  of  the  addition 
constitutes  the  correct  value  of  B^.  It  is  then 

stored  at  the  same  byte  location. 

The  input  logic  of  the  storage  flip-flop  regis- 
ter q^^ , corresponding  to  the  byte  i 1=1 20 

and  the  bit  j j = 1 , 2 , 3 , 4 of  the  register,  operates 
as  follows: 

During  encoding/decoding,  after  the  load  con- 
trol was  on,  q is  set  equal  to  the  input  b. 

(Fig.  2b). 


When  the  correct  control  is  turned  on,  and 
depending  on  the  value  of  C.  we  have  two  situa- 
tions: 


a) 


b) 


C, 


0 


C, 


= remains  unchanged 
= 1 


q, . takes  a new  value 

i) 

responding  error  bit  e 


q^^  Is  the  cor- 
= 1. 


We  have  shown  that  an  optimal  binary  BED- 
DED code  can  be  constructed  and  an  efficient 
lmple;Tientatlon  can  be  obtained.  We  have  thus  by 
far  implicitly  presupposed  that  hardware  to  per- 
form operations  in  any  Galois  field  GF(2P)  exists. 
This  assumption  is  based  on  tne  fact  that,  accord- 
ing to  Dao^'®  commerclallzable  components, 
designed  with  integrated  injection  logic  technology, 
are  forecoming.  They  are,  however,  limited  right 
now  to  quaternary  or  four-valued  logic  family. 

9 

It  will  be  proven  that  operators  in  any  GF(2P) 
can  be  realized  from  operators  in  the  subfield 
GF(2^)  by  introducing  the  notion  of  the  extension 
field  GF(2^'")  over  the  subfield  GF(2"'). 


EXTEN3ION  FIELD  GF(2'^)  OVER  GF  (2*^) 

2 

Representation  of  GF(2^) 

2 

Let  us  represent  the  elements  in  GF(2''"‘)  via 
binary  2 m tuples  by  the  following  rules. 

The  2m  tuples  (a.  , a,  a ,,b-,b,  .... 

u 1 4 rn  “1  ^ 2 * 

b ,)  correspond  to  the  element  in  GF{2"')^ 
m-l 

3 = 4 Baj  (1) 

where  a^.a^  are  elements  in  GF(2"’),  B is  the 
primitive  element  In  GF(2^)^,  B being  the  analog 
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of  j the  imaginary  element  in  the  complex  field. 
From  the  theory  of  Galois'  field,  it  is  known 
that  if  F(x)  is  a primitive  quadratic  polynomial 
over  GF{2''^),  one  can  construct  the  extension 
field  GF{2''^)  by  adding  the  primitive  root  B of 
F(x)  to  GF(2'^). 

F{B)  = 0 

F(x)  primitive  of  degree  2 over  GF(2'’'') 

and  all  elements  in  GF(2'^)  are  represented  by 
(1).  On  the  other  hand,  all  the  elements 

of  GF(2'^)  are  represented  by 

a = a +a,  A+a  A^+  . . . +a  ,a"’”^ 

0 0 2 m-1 

o,  = b +b,  , A+b,A^+  ...  +b  ,a"'"^ 

1 0 1 2 m-1 

where  the  aj-b,  are  elements  of  the  binary  field 

GF(2)  and  A is  the  primitive  element  of  GF(2"^). 

In  other  words,  if  F(x)  is  the  primitive  polynomial 
of  degree  m over  GF(2),  the  extension  field 
GF(2"’)  is  constructed  by  adding  a primitive  ele- 
ment A,  which  is  the  root  of  F(x),  (F(A)  = 0)  In 
brief,  GF(2"^)^  can  be  looked  at  as  a double 
extension  of  GF{2)  via  GF(2"’). 

Operations  in  GF(2^)^ 

Operations  as  addition,  multiplication, 
inversion  in  GF(2''")^  can  be  reduced  to  operations 
in  GF(2'^)  via  the  following  rules; 

Given  3 ,3,  two  non-zero  elements  in 
Gf(2'T')2:  '■ 

3j  = (a,b)  = a + bB 

^2  ~ (c,d)  = c + dB 

Addition 

3j  + 32  = (a  + bB)  + (c  + dB) 

= (a  + c)  + (b  + d)B 
= (a  + c,  b + d) 

Addition  is  obtained  by  adding  the  corresponding 
components. 

Multiplication 

Assume  that  the  primitive  polynomial  F(x)  is 
of  the  form  . 

F(x)  = X + X + « 

such  that  B^  + B + 5 =0 

with  4 e GF(2"’).  Then  the  product  of 

3j-32  = (a  + bB)  (c  + dB) 

= (ac  + bdB^  + (ad  + be)  B 

= ((ac  + bd4),  (ad  + be  + bd)) 


Examples:  Binary  and  quaternary  Im.plementatlons 

1)  N=4  or  operators  in  GF(4) 

The  only  possible  value  of  4 in  GF(2)  which 
satisfies  the  condition  is  4 =1-  therefore,  we 
have;  . 

3i32  = [(a^a^+b^b^),  (a^b^-a^b^^b^b^) 

2)  N=16  or  operator  in  GF(4^) 

The  elements  in  the  subfield  GF(4)  are:  0,1, 2, 3. 
Addition  and  multiplication  are  defined  by  the 
Table  4. 


Table  4 


0 

1 

2 

3 

Binar>’  '^ode 

1 

2 

3 

e 

C 

1 

2 

3 

00 

0 

0 

0 

0 

0 

1 

1 

r 
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2 

01 

1 

0 

1 

2 

3 

2 

2 

3 

0 

1 

10 

2 

0 

2 

3 

1 

3 

3 

2 

1 

0 

11 

3 

0 

3 

1 

2 

Addition 


Multiplication 


4=1  is  such  that  Trace  (4)=1:  then  the  product  of 
two  elements  in  GF(16)  is  defined  as  above  by 
operations  of  elements  in  GF(4).  Binary  logic 
implementation  of  the  mentioned  operators  in  both 
GF(4)  and  GF(16)  are  shown  in  figures  4,5. 


Assume  now  that  all  the  elements  in  GF(4) 
are  represented  directly  as  a quaternary  logic  sig- 
nal rather  than  by  a pair  of  binary  signals.  Simi- 
larly an  element  3i  in  GF(16),  which  are  origi- 
nally associated  with  a binary  fourtuples  can  be 
represented  also  either  by  a 1 6 valued  signal  or 
a pair  of  quaternary  signals.  Then,  if  sum  and 
product  gates  in  GF(4)  are  available  directly,  the 
similar  gates  in  GF(16)  can  be  constructed  from 
gates  in  the  subfield  as  shown  in  Figure  6. 


^o- 


0 

0 


1 

2 


2 


ej®3 


2 


Fig.  4 


Binary  Implementation  of  Addition  in  GF(16) 
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It  should  be  pointed  out,  that  those  opera- 
tors In  GF(4)  can  be  realized  In  current  mode 
logic  either  in  ECL  or  in  integrated  Injection 
logic  I^L,  where  the  logic  signal  takes  four  dis- 
crete well-defined  current  values  (0,1,21,31).^'® 


Binary  Implementation  of  Multiplication  In  GF(16) 


CONCLUSION 


A ,B  elements  in  Gr(4) 

1 1 

0^  elements  in  GF(16) 


Fig.  6 


Quaternary  Implementation  of  Operators  In  GF(16) 
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Abstract : A three-level  programmable  logic  array 
(three-level  PLA)  consists  of  three  main  parts,  the 
D array,  the  AND  array,  and  the  OR  array,  and  each 
of  these  arrays  can  be  programmed.  In  this  paper,  a 
design  method  for  three-level  PLA's  is  described. 

Main  results  obtained  are  1)  The  minimization  of  the 
AND  array  corresponds  to  the  minimization  of  a 
multiple-valued  input  two-valued  output  logic 
function;  2)  By  using  the  theory  of  multiple-valued 
decomposition  of  two-valued  function,  the  computation 
time  and  the  memory  requirement  for  the  minimization 
of  the  AND  array  can  be  reduced;  and  3)  The  design  of 
multiple-output  function  can  be  done  in  a similar 
way  by  introducing  a variable  which  denotes  the 
outputs. 

I.  Introduction 

In  the  development  of  new  integrated  circuits, 
high  cost  as  well  as  excessive  lead  time  have  long 
been  recognized  as  serious  problems  by  both  the 
manufacturers  and  users  of  semiconductor  devices. 

One  approach  to  solve  these  problems  that  has  appears 
commercially  over  the  years  involves  customing  only 
the  interconnection  pattern  of  standard  prediffused 
array  of  logic  gates.  The  other  approach  is  now 
generally  known  as  programmable  logic  arrays [l]-[5] . 

In  this  paper,  a design  method  for  three-level 
PLA's  is  .described.  The  three-level  PLA  consists  of 
three  main  parts,  the  D array,  the  AND  array,  and 
the  OR  array  as  shown  in  Fig. 1.1,  and  each  of  these 
arrays  can  be  programmed.  For  example,  a six- input 
three-output  function  can  be  realized  by  the  three- 
level  PLA  shown  in  Fig. 1.2.  In  the  D array,  the 
horizontal  lines  are  distributed  OR  gates  with  Inputs 
represented  as  X's  at  selected  line  crossing.  In  the 
AND  array,  the  dots  are  analogous  to  AND  gate  Inputs 
where  the  gate  is  represented  by  the  vertical  line. 

In  the  OR  array,  the  X's  denote  the  OR  gate  Inputs 
where  the  gate  is  reprsented  by  the  horizontal  line. 

Three-level  PLA's  have  several  advantages  to 
the  conventional  two- level  PLA's [5]. 

(1)  In  order  to  realize  an  arbitrary  function 

of  n-variables,  the  array  size  of  ^(2*')  is 
sufficient  in  a three-level  PLA  realization 

while  0^(n2")  is  necessary  in  a conventional 
two-level  PLA  realization. 

(2)  Array  size  can  be  further  reduced  by  utiliz- 
ing the  partial  symmetry,  the  decomposabili- 
ty,  and  the  redundancy  of  the  given  function 

Major  disadvantages  of  three-level  PLA's  are  as 
follows: 

(3)  Three-level  PLA's  are  slower  than  two- level 
PLA's. 


(4)  For  small  n,  three-level  PLA's  sometimes 
require  larger  arrays  than  two-level  PLA's. 

In  Section  II,  a design  method  for  three-level 
PLA's  which  is  obtained  in  [5]  will  be  discussed. 

And  it  will  be  shown  that  the  minimization  of  multi- 
ple-valued input  two-valued  output  function  corre- 
sponds to  the  minimization  of  the  AND  array.  In 
Section  III,  the  theory  of  multiple-valued  decompo- 
sition of  two-valued  function  will  be  introduced. 

And  it  will  be  shown  that  the  computation  time  and 
memory  requirement  for  the  minimization  of  the  AND 
array  can  be  reduced  by  using  the  theory.  In  Section 
IV,  a design  method  for  multiple-output  functions 
will  be  discussed. 

II.  Three-level  Programmable  Logic  Arrays. 

In  this  section,  a design  method  which  minimizes 
the  size  of  a three-level  PLA  will  be  considered. 

As  shown  in  Fig. 1.1,  the  three-level  PLA  can  realize 
an  arbitrary  OR-AND-OR  circuits.  Several  works  are 
known  about  OR-AND-OR  circuits  minimization[6I-[7] , 
but  these  methods  need  too  much  computation  even  if 
the  number  of  input  variables  is  small.  To  avoid 
this  difficulty,  the  design  of  three-level  PLA  is 
divided  into  two  parts.  The  first  part  is  the  design 
of  the  D array,  and  the  second  part  is  the  design  of 
the  AND  array.  It  will  be  shown  that  in  order  to 
minimize  the  size  of  the  AND  array  for  a given 
function,  it  is  sufficient  to  obtain  a minimal  sum- 
of-products  expression  for  the  corresponding  multi- 
ple -valued  input  two-valued  output  function. 

Definition  2.1:  A three-level  PLA  consists  of 
the  D array,  the  AND  array,  and  the  OR  array  as 
shown  in  Fig. 1.1.  The  size  of  n-variable  m-output 
three-level  PLA  is  defined  as  C(n)=(2n+W)H+Wm,  where 
W is  the  number  of  columns  of  the  AND  array,  H is 
the  number  of  rows  of  the  AND  array,  and  m is  the 
number  of  rows  of  the  OR  array. 

Definition  2.2:  Let  X”(x, ,x„ , . . . ,x  ) be  a 

i Z n 

valable  in  b''={0,1}".  The  set  of  variables  in  X is 

denoted  by  {x, ,x„,...,x  } or  by  {X}.  The  number  of 
12  n 

the  variables  in  {X)  is  denoted  by  d(X).  (Xj^,X2,... 
,X^)  is  said  to  be  a partition  of  X iff  {Xj^juIX^ju 
...u{X^}-{X},  {Xj^}n{Xj)-((.  (i?fj),  and  . 

Definition  2.3:  Let  a”(a, ,a_ , . . . ,a  ) be  a 

— — 12  n 

constant  in  B . X—:  B -*■  B is  a function  such  that 
X^O  if  Xi^a  and  X^l  if  X«a.  Let  S^b",  X®  is  defined 
as  X®  - W X^  . 

aY«S 
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Lemma  2.1:  Let 


,X  ) be  a partition 


of  X.  An  arbitrary  function  f(X)  of  n variable  is 
expressed  in  the  form 


V 


• • .a  ) 


f(a^,a2 a^)X^^.X2^-. 


where  b"^,  d(X)=n,  and  d(X^)=n^. 

Example  2.1:  Consider  the  four-variable 
function 

f(X)=x^X2X2X^  V x^x^x^x^  V x^x^x^x^  v x^^x^x^x^  . 

Let  (Xj^.X^)  be  a partition  of  X=(Xj^,X2fX2,x^)  and 
let  Xj^=(Xj^,X2) , X2=(x2,x^).  f(X)  can  be  represented 
in  the  form 

f(X)=x(^l>xf°)  V x5^Vxfl>  V x;^°^x('l> 

V 

Lemma  2.2:  Let  d(X)=n  and  Sj^,S2£b"=I. 


'2  ®l"®2 

X =X  , 


S S S US 

X V X =X  , 


^ ®1  I ((i 

-X  , X =1,  and  X^=0. 


Definition  2.4:  X is  said  to  be  a literal. 

A product  of  distinct  literals  is  said  to  be  a term. 
A sum  of  terms  is  said  to  be  a sum-of -products 
expression.  The  number  of  terms  in  a sum-of-products 
expression  P is  denoted  by  t(P).  P is  Said  to  be 
minimal  if  there  is  no  expression  Q such  that 
t(Q)<t(P)  and  that  Q denotes  the  same  function  as 
P.  Let  and  E2  be  terms.  E2  is  subterm  of  E^^  iff 

E^?‘E2  and  Ej^<E2.  E^^  is  said  to  be  a prime  implicant 
of  f if  Ej^-f  and  if  there  is  no  subterm  E2  of  E^^ 
such  that  E2Sf. 

Lemma  2.3:  Let  (Xj^,X2, . . . ,X^)  be  a partition 

of  X.  An  arbitrary  function  f(X)  can  be  represented 
in  a form 

S 


f(X)- 


V 


(S1.S2. 


Sf  S 

"i-v- 


(2.1) 


where  S^£B 


"i 


..S^) 
and  d(Xj^)“n^. 


In  a three-level  PLA, 
if  the  D array  generates  all  the  maxterms  of  {X^} 
for  i=l,2,...,r,  then  an  arbitrary  term  which  has 
®1  ®2  ®r 

the  form  X^^  • X2  '...'X^  can  be  realized  in  each 

column  of  the  AND  array. 

Example  2.2:  The  function  of  Example  2.1  can 
be  represented  as 


f(x).x;ii>x;(°°>'(°^>^ 


„{ (10), (01)}  (11) 
*1  '*2 


Theorem  2.1:  Let  (Xj^,X2, . . . ,X^)  be  a partition 

of  X,  and  let  the  D array  generate  all  the  maxterms 
of  {X^}  for  1=1, 2,..., r.  In  order  to  minimize  the 

size  of  the  AND  array  for  f (X) , it  is  sufficient  to 
obtain  a minimal  sum-of-products expression  of  f(X) 


having  the  form 

f(X^,X2 X^)' 


(S 


V 


1’‘'2” 


..S^) 


If  P is  minimal  expression  for  f(X),  then 
n-max{n  } 

t(P)  < 2 ^ , where  n^=d(X^). 

Proof : By  Lemma  2.3,  we  have  the  first  part. 
Assume  without  loss  of  generality  that  n =max{n  }. 

^ i ^ 

f(X)  can  be  represented  as 


f(X^,X2,..,X^)= 


V 


(Sj^.a2,a2, . . ,a^) 


Si  £2  % ^ 

^i-w---"7 
(2.2) 


The  number  of  terms  in  (2.2)  is  at  most 
r n n-n  n-max{n  } 

n 2 ^ =2  ^ =2  1 ^ . Q.E.D. 

i=2 

Corollary  2.1:  The  size  of  three-level  PLA 
which  is  sufficient  to  realize  an  arbitrary  function 
of  n variable  is  C(n)=(2n+W)H+W,  where 
n-max{n  } r n 

W=2  i , H»  5^  2 and  n=(n  ,n_,...,n  ) is  a 
i=l  1 2 r 

vector  which  rej  esents  the  partition  of  input 
variables . 


III.  Multiple-Valued  Decomposition  of 
Two-Valued  Logic  Function. 

In  this  section,  the  theory  of  mullple-valued 
decomposition  of  two-valued  function  will  be 
described.  By  using  this  theory,  we  can  reduce  the 
computation  time  and  the  memory  reqirement  for  the 
minimization  of  the  AND  arrays. 

Definition  3.1:  Let  (X^^ ,X2 , . . . ,X^)  be  a par- 
tition of  X,  and  f(X)  be  a function  such  that 
n n n 

f : B X B . . . X B B. 

"i 

For  ^ e B , define  a relation 

a~b  <=>  f (X|a;>X^)=f  (X|b.*-X^)  , 
where  f(Xla->-X^)  denotes  f (X^^  ,X2 , . . ,X^  1 , . . . , 
X^) . Obviously,  the  relation  ~ is  an  equivalence 

relation.  Let  n^=(Lg,L^, . . . ,L^  _j^)  be  a partition 

"i  ^ i 

of  B Induced  by  the  equivalence  relation  ~ . 

"i 

A function  -►  ; M^”{0,1, . . . ,k^-l}  such  that 

|^.(£)=j  <=>  £ fL^  is  called  a partition  function 

"i 

of  B . 

Example  3.1:  Consider  a six-variable  function 
f(X)  = (Xj^  V X2)'(x^  9 V x^) 

V (Xj^  V X2)*(X^  9 x^)Xj  V (xj^  9 X2)'(Xj  • x^)  . 

Let  (Xj^,X2,X^)  be  a partition  of  X,  where  Xj^“(Xj^,X2) 
,X2=(Xj,x^),  and  X^«(x^Xg).  Note  that 
f(X|  (01).xX^)-f(X|  (10).xX^), 
f(X|(00).xX2)“f(X|(ll)H-X2),  and 
f(X|(10).xX2)-f(X|(01).^X2). 

"i 

The  partition  functions  of  B are  shown  in 
Table  3.1. 
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Table  3.1  Partition  functions 


"i 

^3(Xi) 

*2(X2) 

00 

0 

0 

0 

01 

1 

1 

1 

10 

1 

1 

2 

11 

2 

0 

3 

Lemma  3.1:  Let  X^)  be  a partition  of 

X,  d(X^)=n^,  and  let  if; be  a partition  function  of 

There  exists  a multiple-valued  input  two-valued 
output  function 

g:  X X . . . X -»■  B such  that 

f (X^.X^. . . . ,X^)=g(i/,^(X^)  ,.(.2(X2)  ....  . 

Proof:  If  a.  e L.^  (i=1.2, . . . ,r)  , then  let 

-I  b^ 

g(bi,b2. . . . ,br)=f  (a^l,^2»  • • • easy  to  show 

that  this  function  satisfies  the  condition.  Q.E.D. 

This  lemma  is  similar  to  the  well  known 
decomposition  theorem  of  Ashenhurst[8]-[11]  . But 

is,  in  general  , a multiple-valued  function.  When 
M ={0,1}  (1=1,2, ... ,r) , this  lemma  reduced  to  the 
ordinary  decomposition  theorem. 

Example  3.2:  Consider  the  function  of  Example 
3.1.  By  Lemma  3.1,  f(X)  can  be  represented  as 
f (X^,X2,X2)=g(i(-^(X^)  ,4/2(X2)  ,:)-3(X^))  , where 
g(Yj^,Y2,Y3)  is  shown  in  Table  3.2. 

Table  3.2 


"1 

^2 

^3 

g 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

2 

0 

0 

0 

3 

0 

0 

1 

0 

1 

0 

1 

1 

1 

0 

1 

2 

1.. 

0 

1 

3 

0 

1 

0 

0 

0 

1 

0 

1 

1 

1 

0 

2 

1 

1 

0 

3 

1 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

2 

1 

1 

1 

3 

0 

2 

0 

0 

0 

2 

0 

1 

0 

2 

0 

2 

1 

2 

0 

3 

1 

2 

1 

0 

0 

2 

1 

1 

0 

2 

1 

2 

0 

2 

1 

3 

0 

Definition  3.2:  Let  M={0,1, . . . ,k-l} , teM,  and 
Y*’:  M->-B  be  a function  such  that  Y*’=0  if  Yj<t  and 
Y^=l  if  Y=t.  Let  TcM,  Y^  is  a function  such  that 


Lemma  3.2:  Let  T^^,  I2  — M=I. 

T T T nT-  T T T,uT 
Y^.  Y'^=Y^  '^,Y^vY‘^  = Y^ 

y"i  = y''"\  Y^=1  . and  Y*=0. 

Lemma  3.3:  A multiple-valued  input  two-valued 
output  function 

g:M,  xM.  x...xM-<-  B 
12  r 

can  be  represented  in  the  form 

g(Y^,Y2,...,Y^)= 


or  in  a form 


g(Y2,Y2....,Y 


L X—  ^ — X ± ^ 1 


(13,12 T^) 


where  M3={0,1, . . . .k^-l}  . 

Proof : By  Definition  3.2,  it  is  easy  to  show 
that  (3.1)  holds.  By  Lemma  3.2  and  (3.1),  we  have 
(3.2).  Q.E.D. 

Example  3.3:  The  function  g of  Example  3.2  can 
be  represented  in  the  form 

g(Y3,Y2,Y3)-Y°Y2Y3  v yJy^Y^  v yJy^Y^  v yJy^Y^ 

V 1312^3  V Y3Y2Y3  V Y3Y2'^3  V 1312^3  V 1312^3 

2 0 2 2 0 3 

V 13^2^3  V Y3I2Y3  , (3.3) 

or  in  a form 

g(Yi,Y2,Y3)=Y[°’^^Y2-Y^°’^’^^  Y^^’^^Y® 

V Y3-Y^^’^^  (3. A) 

By  using  positional  cube  notations  to  represent 
terms [12]- [14] , (3.3)  and  (3.4)  can  be  represented 
as  Table  3.3  and  Table  3.4,  respectively. 


Table  3.3 


012  01 
100-01- 
100-01- 
100-01- 
010-10- 
010-10- 
010-10- 
010-01- 
010-01- 
010-01- 
001-10- 
001-10- 


Table  3.4 


012  01  0123 
110-01-1110 
011-10-0011 
010-11-0110 


Lemma  3. A:  Let  and  g be  functions  such 

that  n n n 

f:B^xB^x  B, 

n. 

'‘'l'  ® 

g : X X . . . X -*■  B . 

and  f (X^.X^. . . . .X^)=g(iP^(X^)  , 1(^2 <^2^ 

Let  i|j^=(Lq,l|,  . . . ,L^  _j^)  be  a partition  function 

"i  ^ i 

of  B induced  by  the  relation  't  , and  let 

T 

1 i 

ip^(a)=J  <“>  £eLj  . A literal  of  the  expression 
gCYf ,Y2 , . . . ,Yr)  corresponds  to  a literal 


• V U '■S 


of  the  expression  f(X. ,X  , ...,X  ).  And  a term 

Tf  T2  ^ ^ 

Yj^  '^2'  ■ ' ■ '^r  g(^)  corresponds  to  a term 

S S S 

X/-X--  ...-X  of  f(X). 

12  r 

Proof : It  is  easy  to  show  by  Definition  3.1 
and  Definition  3.2.  Q.E.D. 

Example  3.4:  Consider  the  function  f(X)  of 
Example  3.1  and  the  function  g(Y)  of  Example  3.3. 

For  the  term  y^- of  g(Y),  the 

corresponding  term  of  fJfX)  is 
,{(00).  (01),  (10)}  ,{(01).  (10)}  ,{(00).  (01),  (10)}  . 
*1  ■ *2  ■ 3 

n 21  0 f2  3} 

For  the  term  ’ "^2  ' ^3  ' ’ corresponding 

term  of  f(X)  is 

,{(01).  (10),  (ID)  ,{(00).  (11)}  {(10),  (11)}  . 

, and 

for  the  term  the  corresponding  term 

of  f(X)  is 

Theorem  3.1:  Let  two  expressions 

VS  S S 

x/.x-^.  ...-x/ 

^ ‘ ‘ (S^.S2 S^)  ^ ^ 

\ / ■’^1  ■’^2 

g(Y^,Y2.....Y^)=  y •^2  - ••••V 


(T^,T2,...,T^) 


satisfy  the  relation 

f (X^.X^, . . . ,X^)-g(K,j^(X^)  'I'^(X^))  . 

If  and  are  minimal  expressions  for  f(X)  and 

g(Y),  respectively,  then 
r 

t(P,)“t(Q  ) < ( n k )/(max{k  }), 

1 n^  ^ 1-1  ' i ' 

where  B ; M^-{0,1, . , . ,k^-l},  and 

d(X^)-n^, 


Proof : (1)  For  P^^,  a minimal  sum-of-products 
expression  of  f(X),  consider  the  expression  P2 
which  has  the  form 


Gj^={ j ILjCA^}  and  Aj^={£la  ~ ^cS^}.  Clearly, 

t(P^)=t(P2).  It  is  easy  to  show  that  P2represents 

g(Y) . For  Qj^,  a minimal  sum-of-products  expression 

of  g(Y) , consider  the  expression  Q2  which  has  the 
form 

y X ^ X 2 ...  X , where  D = (J 

(D-.D,':...,D^)  1 2 r i j 


(D^.D2:....D^)  X . r r j 

Clearly,  t(Qj^)=t(Q2)  . By  Lemma  3. A,  represents 
f(X).  As  Pj^  is  a minimal  expression  of  f(X),  we 
have  t(Pj^)<t(Q2)  . As  Qj^  is  a minimal  expression  of 
g(Y),  we  have  t(Q^)<t(P2).  Therefore,  t(Pj^)“t(Qj^) . 

(2)  Assume  without  loss  of  generality  that 
m^x{k^}=kj^.  g(Y)  can  be  represented  in  the  form 


8(Yj^,Y2,. 


(Tj^,t2, . 


where  and  (i“2,3,. 

terms  in  (3.5)  is  at  most 


T t t 
1 2 3 

Yi  .Y2  .Y33. 


(3.5) 

. ,r).  The  number  of 


n k =(  n k )/(max{k  }). 
1=2  ^ 1=1  ^ i ^ 

Hence,  we  have  the  theorem. 


Q.E.D. 


Theorem  3.2:  Let  (X3,X2, . . . ,X^)  be  a partition 

of  X,  and  the  D array  generates  all  the  maxterms 
of  X3  for  i=l,2,...,r.  In  order  to  minimize  the 

size  of  the  AND  array  for 

f(X3,X2 X^)=g(i(;3(X3)  ,iP2(xp i(-^(X^))  , 

it  is  sufficient  to  obtain  a minimal  sum-of-products 
expression  of  g(Y)  having  the  form 


g(Y^,Y2.....Y^)- 


T T 
1 2 

"1  •"2- 


Proof : By  Theorem  3.1.  Q.E.D. 

Example  3.5:  The  expression  (3.4)  of  Example 
3.3  is  a minimal  sum-of-products  expression  for 
g(Y) . Therefore,  the  corresponding  minimal  expres- 
sion for  f(X)  is  given  by  f(X3,X2,X3)« 

(00) , (01) , (10) }_  jj{  (01) . (10) },  (00) , (01) , (10) } , 

,{(01). (10). (11)}  ,{(00), (11)}  ,{(10), (11)}  , 

Xi  •X2  .X3 

,{(01),(10)}  „{(01).(10)}  . 

Xi  X3 

Table  3.5  shows  the  positional  cube  notation  for 
f(X). 
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Table  3.5  Positional  cubes  for  f 


00 

01  10 

11 

00 

^2 

01 

10 

11 

00 

01 

10 

11 

1 

1 1 

0 - 

0 

1 

1 

0 

- 1 

1 

1 

0 

0 

1 1 

1 - 

1 

0 

0 

1 

- 0 

c 

1 

1 

0 

1 1 

0 - 

1 

1 

1 

1 

- 0 

1 

1 

0 

Corollary  3.1:  Let  f(X)  be  a function  such 


that 


f(X^.X2 X^)=g(i^^(X^).,j,2(X2)....,i(.^(X^)). 

The  size  of  three-level  PLA  which  is  sufficient  to 
realize  f(X)  is  given  by  C (n)=(2n+W)H+W,  where 
r r n n 

W=(  n k.)/(max{k  }) , H=  I 2 and  i()  :B  ; 
i=l  ^ i i i=l  1 i 


M^={0,1,. 


..k^-1}. 


As  shown  in  the  examples  of  this  section,  it 
is  clear  that  obtaining  a minimal  sum-of-products 
expression  for  g(Y)  requires  less  computation  time 
and  less  memories  than  obtaining  that  for  f(X). 

The  multiple-valued  decomposition  of  two-valued 
logic  function  can  be  done  in  a similar  way  to 
ordinary  two-valued  decomposition. 

IV.  Synthesis  of  Multiple-Output  Functions. 

In  the  case  of  multiple-output  functions, 
simultaneous  minimization  often  produces  better 
solution  than  individual  minimization[15] , [16] . 

In  this  section,  we  will  show  that  the  minimization 
of  AND  array  for  a multiple-output  function  as 
well  as  a single-output  function  can  be  done  by  a 
minimization  of  a multiple-valued  input 
output  function. 


for  m output  functions 
n n 

fjt  B X B X .. 


X B 


X B 


expression  for  the  function 
n n, 

F : B X B X 

having  a form 

F(X^,X2,...,X^,Z)= 


X M ■>■  B 


V 


' * * * 


Xi.X2- 


RcM,  and  M-{0,1, . . . ,m-l) . 

Proof:  For  expressions  of  f (J-0,1,. 

\ / ^ 

fj(Xl*X2----.xp- 


y 


(Sf , S2  * • . . , S^)  1 


^1  ®2 
X.  • X2-. 


consider  a expression  for  f shown  above. 
By  definition, 

S 


®1  S, 

x/.X2?...-x/.fj 


X,  • x,....-x  ’^•z  s r 

12  r 

and  j t R. 


It  is  easy  to  see  that  the  number  of  terms  in  F is 
equal  to  the  number  of  columns  of  the  AND  array. 
Hence  the  theorem.  Q.E.D. 

Example  4.1:  Consider  the  six-variable  three- 
output  function  shown  in  Table  4.1, where  the  func- 
tion is  represented  as  a set  of  positional  cubes. 
Let  the  partition  of  X be  (X^,X2.X^),  where 

Xi=(Xi,X2),  X^=(x^,x^) , and  X^=(x^,x^) . Let  Z be  a 

variable  which  denotes  the  outputs.  Consider  the 
function 

F(X^,X2,X^,Z) : B^  X B^  X B^  X {0,1,2}  - B. 

F has  the  following  properties: 

F(X^,  (01)  ,Xj,Z)=F(Xj^,  (10)  .Xj,Z)  ; 

F(X^,X2,(00),Z)=F(Xj^,X2,(11),Z);  and 

F(X^,X2, (10) ,Z)=F(X^,X2,(01) ,Z) . 

So  F can  be  decomposed  as 

F(X^,X2,X^,Z)=G(i(-^(X^)  ,>l>j(xp  ,Z)  , 

where  1(1^  are  shown  in  Table  4.2.  G is  a function 

such  that 

G:  {0,1, 2, 3}  X {0,1,2}  X {0,1}  x {0,1,2}  -»  {0,1}  . 
By  Theorem  4.1,  in  order  to  minimize  the  size  of 
the  AND  array  for  the  mullple-output  function,  it 
is  sufficient  to  obtain  a minimal  sum-of-products 
expression  for  G.  The  terms  of  G are  shown  in  Table 
4.3.  It  is  easy  to  see  that  this  is  a minimal  sum- 
of-products  expression  for  G.  The  minimal  sum-of- 
products  expression  for  F which  corresponds  to  G 
is  shown  in  Table  4.4.  The  three-level  PLA  which 
realizes  the  given  functions  is  shown  in  Fig. 1.2. 

Table  4.1  Six-variable  three-output  function 


Input 


AND  array 

’‘i 

01 

^^2 

01 

01 

*4 

01 

01 

01 

'0 

'1 

'2 

11- 

10- 

11- 

10- 

10- 

10 

1 

1 

0 

11- 

10- 

11- 

10- 

01- 

01 

1 

1 

0 

. . . ,m-l) , 

11- 

10- 

10- 

11- 

10- 

10 

1 

1 

0 

-products 

11- 

10- 

10- 

11- 

01- 

01 

1 

1 

0 

10- 

11- 

11- 

10- 

10- 

10 

1 

1 

0 

10- 

11- 

11- 

10- 

01- 

01 

1 

1 

0 

10- 

11- 

10- 

11- 

10- 

10 

1 

1 

0 

10- 

11- 

10- 

11- 

01- 

01 

1 

1 

0 

S 

01- 

11- 

01- 

01- 

10- 

10 

0 

1 

1 

R 

01- 

11- 

01- 

01- 

01- 

01 

0 

1 

1 

. .X  • z 
r , 

11- 

01- 

01- 

01- 

10- 

10 

0 

1 

1 

n 

11- 

01- 

01- 

01- 

01- 

01 

0 

1 

1 

S.cB 

10- 

01- 

10- 

01- 

11- 

11 

1 

0 

1 

10- 

01- 

01- 

10- 

11- 

11 

1 

0 

1 

01- 

10- 

01- 

11- 

10- 

10 

1 

1 

1 

. ,m-l) : 

01- 

10- 

01- 

11- 

01- 

01 

1 

1 

1 

S 

01- 

10- 

11- 

01- 

10- 

10 

1 

1 

1 

X , 

01- 

10- 

11- 

01- 

01- 

01 

1 

1 

1 

r 

10- 

01- 

01- 

11- 

10- 

10 

1' 

1 

1 

10- 

01- 

01- 

11- 

01- 

01 

1 

1 

1 

10- 

01- 

11- 

01- 

10- 

10 

1 

1 

1 

10- 

01- 

11- 

01- 

01- 

01 

1 

1 

1 

Output 
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Table  4.2  Partition  functions 


^i(Xi) 

w 

^3(X3) 

00 

0 

0 

0 

01 

1 

1 

1 

10 

2 

1 

1 

11 

3 

2 

0 

Table  4, 

.3  Minimal  expression  for  G. 

0123  012  01  012 
1110-110-10-110 
0111-001-10-011 
0100-010-11-101 
0110-011-10-111 

Table  4.4  Minimal  expression  for  F 


00 

^1 

01 

10 

11  00 

^2 

01 

10 

11 

00 

s 

01 

10 

11 

z 

0 1 

2 

1 

1 

1 

0-1 

1 

1 

0 

- 1 

0 

0 

1 

-11 

0 

0 

1 

1 

1-0 

0 

0 

1 

- 1 

0 

0 

1 

-01 

1 

0 

1 

0 

0-0 

1 

1 

0 

- 1 

1 

1 

1 

-10 

1 

0 

1 

1 

0-0 

1 

1 

1 

- 1 

0 

0 

1 

-11 

1 

Corollary  4.1: 

Let 

F(X, 

.X,, 

• • • ■ 

,x 

,Z) 

be  a 

function  which  represents  a multiple-output  function 
fj  (j=0,l, . . . ,m-l) , and  can  be  represented  as 

FCX^.X^, . . . ,X^.Z)=G(.)<^(X^)  . . • . ,Z)  . 

The  size  of  a three-level  PLA  which  is  sufficient 
to  realize  the  function  is  given  by 

C(n)=(2n+W)H+mW,  where 
r+1  r n n 

W=(  n k )/(max  {k  }),  H=  2 ■,  i);  : B M . ; 

i=l  i i=l  ^ 

M^-{0,1, . . . ,k^_^}  , and 

V.  Concluding  Remarks. 

In  this  paper,  it  is  shown  that  the  minimi- 
zation of  the  AND  array  corresponds  to  the  minimi- 
zation of  a multiple-valued  input  two-valued  output 
logic  function.  The  minimization  of  the  multiple- 
valued  input  two-valued  output  function  can  be  done 
in  a similar  way  to  that  of  Quine-McCluskey ' s , when 
the  number  of  input  variables  is  small.  However, 
when  the  number  of  input  variables  is  large,  it  is 
quite  difficult  to  obtain  a minimal  expression. 
Because  it  is  known  that  the  number  of  prime 
Impllcants  of  multiple-valued  input  function  is 
much  larger  than  that  of  two-valued  input  function. 
Furthermore,  Qulne-McCluskey 's  method  contains  the 
problem  of  minimal  covering  which  is  known  to  be 
NP-complete[21] . Therefore,  it  will  be  practical 
to  use  the  heuristic  approach  [2],  [25],  when  the 
number  of  input  variables  is  large. 
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This  note  presents  a technique  of  designing  2 bit 
simultaneous  analog  to  ternary  convertor  with  100 
as  response  time  . TTL  logic  components  were 
used  throughout  the  prototype  design  . 


2=3  volt  ^ V ^ 1.5  volt 
1 = ^3  volt 

0  5 ^ 1 .5  volt 


1 Introduction  i 

Recent  technical  wox^  have  shown  some  advantages 
of  using  multi  — valued  logic  irtiere  the-  Baiural 
question  was  if  there  is  a practical  radix  other 
than  2 that  will  produce  circuits  with  greater 
saving  in  coranonents  , without  loss  of  soeed  . 
Alexander  (1964)  showed  that  the  most  efficient 
radix  for  implementation  of  switching  systems 
is  the  natural  base  (e  » 2,71828)  , it  seems 
likely  that  the  best  integral  radix  is  3 rather 
than  2 . Temaiy  gives  the  meaning  of  a 
switching  system  lAich  will  perfom  3 - valued 
transmission  and  3 valued  switching  . A temary 
variable  Q will  assume  three  v^ues  Q , Q , ^ 1 
where  the  dash  sign  means  cycling  . This  note 
deals  with  a circuitry  which  is  able  to  perform 
a 2 bit  a/t  conversion  that  may  be  used  as  nart 
of  a instyjmentation  system  , for  example  . 

2 Circuit  Working  Principle 

Figure  -1—  shows  the  block  diagram  of  a/t 
convertor  , and  table  -1  - gives  truth  table  for 
this  circuit  . 

Three  distinct  sections  can  be  identified  . 

The  first  is  comprised  of  3**  - 1 analog 
comparatore  yielding  3**  - 1 parallel  signals  . 
The  second  one  is  the  binary  encoder  logic 
circuit  lAich  oroduces  from  3”  — 1 binary  inputs 
2n  binary  outputs  . The  third  section  is  a 
transistor  circuits  designed  to  translate  the 
binary  outputs  into  temary  form  . The  logic 
states  are  rerresented  by  voltage  levels  as 
given  below  . 


Table  1 


^in 

Temary  o/p 

X = 3°  y = 3^ 

0 

0 0 

1 

1 0 

2 

2 0 

3 

0 1 

4 

1 1 

5 

2 1 

6 

0 2 

7 

1 2 

8 

2 2 

Figure  -JW  illustrates  a parallel  2 - bit  a/t 
convertor  lAich  has  been  constructed  and  tested  , 
It  employs  commercially  available  integrated 
circuits  and  discrete  comuonents  throughout  . 

The  outputs  of  the  comparators  A , B , C , D , 

E , F , 0 and  H are  either  at  logic  ID"  or  logic 
"1 " , and  they  are  fed  to  the  bineay  encoder  logic 
circuit  as  shown  in  table  -3-  . 

Table  2 

Comparator  Outout  Encoder  Logic  o/n 

Volts  ABCDEFGH  STUV 

0 00000000  0101 

0.5  10000000  0001 

1 11000000  1001 

1.5  11100000  0100 

2 iiiioonn  0000 

2.^  1 1 1 1 1 0 0 0 1 0 0 0 

3 11111100  0110 

3.5  1 1 1 1 1 1 1 0 0 0 1 0 

A 11111111  1010 
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The  four  hinapy  encoder  outTjn+.8  S , T , U and  V 
are  also  at  either  logic  'O'  or  logic  '1'  and  are 
apnlied  to  their  respective  output  transistor 
circuit  , The  hi nary  input  data  are  translated 
into  temary  fojw  by  means  of  the  binary  / 
ternary  convertor  circuit  . Thi.s  translating 
circuit  is  comprised  of  four  ti*ansietors  for  a 
two  bi  t ATO  . When  S and  T are  low  , the  output 
X will  be  at  logic  1,i,e,X  = 1,  but  when  S 

is  hi^  and  T is  low  , X = 2 , nowever  if  S is 
low  and  T is  hi^  i ^ = 0 as  was  defined 

before  , The  same  reasoning  applies  for  teimary 
output  Y in  tema  of  binary  inputs  U eind  V as 
shown  in  table  -V  • 


1«  Alexander  W.  Peb  . 19^4  Electronics  and 
Power  36  . 

2,  Contoni  A.  July  1973  Proc  . of  IREF  , 230  . 

3.  Yoeli  M . and  Halpem  I . 1968  Proc,  TEE  , 
115  , 10  . 


The  response  time  is  determined  by  the  input  to 
output  transfer  delay  of  the  comparators  plus  the 
worst  case  propagation  delay  throvigh  the  binary 
encoder  and  the  output  transistor  circuit  . The 
comparators  have  a response  time  of  around  40  ns  , 
The  bineupy  encoder  is  comprised  of  three  parts  of 
7400  series  TTL  logic  } this  and  the  translating 
binary  / ternary  transistor  circxiit  will  give 
together  a propagation  delay  of  around  60  ns  . 
Thus  the  aA  convertor  has  a response  time  of 
around  100  ns  , this  may  be  improved  by  using 
higher  speed  components  . 

The  problem  of  the  exponential  increase  , 0(3) 
in  the  necessary  number  of  devices  remains  . 

Thus  the  complexity  of  simultaneous  convertors 


FIGI  Block  Diagram  of  Simultaneous 
Analog  -To  - Ternary  Converter 


is  unavoidable  . 
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Universite  Glaude-Bernard,  Lyon  I 
69621  Villeurbanne , France 


The  theory  of  the  many-valued  logics 
related  to  classical  and  intuitionistic 
ones  has  been  developed  in  the  past.  On 
the  other  hand,  as  an  attempt  to  study 
symmetries  on  formal  logic,  I-ioisil  has 
introduced  a propositional  calculus, 
called  general  symmetrical  modal.  In 
connection  with  the  latter,  we  have 
built  up,  in  a standard  way,  a many- 
valued propositional  calculus. 

In  order  to  consider  this  many-valued 
logic  from  an  algebraic  standpoint,  we 
introduce  the  notion  of  a symmetrical 
Keyting  algebra  of  order  n . V/e  present 
here  only  two  typical  representation 
theorems  for  these  algebraic  structures. 


1.  Introduction 

In  this  paper  we  formulate  an  alge- 
braic approach  to  a many-valued  logic, 
which  is  an  extension  of  the  intuition- 
istic  one.  In  199-2,  Moisil  motivated  by 
the  study  of  symmetries  in  formal  logic 
has  introduced  a propositional  calculus 
-called  general  symmetrical  modal  prop- 
ositional calculus-16).  This  one  is  ob- 
tained by  the  addition  of  one  unary  con- 
nective -called  the  negation  sign-  to  the 
alphabet  of  the  intuitionistic  proposi- 
tional calculus  and  two  logical  axioms 
and  one  rule  of  inference.  These  exhibit 
the  characteristic  of  the  symmetry:  the 
double  negation  laws  and  the  contraposi- 
tion rule. 

We  have  been  interested  in  the  study 
of  a many-valued  logic j an  extension  of 
Moisil 's  logic,  which  is  obtained  by  the 
addition  of  n-l  unary  propositional  con- 
nectives, denoted  S-|^,S2, . . . , n 

an  integer  2 , with  adequate  axioms  and 


rules  of  inference.  In  a semantical  model 
for  this  logic,  the  operators  , i=l, 

. . . ,n-l  may  be  interpreted  as  modal 
functors. 

We  present  below  the  al'~ebraic  struc- 
ture related  to  that  logic  -called  a sym- 
metrical Heyting  algebra  of  order  n -. 

The  complete  work  (subdirect  irreducibles 
free,  injective  algebras,  etc.)  v/ill  be 
published  elsewhere.  Only  the  discussion 
about  two  typical  representation  theorems 
-by  means  of  sets  and  topological  type- 
will  be  given  here.  Some  definitions  and 
constructions  have  been  suggested  by  the 
particular  cases  of  n=3  [9)  and  Lukasie- 
wicz and  lost  algebras  of  order  n ,[11], 
[13], [21, [10].  ■' 


2.  Ireliminaries 

V/e  recall  the  definitions  of  struc- 
tures and  some  properties  needed  for  the 
understanding  of  the  paper. 

A Kevtinm  alrebra  is  an  abstract  al- 
gebrarAT0*l7^r^“=*)  such  that  (A,0, 
i.  A,  v;  is  a lattice  with  zero  and  unit 
and  for  any  two  elements  x,y  there  is  a 
greatest  element  z=x-»»y  such  that 
X A z 6 y . 

It  is  well-known  that  the  system  (A,C, 
l,A,v)  in  a Heyting  algebra  is  a dis- 
tributive lattice  with  unit  l=x  — » x . 

The  elament  tx=x=>  0 is  called  the 
pseudo-complement  of  x . 

An  abstract  algebra  (A,0,1,  A , v , /v> ) 
is  said  to  be  a De  Morgan  algebra  or 
uasi-Boolean  algebra  tl) , C10,p.99] , if 
A, 0,1,  A,  v)  is  a distributive  lattice 
with  zero  0 and  unit  1 and  <v;  is  an  unary 
operation  on  A -called  the  be  i-. organ  ne- 
gation- satisfying  the  following  condi- 
tions 

= X ^(xvy)  =A^xAAjy 

We  assume  that  the  reader  is  familiar 
with  the  theory  of  Heyting  and  be  Morgan 
algebras. 
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By  a syra.’T^etrical  Heytinp  algebra  we 
will  mean  an  abstract  alpeora  ^A,0,1,A  , 
V,=»,<w)  where  (A,0,1,  A , V ,==^)  is 
a Heytinr  alrrebra  and  is  a De  Morgan 
negation  on  A . We  have  borrowed  this 
notion  from  [8].  In  particular,  if  (A,0, 
l,A,v,=^)  is  a Boolean  algebra  the 
notion  of  a symmetrical  Heyting  algebra 
is  similar  to  that  of  a symmetrical 
Boolean  algebra. 


3.  Definition  and  properties 


Let  (A, 0,1,  A,  v,=»,  «j)  be  a symme- 
trical Heytinp  algebra.  V,e  are  going  to 
consider  n-1  unary  operators  on  A (n  an 
integer  >2),  noted  S^,S2».  • • The 

properties  that  we  expect  them  to  have 
are  the  following 


- maps  are  (0,l)-lattice  homomor- 

phisms  from  A onto  the  sublattice  3(A) 
of  all  comiilemented  elements  of  A,  such 
that  S.S.x  = S.x  for  all  i,o=l,..., 

1 J d 

n-1 


- and  are  respectively  an  in- 


terior operator  and  a closure  operator 
on  A [10,00,115-116] 


- they  are  connected  with  operations 
and  'U  by  equations 

n-1 

3^(x==»y)  = ^ (Sj^x  ==»  Sj^v) 


S^'VJX 


This  situation  can  be  reflected  in  the 
following  definition.  In  the  formulation 
below,  the  characterization  given  in  ( 5] 
has  played  an  essential  role. 

3.1  An  abstract  algebra  (A, 0,1,  A,  v, 

, '^J  » • • • ^ ^ integer  ^2  , 

where  0,1  are  zero-argument  operations 
,xj  ,Sj^,. ..  are  one-argument  oper- 

ations and  A , v,=^  are  two-argument  op- 
erations is  said  to  be  a symmetrical 
'ey ting  algebra  of  order  n if 

1)  (A,0,1,  A , V ) is  a symme- 

trical Heyting  algebra, 

-<"i  '"or  evsTy  x,y€A  and  for  all  i,j  = l, 
. , . ,n-l  the  following  eouations  hold: 

' X A y)  - S^x  A S^y 


n-1 

k-i 


(35) 

S^X  v X = X 

(36) 

3 • <0  X = S„  .X 

1 n-1 

(37) 

S^x  VT  SjX  » 1 , 

with  1 X « X =♦  0 

It 

follows  from  the 

above  definition 

and  from  the  fact  that  the  class  of  all 
symmetrical  Heytinr  algebras  is  equa- 
tionally  definable  (8)  that  the  class  of 
all  symmetrical  Heyting  algebras  of  or- 
der n is  also  equationally  definable. 

.Ve  will  refer  to  a oH-algebra  A of 
order  n , for  short. 

These  structures  satisfy  some  addi- 
tional properties: 

3.2  In  every  SH-algebra  of  order  n the 
following  conditions  are  satisfied: 

(58)  S. 1 = 1 , S.O  = 0 for  all 

^ ^ i=l,...,n-l 

(59)  S.(xvy)  = S.xvS.y  for  all 

^ ^ ^ i=l,...,n-l 

(310)  If  S^x  = S^y  for  all  i=l,...,n-l 
then  X = y 

(determination  principle) 

(Sll)  S^x  ^ S2X  ^ . . . ^ S^_j^x 

The  proofs  of  (SIO)  and  (311)  can  be 
found  in  [51. 

5.5  J'or  all  i=l,...,n-l  let  S^(A)  be 

the  image  of  A under  3^  . We  can  show 

that  B(A)  = S^(A)  = ...  - ^n-1^^^  where 

B(A)  is  the  symmetrical  Boolean  algebra 
of  all  complemented  elements. 

Keeping  in  mind  the  aim  mentioned  in 
the  introduction  we  will  try  to  get  an- 
other equivalent  (but  not  equational) 
definition  where  the  only  binary  oper- 
ations on  A will  be  a and  v . 

3.^  A SH-algebra  of  order  n can  also  be 
defined  as  a system  (A,0,1 , A , V ,3,  «u ,3^^, 

...,S^_j^)  , n an  integer  ^ 2 , where  0,1 

are  zero-argument  operations,  G,  nj  ,3^^, . . . , 

are  one-argument  operations  and  A , 

V are  two-argument  operations  such  that 

(Tl)  (A, 0,1, A , V,rtj)  is  a De  Morgan  al- 
gebra , 

and  for  every  x,y€.A  and  for  all  i,j«l, 

. . . ,n-l  the  following  equations  hold: 

(T2)  S^(xAy)  = S^x  A Sj^y 
(T3)  S^x  A Cx  «■  0 , Sj^x  V Cx  = 1 

(T4)  S^SjX  - SjX 
(T5)  S^l  = 1 
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(T6)  S.  »«  X = -x 

1 n— 1 

(T7)  If  S^x  = S^y  for  all  i=l,..,,n-l 
then  X = y 

(T8)  Sj^x  S2X  jr  . . . Sj^_ j^x 


ization  of  the  prime  filters  in  A in 
terms  of  the  ultrafilters  in  B(A)  . 

4,5  Theorem  .If  1 is  a prime  filter  in 
a SH-alpebra  A of  order  n then  there  ex- 
ists an  unique  ultrafilter  i ' in  B(A)  and 
an  inteper  i=l,...,n-l  such  that  1 ' ^ i 


Kote  that  the  formulas  which  make  this 
equivalence  possible  are: 


Cx  = 1 Sj^x 

n-1 

» 7 = 7 V /\  (CS.x  V S.7) 

d=l  ^ ^ 


This  expression  of  the  and  prop- 
erties above  allow  us  to  prove  that  SH-al- 
gebras  of  order  n are  in  particular  lin- 
early ordered  Hey ting  algebras,  i.e.  that 

(x=»  y)v  (7=*  x)  = 1 

holds. 


4.  Homomorphisms 

The  notion  of  a homomorphism  from  one 
SH-ale-ebra  of  order  n to  a similar  one, 
is  defined  as  usual. 

In  a SH-alpebra  of  order  n ever7  ker- 
nel of  a homomorphism  is  a filter  but,  in 
general  maximal  kernels  are  not  prime 
filters. 

.^ince  oH-alpebras  of  order  n are  lin- 
early ordered  He7tins  algebras  we  can 
point  out  17]  that 

4.1  For  every  prime  filter  in  a SH-al- 
gebra  of  order  n , the  set  ofprime  fil- 
ters containing  it  is  linearly  ordered  by 
inclusion. 

V/e  are  going  to  investigate  some  of 
the  relationships  between  prime  filters 
in  a SH-algebra  A of  order  n and  ultra- 
filters  in  the  symmetrical  Boolean  al- 
gebra B(A)  , and  that  we  will  need  in 
the  next  section. 

4.2  If  P is  a prime  filter  in  a SH-al- 
gebra of  order  n then  P'  = PH  B(A)  is 
an  ultrafilter  in  B(A)  . 

4.5  If  U is  an  ultrafilter  in  the  sym- 
metrical Boolean  algebra  B(A)  then  for 
all  i=l,...,n-l  the  set  defined  by 


In  fact,  observe  that  by  4.2  , P'  = 

= i A B(A)  is  an  ultrafilter  in  the  sym- 
metrical Boolean  algebra  B(A)  and  by 

4.4,  1,' Cl  C p ' ^ . Let  i„  be  the  greatest 
’ 1 n-1  o 

integer  lii^i-n-l  satisfying  the  con- 
dition I^^cP  . If  iQ=  n-1  then  P = 
and  the  theorem  is  true.  If  i^ < n-1  we 
have  (1)  P^^c  P and  (2)  ^ 1 . 

w'e  will  prove  that  P-'  = P . Otherwise 

lo 

we  would  have  (5)  F-'c.P  and  by  (2),  4.5 
lo 

and  4.1,  (4)  PcP.'  , . Let  x,y  be  el- 

Xe 

ements  such  that  (5)  xti  , (6)  x ^ P| 
(?)  ye  , (8)  7 ^ P . 

Now  assume  J ^ Pq  • Using  (Sll)  and 
(6),  S^x^S^x  and  S^^x  P',  i.e. 

S.x  # P'  and  by  (T3)  ,“cs  .xC  P's  P . 

0 u 

Consequently,  US^.x  v S^ycP  . 

Suppose  i,-*-!^  j . By  (Sll)  and  (7), 

Sj  n7i'S.y  and  S.  ^nyeP'  so  S.ycP' 
i.+i  0 lo +x  3 

c p and  USjX  V S^y e P . 

Thus  for  every  j , GS -x  v s .y  e P . 

J U 

Hence 

n-1 

A (GS.xvS.y)er  and 
1=1  ^ ^ 


(9)  x=»  7 


7 V 


K 

1=1 


(CS  .X  v S.y)  e P 
J u 


Combining  (5)  and  (9)  we  get 
x,x  =>  7 fe  P . 

Since  filters  in  Heyting  algebras  sat- 
isfy the  Modus  Ponens  we  infer  that  yeP 
which  contradicts  (8)  . 

The  uniqueness  of  P'  follows  at  once 
from  4.5.  Thus  the  theorem  is  proved. 


5.  n-valued  SH-fields  of  sets 


a £ if  and  only  if  S^a  t U 

is  a prime  filter  in  A such  that 
U^A  B(A)  = U.  Moreover  U^g  U2  5 . . . 

4.4  If  P is  a prime  filter  in  a SH-al- 
gebra A of  order  n then  P'  = PAB(A)  is 
an  ultrafilter  in  B(A)  and 

The  next  statement  gives  a character- 


Let  A be  a SH-algebra  of  order  n and 
E the  family  of  all  prime  filters  in  A, 
ordered  by  inclusion. 

5.1  Since  A is  a De  Morgan  algebra  we 
Can  consider,  following  (l,p.260)  tha  map 
g:  E — ► E defined  by 

g(P)  = C^-vP 
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for  each  PfeE  , where  wP  = ^p:  <v^pfcP^ 
and  is  the  set-theoretical  conple- 

nent  in  A , 

jince  the  operations  3^: A — -A  , i=l, 

2,...,n-l  are  (0,l)-lattice  horaomor- 

phisms,  the  inverse  images  sT^  nap 

prime  filters  in  A into  prime  filters 
in  A . I'hus  we  can  also  define  n-1  maps 
f;^:E — » E , i=l,...,n-l  as  follov/s 

e^d)  = S7^(l)  ={xeA:  S^xcP} 

for  all  i=l,...,n-l  and  for  each  It  E . 

5.2  Eome  properties  of  these  maps  are 
listed  below: 

(1)  g = 

(2)  , for  i, 0=1,..., n-1 

(5)  E Si  = Sj,_i  B , for  i=l,...,n-l 
n-1 

(4)  £ = U g.(E) 

i=l 

(5)  If  P c.  Q for  P,QtE  then 
Bi(P)  = S^CQ) 

It  is  well-known  (l,p.260^  that  g is 
an  involution  of  E,  i.e.  a one-one 
mapoing  from  S onto  E such  that  g g(x)  = 
= X . for  all  xt  E . .The  properties  (2) 
and  (3)  are  consequences  of  the  axioms 
(S4)  and  (S6)  (definition  3.2)  respect- 
ively and  of  the  properties  of  the  in- 
verse image.  (^)  is  a consequence  of  the- 
orem ^.5,  because  PtS  is  equivalent  to 
the  existence  of  an  integer  i such  that 

P = P^  =(x:  S^xeP'i  = ST^(P')  = S"^(P)  = 

= g^CP)  . Finally  let  Pc  Q so  g^(P)c. 

& S^CQ)*  On  the  other  hand,  let  z £ 

Si(Q)  = ST^(Q)  . S^zc  0 , so  iS^z  ^ 

ft  0 and  in  particular  iS^x  ^ P . But 
1 = S^z  V T S^z  € F and  P is  a prime 
filter,  hence  S^ztP  and  z e gi(P)  . 

5.3  Let  T be  a non-empty  set  and  let 

»gn_l  be  n mappings  from  T 

into  T fulfilling  the  conditions  (1)- 
-(4)  of  5.2. 

Let  us  put  for  each  XsT 
(uX  ■ g(X) 

S.X  = g7^(X)  , for  all  i=l, 

^ ^ ... ,n-l 


Let  P(T)  be  the  set  of  all  subsets 
of  T . we  are  going  to  consider  the  sys- 
tem (P(T),0,T,A  , 0,0, 'W  ^ • 

5.4  The  operations  defined  above  fulfill 
the  properties  (T1)-(T7)  indicated  in 
the  definition  3.4  of  a SH-algebra  of  or- 
der n . 

(Tl)  has  been  shown  in  (l,p.259J.  (T2) 
follows  at  once  from  properties  of  the 
inverse  image;  (T3)  and  (T5)  follow  easi- 
ly. (T4)  is  a consequence  of  5.2(2).  l<ote 

that  gT^(C^X)  = Cjg"^(X)  and  g(C^)  = 

= C^g(X)  . By  5.2(3)  we  obtain  (T6)  . Fi- 
nally (T7)  is  a consequence  of  5.2(4)  . 

5.5  Let  7(T)  be  a non-empty  class  of 
subsets  of  T containing  T and  closed 
under  set-theoretical  union  and  inter- 
section as  well  as  under  the  operations 
C,  iw  ,S,  , . . . ,S  , defined  above.  Sum  ose 

that  Q(T)  satisfies  the  axiom  (T8)  of 
the  definition  3.^  of  a SH-algebra  of  or- 
der n . Thus  (Q(T)  ,0,X,  O , u ,G , aj  ,3^^ , . . . , 

is  an  example  of  a SH-algebra  of 

order  n , called  an  n-valued  SH-field  of 
subsets  of  T . Me  will  see  that  n-valued 
SH-fields  of  sets  are  typical  examples  of 
SH-algebras  of  order  n in  the  sense  indi- 
cated in  the  next  theorem. 

5.6  Representation  theorem.  Every  SH-al- 
gebra  of  order  n is  isomorphic  to  an  n- 
valued  SH-field  of  sets. 

Let  A be  a SH-algebra  of  order  n and 
let  E be  the  set  of  all  prime  filters. 

For  each  P 6 E we  define  g(P)  and 
g^(P)  as  in  5.1.  From  5.2  we  know  that 

the  mappings  g and  g^  , i=l,...,n-l 

satisfy  the  conditions  (l)-(4)  . 

For  every  X € E let  us  define  the  op- 
erations A>  ,Sj^  and  C as  in  5.3 

On  account  of  5.4  we  see  that  the  sys- 
tem (P(E),0,E,O  , U * . . . 2^) 

fulfills  the  axioms  (T1)-(T7)  of  the 
definition  3.4. 

Following  Stone  fl2]  , for  every  aeA 
we  consider  the  map  h:A  — • P(E)  as  fol- 
lows: h(a)  ={P«-E:  acP}.  It  is  well- 
known  tl,p.260)  that  h is  a homomor- 
phism from  the  De  Morgan  algebra  A into 
the  De  Morgan  algebra  (P(E) ,0,E, O , U, 
>0).  In  addition,  for  every  atA  , 
h(S^a)  ■ S^h(a)  follows  from  the  equiv- 
alences PC  S^h(a)  «=*  gj^(P)c  h(a) 

a£g^(P)  <=>s^ac.P<=>  P£h(S^a)  . 
Now  we  note  that  for  every  a £ A , 
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Gh(a)  = C^j^h(a)  * Cgh(Sj^a)  . By  (T5)  , 
Pfe  h(Ga)  Ga  fe  P <=♦  ^ P c=> 

«t=»  P ^ h(Sj^a)  Pfe  Ch(a)  . 

Since  h is  a one-one  mapping  we  have 
proved  that  A is  isomorphic  to  the  n- 
valued  SH-field  of  sets  ( {h(a)}  O , U , 

G,  AJ  . The  proof  of  the 

statement  5.6  is  now  complete. 


6.  Topological  representation 

In  lattice  theory,  the  set  of  all 
prime  filters  in  a distributive  lattice  L, 
ordered  by  inclusion,  does  not  charac- 
terize L,  in  spite  of  all  the  information 
that  it  gives  about  the  structure  L t3]. 
Here  we  have  a similar  situation.  The  or- 
dered set  of  prime  filters  E with  maps 
g,g, ,...,g  , as  defined  above,  does  not 

characterize'^the  SH-algebra  A of  order 
n . So  we  need  to  provide  K with  more 
structure. 

6.1  In  his  answer  to  the  same  problem 
for  distributive  lattices.  Stone  has  en- 
dowed the  set  of  all  prime  filters  in  a 
distributive  lattice  with  a particular 
tonology.  Thus  E becomes  a Stone  space. 

In  the  Stone  representation  theory  of 
distributive  lattices  there  is  a one-one 
correspondence  between  the  family  of  dis- 
tributive lattices  and  the  family  of 
Stone  spaces.  More  precisely,  each  dis- 
tributive lattice  L is  isomorphic  to 
the  family  L*  of  compact  open  sets  of  a 
Stone  space  S(L)  and  the  compact  open 
sets  X*  of  every  Stone  space  X form 
a ring  of  sets  such  that  B(X*)  is  homeo- 
morphic  to  X . 

The  situation  for  SH-algebras  is  de- 
scribed below. 

6.2  ’./e  adopt  the  following  notation.  If 
A is  a 3H-algebra  of  order  n , then  E is 
the  family  of  all  prime  filters  in  A and 
g,gj^, . . . ,g^_^  are  maps  from  E into  E 

defined  as  in  5.1.  Eor  each  at  A , a*  = 

= h(a)  = {PeE  : afel)  and  A*  = { a *“  ; 

a€A}.  The  maps  • • • .Sjj-l 

mine  the  operations  <v,G  and  , i=l, 
...,n-l  in  the  way  given  in  5.3.  We  have 
shown  that  A and  A*  are  isomorphic 
under  Stone's  correspondence  x t — - h(x)  = 

= X*  . 

since  the  maps  * * • »f^n-l 

fined  on  we  note  some  properties 
which  show  relations  between  these  maps 

and  sets  of  A * . 


6.5  v;e  get 


(6) 

Cj^(a*)  4 A*'  , for  all 

a'fe  A* 

(7) 

g7^(a*)e  A*  , for  all 

a‘t  A* 

(8) 

Cgg^^(a*)fc  A*  , for  all 

a*e  A* 

(9) 

(a  * ) ^ 02  (a** 

G^iiCa*) 

V/'e  form  a topological  space  by 

taking  A*  as  a subbase  for  a topology 
on  E . 

This  topological  space  with  maps  g,g^, 

...,gj^_^  as  in  5.1  will  be  said  to  be 

the  representation  space  of  A and  will 
be  denoted  by  (S(A)  ,g,g^, . . . . 

A Stone  space  for  a distributive  lat- 
tice with  zero  and  unit  has  been  charac- 
terized (up  to  homomorphism)  by  stone  as 
a topological  space  3 satisfying  the 
following  conditions  (12], [9], (3)  : 

(Rl)  3 is  a compact  T^-space  in  which 

the  family  of  compact  open  sets 
forms  a base  for  the  open  sets. 

(R2)  If  P is  a closed  set  in  S , and 
, kcKj  is  a family  of  compact 

open  sets  of  S , closed  under  fi- 
nite intersection  and  such  that 
P 0 for  all  k fe  K , then 

: kfeK)  O P ^ 0 . 

(R3)  The  intersection  of  two  compact 
open  sets  is  compact , 

The  representation  space  (S(A),g,g^, 
...,gjj_j^)  of  a SH-algebra  A of  order  n 
satisfies  the  following  conditions; 

(1)  3(A)  is  a Stone  space 

(2)  The  maps  • • • »Cu_i  from  S(A) 

into  S(A)  fulfill  the  conditions 
(l)-(4)  Of  5.2 

(3)  The  family  A*  of  a compact  open 
sets  of  S(A)  satisfies  the  condi- 
tions (6)-(9)  of  6,3 

V.'e  will  close  our  claims  with  a char- 
acterization of  the  representation  space 
of  a SH-algebra  of  order  n . Pirst  a 
definition. 

6.4  A SH-space  of  order  n is  a system 
• • • tEn-l^  where  X is  a Stone 

space  and  » • • • are  n functions 

from  X into  X fulfilling  the  condi- 
tions (l)-(4)  of  5.2  and  the  conditions 

(6)-(9)  of  6.3  , where  A*  is  the  family 
of  all  compact  open  sets  of  X . 
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De  Morgan  Algebras  - Completeness  and  Recursion 


Louis  H.  Kauffman 


University  of  Illinois  at  Chicago  Circle 


An  elementary  proof  is  given  of  a com- 
pleteness theorem  for  De  Morgan  Algebras. 
The  proof  involves  a construction  that 
associates  to  a De  Morgan  algebra  B,  a 
new  De  Morgan  algebra  The  construc- 

tion of  $ bears  a close  analogy  to  the 
construction  of  the  complex  numbers  from 
the  real  numbers.  Similarly,  De  Morgan 
algebras  may  be  constructed  from  Boolean 
algebras.  Relationships  with  recursion 
and  periodic  sequences  are  discussed. 


1.  Introduction 


Interest  because  it  is  quite  elementary, 
and  it  is  a generalization  of  a corres- 
ponding argument  for  Boolean  algebras.  De 
Morgan  algebras  grow  out  of  Boolean  alge- 
bras . 

In  section  2 we  define  De  Morgan  Al- 
gebras and  give  a construction  that  asso- 
ciates to  a De  Morgan  algebra  B a new 
De  Morgan  algebra  B.  The  construction 
of  B bears  a close  analogy  to  the  con- 
struction of  the  complex  numbers  from  the 
real  numbers.  With  the  aid  of  this  con- 
struction, the  completeness  result  (Theo- 
rem 2.5)  is  proved.  In  section  3 we  show 
how  B is  related  to  recursion  in  B. 
Section  4 outlines  the  construction  of  an 
algebra  of  periodic  sequences,  and  deline- 
ates directions  for  further  investigation. 


A De  Morgan  algebra  is  an  algebra  that 
satisfies  most  of  the  properties  of  a Boo- 
lean algebra  except  for  the  law  of  the  ex- 
cluded middle,  expressed  as  x + x'  = 1 
or  xx'  = 0 in  the  usual  Boolean  nota- 
tion. These  algebras  have  been  studied  by 
various  authors  (see  [ 1] , [2] , [5] ) . The 
purpose  of  this  paper  is  to  give  an  ele- 
mentary proof  of  a completeness  theorem 
for  De  Morgan  algebras,  and  to  Indicate 
some  interesting  examples  of  these  alge- 
bras . 

The  completeness  theorem  that  we  prove 
may  be  deduced  at  once  from  deeper  re- 
sults about  the  structure  of  De  Morgan  al- 
gebras (see  Remark  2.10).  Nevertheless,  I 
believe  that  the  proof  given  here  is  of 


2.  The  Completeness  Theorem 

It  is  possible  to  choose  a very  con- 
cise set  of  axioms  for  the  algebras  we 
shall  study.  I shall  give  a longer  list, 
and  thereby  avoid  extremely  detailed  de- 
monstrations . 

Definition  2.1.  A ^ Morgan  algebra  B 
is  a set  B together  with  a unary  opera- 
tion a a'  (inversion),  and  two  binary 

operations  a,b  a+b,  a,b  •->  ab  that 
satisfy  the  following  axioms: 

(i)  The  binary  operations  are  each 
commutative  and  associative. 

(li)  (a' ) ' = a,  aa  = a,  a+a  = a for 
all  a € B. 
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(ill)  (a+b)'  = a'b',  (ab)'  = a'+b' 
for  all  a,b  6 B. 

(iv)  There  exist  elements  0,1  6 B 
such  that  aO  = 0,  a+0  = a,  al  = a, 
a+1  = 1 for  all  a € B. 

(v)  a(b+c)  = (ab)+(ac),  a+(bc)  = 
{a+b)(a+c)  for  all  a,b,c  6 B. 

A Boolean  algebra  is  a De  Morgan  algebra 
that  satisfies  the  axioms  above  plus 

(vi)  a+a*  = 1 and  aa'  = 0 for 
all  a € B. 

Definition  2.2.  Let  B be  a De  Morgan 

A 

algebra  and  let  B = BxB.  Thus 
§ = {(a,b)la,b  € BJ.  Define  operations 

A 

in  B as  follows : 

(a,b)(c,d)  = (ac,bd),  (a,b)+(c,d)  = 
(a+c,b+d) 

(a,b)'  = (b',a'),  0=  (0,0),  ±=  (1,1), 
2 = (1,0),^=  (0,1)  for  a,b,c,d  € B. 

With  these  definitions,  it  is  easy  to  see 
that  B becomes  a De  Morgan  algebra. 

Note  that  and  . Hence,  if 

B is  a non-trivial  (O  / l)  Boolean  al- 
gebra, then  ^ is  a De  Morgan  algebra 
that  is  not  Boolean. 

If  V = (0,1)  is  the  smallest  non- 
trivial Boolean  algebra,  then  V = 
is  a small  De  Morgan  algebra.  Note  that 
and  . 

If,  for  a,b,c  € B,  we  adopt  the  con- 
vention a(b,c)  = (ab,ac),  then  we  may 
identify  a € B with  (a, a)  € B.  In 
other  words,  the  diagonal  map  A:B 
defined  by  A(a)  = (a, a),  is  a De  Morgan 
algebra  homomorphism  that  exhibits  B as 
a subalgebra  of  Every  element  of  'S 

is  of  the  form  a£  + for  a,b  € B. 

Definition  2 .3 « Let  S be  any  set.  The 
free  De  Morgan  algebra  on  S,  denoted 
B(S),  Is  obtained  as  follows:  The  primi- 
tive expressions  in  B(S)  are  0,1  and 
elements  s € S.  Let  E(S)  denote  the 
set  of  expressions  defined  by  the  follow- 
ing rules : 


(i)  Primitive  expressions  are  in 
E(S).  That  is,  0,1  € E(S)  and 

S c E(S) . 

(ii)  If  x,y  € E(S),  then  x',  x+y,  and 
xy  belong  to  E(S) . 

Let  = denote  the  equivalence  relation  on 
E(S)  that  is  generated  by  the  axioms 
(l)  -•  (v)  of  Definition  2.1.  Let 
B(S)  = E(S)/=  . It  is  easy  to  verify  that 
B(S)  is  a De  Morgan  algebra  with  opera- 
tions inherited  from  the  formal  operations 
of  rule  ( ii) . 

Definition  2.4.  A homomorphism  ^ :B  -•  C 
of  De  Morgan  algebras  B and  C is  a set- 
mapping such  that  0(xy)  = ^(x)^(y), 

0(x+y)  = tf(x)  + 0(y)  and  ^(x')  = 0(x)' 
for  all  x,y  € B. 

As  usual,  a homomorphism  from  a free 
algebra  B(S),  ^:B(S)  -•  C,  is  determined 
uniquely  by  its  values  ^(s)  for  s € S. 

We  are  now  prepared  to  state  the  com- 
pleteness theorem. 

Theorem  2.5.  Let  V = be  the 

four  element  De  Morgan  algebra  described 
after  Definition  2.2.  Let  B(S)  be  a 
free  De  Morgan  algebra  on  a set  S.  Then 
for  a,p  € E(S),  a = B if  and  only  if 
^(a)  = ^(b)  for  every  homomorphism 
# :B(S)  - ^ . 

In  other  words,  an  equality  a = B is 
a consequence  of  the  axioms  for  a De  Morgan 
algebra  if  and  only  if  it  is  true  about  the 

A 

model  V. 

In  order  to  prove  Theorem  2.5  we  shall 
need  some  preliminary  lemmas. 

Lemma  2 .6 . Let  f(x)  € E(S)  be  an  expres- 
sion Involving  X € S.  Then  f(x)  » 

Ax  + Bx'  + Cxx'  + D where  A,B,C,D  are 
expressions  that  do  not  contain  the  element 

X . 

The  proof  of  this  lenuna  proceeds  Just 
as  in  ordinary  Boolean  algebra,  and  will 
therefore  be  omitted. 
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Lemma  2.7.  The  following  equivalence  holds 
in  E(S): 

( Ax  + Bx ' + Cxx ')'  = A'x  + B'x*  + xx'  + 
A'B'C  . 

Proof : ( Ax  + Bx ' + Cxx ' / 

= (Ax) ' (BxO * (Cxx' ) ' 

= (A'  + x')(B'  + x")(C»  + (xx')') 

= (a'  + x')(B'  + x)(C'  + x'  + x) 

= (A'B'  + A'x  + B'x'  + x'x)(C'  + x'  + x) 

= A'B'C  + (A'C  + A'B*  + A')x 
+ (B'C  + A'B'  + B')x' 

+ (A'  + B'  + C + 1 + l)xx' 

= A'B'C  + A'(C'  + B»  + l)x 
+ B'(C'  + A'  + l)x'  + xx' 

= A'B'C  + A'x  + B'x'  + XX ' 

This  completes  the  proof  of  the  lemma. 

For  the  next  lemma,  we  shall  proceed 
informally,  regarding  f(x)  as  a function 
of  X,  and  evaluating  f(o),  f(X),  f(i), 
fii.).  This  can  all  be  made  more  precise 
in  terms  of  homomorphisms , but  only  at 
some  loss  in  clarity. 

Lemma  2 .8.  Let  f(x)  = Ax  + Bx'  + Cxx'  + D 
be  an  element  of  E(s)  as  described  in 
Lemma  2 .6 . Then 
f(0)  = B + D 
f(a.)  = A + D 

(f(2)  +i  )(f(i.)  +^)  = D 
f(i)  + f(^)  =A+B+C+D. 

A 

Here  equality  means  as  functions  on  V. 

Proof;  Certainly  f(0)  = B + D and 
f(l)  = A + D.  Now 

f(«)  = (A  + B + C)/  + D (since i'=2),  and 

f‘(i')  = (a  + B + C)^+  D.  Hence 

f(2)  +t  = (A  + B + C + 1)^*  + D = / + D, 

and 

T(i')  +1^=^+  Therefore 

(f(/)  +/)(f(i-)  +i^)  = (A  D)(^+  D) 

= / / + 2 D + + D 

= 0 + (/+/*)D  + D 
= D + D = D. 

Finally,  f(i)  4 f(p)  = {A  + B + C)(r+f)+  D 

= A4B4C4D. 

This  completes  the  proof  of  the  lemma. 


Proof  of  Theorem  2.5 . Let  a,p  € E(S). 

By  Lemma  2.6  we  may  assume  that  a = Ax 
4 Bx'  4 Cxx'  4 D and  that  B = Ax  4 
4 Sx'  4 Cxx*  4 D where  A,B,C,D  and 
A,B,C,5  are  expressions  that  do  not  con- 
tain X.  The  proof  will  proceed  by  in- 
duction on  the  total  number  N of  vari- 
ables (elements  of  S)  that  occur  in  the 
two  expressions.  If  N=0,  then  a = D 
and  3 = C where  D and  D are  equal 
to  0 or  1.  Since  0^1  in  a free 
De  Morgan  algebra,  the  theorem  is  trivial 
for  the  case  N=0.  If  N > 0,  then  either 
a or  3 contains  a variable  x and  we 
may  use  the  equivalence  indicated  above. 

Thus  we  may  assume  by  induction  (using 
Lemma  2.8)  that  the  following  equivalences 
hold  in  E(S) : 

B 4 D = B 4 D 
A 4 D = A 4 D 
D = D 

A4B4C4D  = A4S4C4D 

We  now  use  (*)  to  show  that  a = 3 in 
E(S). 

a = Ax  4 Bx'  4 Cxx'  4 D 

= (a'x  4 B'x'  4 xx'  4 A'B'C')'  4 D, 
by  (2.7) 

= (A'x)'(B'x')'(xx')'(A'B'C')'  4 D 
= ((A'x)'  4 D)((B'x')'  4 D)((xx')'  4 D) 
((A'B'C)'  4 D) 

= ((a  4 D)  4 x')((B  4 D)  4 x)((xx')' 

4 D)(A  4 B 4 C 4 D) 

Now  make  the  substitutions  indicated  by 
(4),  reverse  steps,  and  conclude  that 
0=3-  This  completes  the  induction  step 
aJid  the  proof  of  the  theorem. 

Note  that  Theorem  2 .5  has  the  follow- 
ing corollary: 

Corollary  2 .9 . Let  B(S)  be  a free  De 
Morgan  algebra.  Then  B(S)  is  isomorphic 
to  a sub-algebra  of  a product  of  copies  of 
the  four  element  algebra  V = 

Proof;  Let  f = (0:B(S)  -*71^  is  a 
homomorphism].  Let  be  a copy  of  V 
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indexed  by  an  element  of  #,  and  let 

^ ^ Define  F : B(S)  -•  V by 

0ej  ® 

F(a)  = n #(a)  where  0 : B(S)  -•  V . Then 

0€»  ^ 

by  2.5  F(a)  = F(p)  if  and  only  if  a=g . 
Hence  F in.lects  B(S)  as  a subalgebra 
of  V- 

Remark  2.10.  In  fact.  Corollary  2.9  is 
true  for  arbitrary  De  Morgan  algebras . 

This  deeper  result  may  be  found  in  [2]  or 

[5]. 

_2-  Recursion  and  Fixed  Points 

The  construction  leading  from  a 
Boolean  algebra  B to  its  corresponding 
De  Morgan  algebra  B is  closely  related 
to  the  structure  of  recursion  in  the  given 
Boolean  algebra. 

Let  T : B -•  B be  a mapping  of  the 
form  T(x)  = ax  + bx*  where  a,b  6 B.  T 
has  period  two;  in  fact 

T^(x)  = T(t(x))  = (a  + b)x  + abx' 

T^(x)  = ax  + bx'  = T(x) 

• • • 

t’^^(x)  = T^(x). 

Hence  there  may  be  no  element  X € B such 
that  T(X)  = X.  However,  B does  contain 
such  fixed  points.  For  example,  if 
T(x)  = x',  then  x = x'  has  no  solutions 

in  the  Boolean  algebra  B,  but  is  satis- 

• • 

fied  by  7 and  ^ in  B. 

Proposition  3.1-  Let  B be  a Boolean  al- 
gebra, and  let  T : B -•  B be  the  mapping 

A ^ 

described  above.  Let  j : B -•  B be  the 
corresponding  mapping  on  B.  Then  there 
exist  elements  X of  B such  that 
j(X)  = X.  In  particular,  we  may  take 
X = (T(x),  T^(x))  or  X = (T^(x),  T(x)) 
for  any  x € B. 

Proof:  The  following  identities  in  B 
are  easily  verified: 


T(x)  = aT(x)  + bT^(x)',  T^(x)  = aT^{x) 

+ bT(x) ' . 

Let  X = (T(x),  T^(x)).  Then 
J(X)  = aX  + bX' 

= a(T(x),  T^(x))  + b(T^(x)',  T(x)') 

= (aT(x)  + bT^(x)',  aT^(x)  + bT(x)') 

= (T(x),  T^Cx)) 

= X . 

/\ 

Thus  the  algebraic  structure  of  B re- 
flects the  properties  of  period  two  sequen- 
ces recursively  generated  from  B.  The 
next  section  describes  a more  general  De 
Morgan  algebra  of  sequences. 

4.  Sequence  Models 

Corresponding  to  a De  Morgan  algebra  B 
let  8(B)  denote  the  set  of  all  sequences 
of  elements  of  B with  an  assigned  even 
period  (possibly  of  period  0).  That  is 
g(B)  consists  of  sequences  b = (b^J  such 

that  n ranges  over  the  integers  and 
b^p  = b^  for  all  n,  where  p = p(b)  is 

an  even  non-negative  integer  associated 
with  the  sequence. 

8(B)  has  the  structure  of  an  algebra 
as  follows : 

(i)  (ab)  =(ab),  (a+b)  =a  +b 
and  p(ab)  = p(a  + b)  = lcm(p(a),  p(b)) 

if  p(a)  0 
and  p(b)  4 0, 

0 otherwise. 

Here  the  symbol  1cm  denotes  least 
common  multiple. 

(ii)  (a')j^  = (ajj_j^)'  where  k = p(a)/2, 
p(a')  = p(a). 

Note  that  in  the  sequence  algebra,  inver- 
sion is  obtained  by  ordinary  inversion 
plus  a half-period  shift.  The  sub-algebra 
of  period  two  sequences  in  »(B)  is  iso- 
morphic to  B.  As  it  stands,  the  sequence 
algebra  is  not  a De  Morgan  algebra. 
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Axioms  (l),  (li),  (lii),  and  (v)  are  satis- 
fied but  there  is  no  available  choice  for 
0 or  1.  If  *(B)p  denotes  the  sub- 
algebra of  sequences  of  period  p then 
we  may  take  Op  and  Ip  to  be  the  cons- 
tant sequences  of  zeroes  and  ones  respect- 
ively, with  assigned  period  p.  This  gives 
g(B)p  the  structure  of  a De  Morgan  alge- 
bra for  each  p.  We  could  force  S(B)  in- 
to the  mold  by  taking  a quotient  construc- 
tion, but  I believe  it  is  more  interest- 
ing to  leave  it  as  it  stands.  Our  rules 
for  combining  sequences  of  different 
periods  provide  a simple  model  of  inter- 
ference phenomena  that  bears  Investigation 
on  its  own  grounds . 

We  may  regard  s(b)  as  a set  of  peri- 
odic oscillations.  In  this  regard  it  is 
Interesting  to  compare  our  ideas  with  the 
suggestions  of  G.  Spencer  Brown  in  his 
book  Laws  of  Form  ([^]).  Spencer  Brown 
suggests  that  an  element  X satisfying 
X'  = X might  be  seen  as  an  oscillation 
(if  its  0,  then  its  1,  then  its  0,  then 
its  1,  ...).  Taking  this  literally,  we 
might  form 

i ; • •• 

... 

In  each  case,  the  spatial  sense  in  which 
Z-2  and  ip  involves  ordinary  in- 

version plus  a left-right  shift.  VJith  Z 
and  ^ synchronized  (and  note  that  here 
the  synchronization  has  become  the  spatial 
relationship  of  the  two  sequences)  as 
above,  we  have  /JL.  = 0.  This  is  the  moti- 
vation for  our  construction  of  g(B),  and 
also  for  the  construction  B >4  B of  sec- 
tion 2. 

There  are  many  connections  between  our 
discussion  and  Brown's  work.  These  will 
be  explored  in  another  paper.  I would 
like  to  remark  here  that  it  is  striking 
that  once  one  lifts  the  law  of  the  exclu- 
ded middle  from  Boolean  algebra,  there  is 
opened  up  the  possibility  of  infinite 
models  Involving  simple  analogs  of  wave- 


forms and  interference  phenomena.  This 
temporal,  musical  aspect  is  precisely 
what  is  prohibited  by  the  stark  all  or 
nothing  of  two-valued  logic.  When  we  drop 
these  restrictions,  the  result  is  not 
fuzziness  and  ambiguity,  but  the  precise 
emergence  of  patterned  forms,  spatial  and 
temporal. 
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ABSTRACT 

In  this  paper  we  are  concerned  with  the  study 
of  compactification  and  enumeration  of  fuzzy 
switching  functions.  We  use  compactness  in  the 
sense  of  achieving  a greater  degree  of  simplifi- 
cation in  the  mode  of  representation  of  these 
functions,  similarly  to  the  way  used  in  Zadeh 
(1976) . 

Novel  techniques  for  the  enumeration  of  fuzzy 
switching  functions  are  discussed.  The  approach 
described  in  this  paper  provides  a framework  for 
solving  the  enumeration  problem  through  the  use 
of  combinatorial  arguments. 


2.  ELEMENTARY  PROPERTIES  OF  FUZZY  ALGEBRA 

Let  X = (x)  denote  a space  of  objects.  Then 
a fuzzy  set  A in  X is  a set  of  ordered  pairs 
A = {(x,vi^(x))}  ,xeX  where  Uy^(x)  is  termed  the 

grade  membership  of  x in  A.  We  shall  assume  for 
simplicity  that  P^(x)  is  a number  in  the  interval 

[0,1],  with  the  grades  1 and  0 representing  re- 
spectively, full  membership  and  nonmembership  in  a 
fuzzy  set. 

Definition  1:  A fuzzy  algebra  is  the  system 
F = <Z, +,*,->  where  F has  at  least  two  distinct 
elements,  and  Vx,y,Z£Z,  system  F satisfies  the 
following  set  of  axioms: 

(1)  Idempotency;  x+x=x  x*x=x 

(2)  Commutativity;  x+y=y+x  x*y=y*x 

(3)  Associativity:  (x+y) +z=x+ (y+z) 

(x*y) *z=x*(y*z) 

(4)  Absorption:  x+(x*y)=x  x*(x+y)=x 

(5)  Distributivity : x+(y*z)=(x+y) *(x+z) 

x*(y+z)=x*y+x*z 

(6)  Complement:  If  xeZ  then  there  is  a unique 

complement  x of  x such  that 

xtZ  and  x=x. 

(7)  Identities:  (3!e^}(Vx)  such  that  x+e^=e^+x=x 

(3!e*)(Vx)  such  that  x*e„=e„*x=x 

(8)  De-Morgan  Laws;  x+y=x*y  x*y=x+y 

The  system  is  a distributive  lattice  with 
existence  of  unique  identities  under  + and  *. 

It  is  noted  that  a Boolean  algebra  is  a comple- 
mented distributive  lattice  with  existence  of 
unique  identities  under  X and  *.  However,  for 
every  element  x in  Boolean  algebra  there  exists 
a unique  complement,  x,  such  that  xx  = 0 and 
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x+x=l,  which  is  not  so  in  fuzzy  algebra.  Hence, 
every  Boolean  algebra  is  a fuzzy  algebra,  but  not 
vice  versa. 

In  this  case  we  will  use  a particular  fuzzy 
algebra  defined  by  the  system 

F = <[0,l],-^,*,->, 

where  +,*,  and  - are  interpreted  as  Max,  min  and 
complement  (x  = 1-x,  Vx,  x e[0,l]),  respectively. 
The  unique  identities  e and  e,  are  0 and  1, 
respectively. 

Let  A and  B be  two  fuzzy  sets  in  X.  The 
following  terminology  parallels  closely  the  pres- 
entation of  fuzzy  sets  by  Zadeh  [1965]. 

Equality  (A=B)  is  defined  by 

A = B -H->-  u^(x)  = iJg(x),  VxcX. 

Fuzzy  set  A is  contained  in  B (AcB)  if 

u.fx)  < u-fx).  VxeX.  a fuzzy  set  A is  the  comple- 
A — B 

ment  of  a fuzzy  set  A if  Pjy(x)  - l-P^^(x)  , VxeX. 

The  union  of  two  fuzzy  sets  A and  B in  X is  de- 
fined as  the  membership  function  of  A+B  given  by 

‘'a+B*'^^  = MaxIu^Cx),  lip(x)]. 

The  intersection  of  A and  B in  X,  denoted  by  A*B 
is  defined  similarly  by 

Pa*b^^^  = rain|Mj^(x) , lig(x)  ] . 

In  the  sequel,  the  term  "fuzzy  v.iriablc"  will 
replace  the  term  membership  grade  of  a variable  in 
a set.  Conventionally  we  shall  drop  the  * symbol, 
i.e.,  x*y  will  be  written  as  xy. 

We  can  now  define  fuzzy  forms,  generated  by 

X X , recursively  as  follows: 

I n 

a)  The  numbers  0 and  1 are  fuzzy  forms. 

b)  A fuzzy  variable  x^  is  a fuzzy  form. 

c)  If  A is  a fuzzy  form,  then  A is  a fuzzy  form. 

d)  If  A and  B are  fuzzy  forms,  then  A+B  and  AB 
are  fuzzy  forms. 

e)  The  only  fuzzy  forms  are  those  given  by  rules 
(a)  through  (d) . 

As  in  two  valued  logic,  we  shall  merge  the 
concepts  of  fuzzy  functions  and  fuzzy  forms,  to  an 
extent,  by  representing  the  mapping  by  fuzzy  forms 
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3.  FUZZY  UTTICES 


proof  demonstrates  that  for  b ^ 0,  ab  = a.  Since 
a^O,  abi^O,  soa  = b.  Therefore,  any  other 
atom  possible  turns  out  to  be  the  same  atom. 


A lattice  L is  defined  to  be  a partially  or- 
dered set  with  the  property  that  every  two  ele- 
ments of  the  poset  have  a greatest  lower  bound 
(gib)  and  a least  upper  bound  (lub) . (The  gib  and 
the  lub  of  any  two  elements  may  be  found  by  taking 
the  intersection  and  the  union,  respectively,  of 
the  two  elements.)  The  poset  is  usually  repre- 
sented diagramatical ly  for  simple  posets  by  placing 
the  elements  of  the  set  at  the  vertices  of  a graph; 
lines  between  the  vertices  connect  two  elements  to 
their  gib  and  their  lub. 

An  atom  of  a lattice  is  any  element  of  that 
lattice  which  "covers"  (>-)  the  minimal  element (s) 
of  the  lattice  --  i.e.,  there  is  no  element  be- 
tween the  minimal  element  and  any  atom.  More  pre- 
cisely, let  a be  an  element  of  L.  Then  a is  an 
atom  iff  a 0 and  for  all  elements  x of  L,  either 
ax  = 0 or  ax  = a.  In  other  words,  the  minimum  of 
an  atom  and  any  other  element  of  the  lattice  must 
be  either  that  atom  or  else  zero. 

The  lattice  representing  a fuzzy  function  of 
n variables  may  be  constructed  in  a manner  similar 
to  that  used  in  constructing  a Boolean  lattice, 
although  the  process  is  much  more  tedious  because 
the  number  of  vertices  increase  at  a much  greater 
rate. 

From  combinatoric  arguments  it  has  been  shown 

4" 

[Kandel , 1974] , that  there  are  2 possible  fuzzy 
functions  of  n variables.  However,  most  of  these 
are  simply  non-minimized  forms  of  a relatively  few 
number  of  unique  fuzzy  functions.  The  problem  can 
be  appreciated  best  by  considering  the  number  of 
functions  of  two  variables  that  exist;  for  Boolean 

2^ 

functions  there  are  2 , or  16;  for  fuzzy  functions 

4^ 

though,  there  are  2 , or  65,536.  It  is  obviously 

impossible  to  enumerate  them  by  hand,  which  in 
the  case  of  Boolean  functions  is  quite  reasonable 
for  small  n.  We  will  return  to  the  problem  of  the 
number  of  fuzzy  functions  shortly. 

Proposition:  The  unique  atom  of  the  lattice  rep- 
resenting all  fuzzy  functions  of  n variables  is 

the  minterm  x,x,x-x,...x  x . 

112  2 n n 

Proof : We  will  first  show  that  the  minterm 

x, X, XtX_. . . X X is  indeed  an  atom.  By  the  defini- 
1 1 2 2 n n ' 

tion  of  the  atom,  for  all  other  elements  a of  the 

fuzzy  lattice,  ax,x,...x  x must  be  either  0 or 
' ’ll  n n 

the  atom  itself.  Obviously  if  a=0,  then  the  prod- 
uct will  be  0;  if  a is  non- zero,  then  the  product 

must  be  the  term  x,x,...x  x again  by  the  rules  of 
11  n n * ' 

minimum  and  maximum  (alternatively,  x,x,...x  x 

'11  n n 

must  contain  all  the  factors  of  a;  therefore, 
their  product  will  be  the  atom  itself). 

To  show  the  uniqueness  of  this  atom,  consider 
the  following  consequence  of  the  basic  definition 
of  an  atom  of  a lattice;  if  a and  b are  atoms, 
then  if  ab  / 0,  a = b.  We  have  shown  that  there 
exists  at  least  one  atom;  let  it  be  a.  The  above 


From  the  uniqueness  of  this  atom  we  can  con- 
clude that  the  diagram  of  the  lattice  for  fuzzy 
functions  of  n variables  has  the  above  fundamental 
phrase  directly  above  (distance  1 from)  the  "bot- 
tom" of  the  graph  (zero). 

The  lattices  for  fuzzy  functions  with  n = 0 
and  n = 1 are  shown  below. 

t 1 

! 1 

I 


1 0 

n=0 

' 0 

n=l 

The  size  of  the  lattice  - the  number  of  ver- 
tices which  it  has  - is  a direct  measurement  of 
the  number  of  fuzzy  functions  of  n variables  that 
exist.  Before  being  able  to  specify  the  lattice 
for  a generalized  case  (instead  of  the  specific 
cases  given  above),  it  will  be  necessary  to  deter- 
mine exactly  how  many  unique  fuzzy  switching  func- 
tions there  are. 

4.  MINIMIZATION  AND  ENUMERATION 


Theorem  1 : Let  P be  a phrase  of  fuzzy  literals 

from  the  set  (x. )?  , . A disjunction  a of  any 

variable  x^^  and  its  complements  Xj^,  l^k^n,  can  be 

appended  to  P without  affecting  the  general  value 
of  the  phrase  iff  there  exists  a variable  x^  and 

its  complement  x.  in  P,  for  some  i,  l^ij^n. 

Proof;  (a)  Assume  x.  and  x.  in  P.  (P=ax.Bx.Y, 
1 1 11 

where  a,  6,  and  y are  conjunctions  of  literals 
from  the  set  Obviously,  0.5  and 

thus  P^O.5.  However,  o^0.5  and  therefore  the  "if" 
part  is  proved. 

(b)  Assume  that  x.x.  for  some  i,  l<i<n  is 

not  in  P.  Then  assign  grades  of  membership  larger 
than  0.5  to  all  literals  of  P.  Clearly  P ^ 0.5. 

Q.E.D. 

Similarly,  we  can  prove  the  dual  theorem. 

Theorem  2 : Let  C be  a clause  of  fuzzy  literals 

from  the  set  {xj}?_j.  A conjunction  6 of  any 

variable  Xj^  and  its  complement  Xj^,  can  be 

appended  to  C without  affecting  the  general  value 
of  the  clause  iff  there  exists  a variable  x^  and 
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its  complement  in  C,  for  some  i,  l£i^n. 

In  general  if  F is  a conjunction  of  formulas 
it  can  take  a value  ^0.5  if  certain  conditions  are 
satisfied.  Clearly,  if  F is  of  the  form 

F = [I.x.x.y  IB,  l<j<n  when  0 and  {y . , are 

1 3 j r --  3 3=1 

formulas  in  {x. , then  F<0.5.  This  is  a triv- 

ial  case  where  one  formula  in  the  conjunction  is 
_<0.5  and  thus  F is  ^0.5.  A more  general  case  can 
be  proven  as  follows. 

Theorem  3:  Let  the  set  {F.j'f  , be  a set  of  fuzzy 

formulas  over  x,,x„,...,x  , and  let  F be  a con- 
12  ’ n 

junction  of  formulas  from  this  set.  A disjunction 
Fj.  of  any  formula  F|_  and  its  complement  Fj,,  can 

be  appended  to  or  deleted  from  the  conjunction 
representing  F,  without  affecting  the  value  of  F, 

if  there  exists  functions  F and  FT  in  the  con- 

s t 

junction  representing  F such  that  F is  subsumed 
by  F^..  ® 

Proof : Let  F^  and  F^  be  in  the  conjunction  repre- 
senting F such  that  F^  is  subsumed  by  F^ . Then 

F FT  <0.5  since 
s t — 


F F^ 
s t 


F =F  + F + F >0.5.Q.F..D. 
t s t t — ^ 


Theorem  4:  Let  the  set  {FT}.  , be  a set  of  fuzzy 

3 3 = 1 

formulas  over  x^ , X2, • • ■ , x^,  and  let  F be  a dis- 
junction of  formulas  from  this  set. 

A conjunction  F^  of  any  formula  F^  and  its 

complement  F^,  can  be  appended  to  or  deleted  from 

the  disjunction  representing  F,  without  affecting 

the  value  of  F,  if  there  exist  functions  F.  and 

1 

Fj  in  the  disjunction  representing  F such  that  F^ 
is  subsumed  by  F^ . 

Proof:  F.  + F,  > 0.5  since  F.  + F,  = FT  + F,  + F,  . 

Q.F.n. 

It  should  be  noted  that  these  formulas  can  be 
generated  by  combining  several  subformulas  under 
the  rules  of  fuzzy  algebra.  Thus  the  sets 

^*^3^j"l  compositions  or  decompositions  of  a 

variety  of  fuzzy  forms. 

Example  1 : f(Xj,X2)  = x^x^  + x^x,.  The  terms 
XjX^  and  x^x^  are  obviously  fuzzy  prime  irapli- 
cants  of  f(Xj,X2).  The  consensus  as  originally 
defined  will  produce  XjX2'l'XjX2  = 0.  However,  the 
term  XjXj  can  be  added  to  f(Xj,X2)  without  chang- 
ing the  function  and  it  subsumes  no  other  fuzzy 
implicant  of  f(Xj,X2).  Hence 

f(Xj,X2)  = x,X2  ^ x,i2  - 

where  this  is  the  fuzzy  prime  implicant  represen- 
tative of  the  function.  Clearly, 


and  ” XjX^+XjX,.  Namely,  x^x^  is  not 

an  essential  fuzzy  prime  implicant. 

Definition  2:  Let  R and  Q be  two  phrases  over  the 
set  of  fuzzy  variables  x^ , X2 , . . . , x^ . The  fuzzy 

consensus  of  R and  Q,  written  RijiQ,  is  defined  to  be 

the  set  of  phrases  {R.Q.},  where  R = x.R.  and 
‘ 1^1  1 1 

Q = x.Q.(or  R = x.R. and  Q = x.Q.)  and 
x.c{x, ,Xt, . . . ,x  },  if  the  phrase  R.Q.  include  the 
conjunction  x^x^  for  at  least  one  j,  j e{  1 , 2 , . . . ,n} . 
If  the  phrase  R.Q. does  not  include  x.x.  for  anv  j, 
je{ 1,2,... ,n},  then 

Ri)<Q  = (R.Q.x.x.  I j = l,2, . . . ,n},x.E{x  ,Xt x ). 

^ 1^1  jj'  1 1’2  n 

If  none  of  the  above  occurs  then  we  say  that  RiFQ=0. 

Clearly  if  R=x.R.  and  Q=x.Q.  for  R=x.R.and  Q=x.Q.) 

11  ^ 1^1  11  ^ 1^1 

and  R.Q. does  not  include  x.x.  for  any  j, 

11  3 3 

je{l,2,  . . . ,n].  Then  R+Q+(Ri|<Q}  = R+Q. 

We  shall  define  two  kinds  of  fuzzy  phrases. 

The  first  kind,  to  which  we  shall  refer  as  type-1 
phrase,  are  phrases  which  contain  a conjunction  of 
the  form  x^x^  for  at  least  one  j,  je{l,2 n}. 

Otherwise  we  refer  to  the  phrase  as  a type- 2 phrase. 
Clearly  a type-1  phrase  cannot  be  subsumed  by  t>’]3e- 
2 pnrases.  However,  they  can  subsume  some  of  them. 
For  the  case  where  members  of  the  setfR^^Q^ldo  not 

include  a conjunction  of  the  form  x.x. for  at  least 

3 3 

one  j , je{ 1 , 2 , . . . ,n} , two  situations  must  be  checked: 
fa)  R and  Q are  both  type-2  phrases.  Since 
(R.Q^x^Xj  j = I 1 , 2, . . . ,n}  is  a set  of  type-1  phrases 

covered  by  R+Q,  this  set  is  not  needed. 

(b)  R is  a type-1  phrase  and  Q is  a type-2  phrase. 

In  order  for  members  of  {R.Q.  }not  to  include  a 

11 

conjunction  x^x^  for  any  j,  jef  1 ,2, . . . ,n) , R must 
be  of  the  form  ax.x.B  and  Q must  be  of  the  form 
Yx^6  (or  y'x^6')  where  the  phrase  ux^ByiS 
(or  ox^By'S')  is  a type-2  phrase.  Thus 


R.  = ax.  B 
1 1 


(or  ax^B)  , 


XiXi  = XjXjX2  + x,XjX2 


and  thus 


f(Xj,X2)  = x,X2  + x,X2  + XjXjX2  + XjXjX2 


Qj  = y&  (or  Y 'i5 ' ) . 

and  obviously  the  set  (R.Q. x.x.  j= 1 1 , 2 , . . . ,n}  is 
^ 1^1  3 J 

covered  by  Q and  is  not  needed. 

We  define  a fundamental  phrase  as  either  a 
phrase  of  type-2  or  phrases  of  type-1  containing 
at  least  one  literal  of  each  variable.  Clearly 
each  phrase  of  type-2  in  a fuzzy  switching  func- 
tion is  an  essential  prime  implicant  [see  Kandel 
(1973),  and  Kandel  (1974)]. 

Kameda  and  Sadeh  [1977]  have  shown  that  there 

are  ([*)  ways  of  selecting  k out  of  n variables  and 
each  Variable  may  be  either  complemented  or  left 
uncomplemented.  Thus  the  number  of  phrases  type-2 

containing  k literals  is  It  follows  that 

the  total  number  of  phrases  type-2  is 
n . 

I ('’)2  = (1+2)"  - 1 

k=l  " 

= 3"  - 1. 
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As  for  the  fundamental  phrases  of  type-1,  each 

such  phrase  contains,  for  each  k,  either  x,  only, 

_ K 

X|^  only,  or  Thus  there  are  5 such  phrases. 

Since  2^  of  them  are  simple,  altogether  there  are 

2*3''  - 2''  - 1 fundamental  phrases.  Clearly,  any 
function  can  be  defined  by  disjunction  of  a non- 
empty subset  of  the  set  of  all  fi^ndam^ntal  phrases. 

therefore  there  are  at  most  2^  ^ '■  ^ - 1 

fuzzy  switching  functions. 

Following  Kamdea  and  Sadeh  (1977)  we  call  a 
set  of  phrases  "independent"  iff  none  of  the 
phrases  in  the  set  implies  any  other  in  the  same 
set . 


Symp.  on  M\'L,  203-216. 

Schwede,  G.W.,  and  A.  Kandel  (1977),  Fuzzy  maps, 
IEEE  Trans.  SMC  7,  669-674. 

Zadeh,  L.A.  (1965),  Fuzzy  sets,  Information  and 
Control  8,  338-353. 

Zadeh,  L.A.  (1976),  A fuzzy  - algorithmic  approach 
to  the  definition  of  complex  or  imprecise  concepts. 
Inf.  J.  Man-Machine  Studies  8,  248-291. 


We  use  this  definition  in  order  to  generate  an 
independence  relation  R*  between  the  fundamental 
phrases.  This  relation  can  be  graphically  repre- 
sented as  an  upper  diagonal  binary  matrix  showing 

the  independence  relation  of  the  2-3'^  - - 1 

elements . 

Thus  the  number  of  distinct  fuzzy  switching 
functions  will  be  given  by  M , when 
MAX  " 

M = 2-3-2"-!  + Z t-il. 

" i=l  ^ 

and  t-H.  is  transitivity  level  i on  the  matrix, 

1 

and  MAX  will  denote  the  maximum  level  of  transiti- 
vity for  this  particular  n,  given  by  the  maximum 
cover  fraction  discussed  by  Schwede  [1976]  and 
Schwede  and  Kandel  [1977]. 

Converting  M^  to  an  explicit  function  of  n 

will  not  be  discussed  here.  However,  it  should 
be  noted  that  for  n=2,  we  get  directly  that  M2=82 

where  the  Kameda  and  Sadeh  [1977]  technique  yields 
an  upper  bound  of  8192  and  a lower  bound  of  49. 

It  should  be  noted  that  the  problems  in  fuzzy 
switching  algebra  have  many  features  in  common 
with  the  construction  of  branching  questionnaires, 
feature  selection  in  pattern  recognition,  and  the 
optimization  of  decision  tables;  (for  details,  see 
Zadeh  [1976]). 

It  is  only  our  hope  that  the  ideas  and  the 
results  presented  in  this  paper  are  merely  a step 
in  the  application  of  fuzzy  switching  structures 
to  related  fields  as  discussed  above. 
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Abstract 

A logic  with  truth  values  represented 
by  points  in  the  unit  square  is  developed. 
The  logic  is  simultaneously  a strict 
generalization  of  Belnap's  four-valued 
logic  for  handling  inconsistency  and  of 
Zadeh's  fuzzy  logic  for  handling 
uncertainty.  The  logic  can  be  used  for  a 
question  answering  system  or  data  base  of 
fuzzy  information  in  which  inconsistent 
data  may  appear  but  should  not  result  in 
everything  being  reported  as  true. 


1.  Introduction 

A classic  problem  with  the  use  of 
propositional  or  predicate  calculus  in  the 
construction  of  question  answering  systems 
or  data  bases  is  the  fact  that  any 
inconsistency,  no  matter  how  apparently 
irrelevant,  logically  implies  everything. 

A solution  to  this  problem  for  ordinary 
truth  values  T and  F was  developed  by 
Belnap*  2.  This  solution  involves  the 
extension  of  conventional  two-valued  logic 
to  a four^valued  logic  with  truth  values 
T,  P,  Both,  and  None. 

This  four-valued  extension  of 
conventional  two-valued  logic  is  extended 
in  this  paper  to  fuzzy  logic  where  the 
truth  values  T and  F are  fuzzified  to  be 
real  numbers  in  the  range  [0,1).  Truth 
values  for  four-valued  fuzzy  logic  are  of 
the  form  <x,y>  where  each  of  x and  y is  in 
the  range  (0,11,  x denotes  degree  of 
asserted  truth  of  the  assertion,  and  y 
denotes  degree  of  asserted  falsity  of  the 
assertion. 

The  following  section  briefly  describes 
Belnap's  four-valued  logic  in  preparation 
for  the  definition  of  four-valued  fuzzy 
logic.  The  form  of  the  description 
differs  somewhat  from  that  of  Belnap 
though  the  semantics  do  not. 


2.  Belnap's  four-valued  logic 

Belnao*  2 developed  a four-valued  logic 
for  dealing  with  inconsistency.  His  model 
is  a question  answering  system  (QAS)  which 
accepts  inputs  and  answers  queries. 
However,  user  inputs  are  not  regarded  as 
being  totally  reliable,  and  it  is  assumed 
there  is  no  wav  to  distinguish  correct 
inputs  from  incorrect  inputs  by,  for 
example,  time  order  or  source.  Since  the 
inputs  are  generally  reliable,  they  are 
incorporated  into  the  OAS's  data  base 
uncritically.  Queries  relating  to 
inconsistent  data  will  result  in  responses 
noting  the  inconsistency;  unrelated 
queries  will  be  answered  on  the  basis  of 
relevant  information  in  the  data  base,  not 
merely  answered  affirmatively  as  in 
classical  logic  in  which  everything  can  be 
proved  from  an  inconsistency. 

Belnap's  method  of  handling 
inconsistency  involves  extending  the 
classical  two-valued  logic  to  a 
four-valued  logic.  The  four  values  are  T 
(indicating  the  system  has  been  told  the 
proposition  is  true),  F (indicating  the 
system  has  been'told  the  proposition  is 
false).  Both  (indicating  the  system  has 
been  told  both  the  proposition  is  true  and 
it  is~faIsiT,  and  None  (indicating  the 
system  has  been  told  none  of  the 
proposition  is  The  approximation  lattice 
A4  in  Figure  1 represents  relationships 
among  the  four  truth  values.  Here,  Both 
represents  maximum  (totally  inconsistent) 
information  about  a proposition.  None 
represents  minimum  (no)  information,  and  T 
and  F represent  incomparable  intermediate 
amounts  of  information. 


Both 


None 


Figure  1 
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when  only  atomic  formulas  are  input  to 
the  OAS,  its  knowledge  state  can  be 
represented  by  a single  set-up:  a list  of 
atomic  formulas  and  their  values.  When  an 
atomic  formula  is  input  with  any  of  the 
four  values  (ordinarily  just  T or  F)  its 
value  in  the  new  knowledge  state  is  the 
join  (u^)  in  the  A4  lattice  of  the  new 
value  and  its  previous  value. 

This  is  expressed  by  the  truth  table  in 
Figure  2. 

Input  Value 
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1 
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1 

F 
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— 

-+• 
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- + - 

- + 

‘ + 

Figure  2 


When  the  QAS  is  queried  for  the  value 
of  an  atomic  formula,  its  value  is  merely 
looked  up  in  the  set-up.  Answers  to 
compound  queries  are  computed  from  values 
of  their  atomic  components  using  the  truth 
tables  in  Figure  3. 

The  latter  two  truth  tables  expressing 
the  computation  of  values  for  the  v and  a 
connectives  can  also  be  expressed  by  the 
logical  lattice  L4  in  Figure  4 where  the 
join  operation  u,  computes  the  v 
connective  and  the  meet  operation  fiL 
computes  the  a connective. 

Let  a set-up  s be  represented  as  a set 
of  ordered  pairs  with  distinct  first 
elements  (p,v)  of  atomic  formula  p with 
value  V.  Then  the  function  s which 
computes  truth  values  assigned  by  set-up  s 
is  defined  recursively  by 

s(A)  = the  V such  that  (A,v)eS 
when  A is  atomic 
s(-.A)  = -.s(A) 
s(AvB)  = s{A)  ul  s(B) 

S (AaB)  = S (A)  riL  S (B)  . 

The  assertion  or  denial  of  the  atomic 
formula  A produces  a new  set-up.  This  is 
accomplished  by  the  add  function.  The 
addition  of  atomic  formula  A with  value  V 
to  set-up  s is  denoted  by  add(A,V,s). 

This  is  defined  as 

add(A,V,s)  = {(p,v)  I {p,v)es  a p/A) 
u { (A,s(A)u^V) . 

Since  assertions  of  the  form  A v b,  for 
example,  cannot  be  accomodated  within  the 
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Both 


None 
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Figure  4 

framework  of  a single  set-up,  it  is 
necessary  when  allowing  compound  inputs  to 
define  a knowledge  state  to  be  a set  of 
set-ups  rather  than  a single  one.  A 
knowledge  state  E will  thus  be  a non-empty 
set  of  set-ups.  The  add  function  is 
extended  to  sets  of  set-ups  and  compound 
inputs  as  follows 
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add(A,T,E)  = {add(A,T,s)  | SeE} 
when  A is  atomic 
add(A,F,E)  = {add(A,F,s)  I SgE} 
when  A is  atomic 
add{-.A,T,E)  = add(A,F,E) 
add(-.A,F,E)  = add(A,T,E) 
add(AvB,T,E)  = add(A,T,E)  .j 

add  (B,T,E) 

add(AvB,F,E)  = add (B,F,add (A,F,E)  ) 
add(AAB,T,E)  = add (B ,T , add ( A ,T , E)  ) 
add(AAB,F,E)  = add(A,F,E)  u 

add (B,F,E)  . 

Since  each  set-up  element  of  a 
knowledge  state  may  contain  too  much 
information  to  correctly  answer  a query, 
computation  of  the  value  of  an  expression 
from  a knowledge  state  E uses  the  meet 
operation  in  the  approximation  lattice 

E(A)  = nA({s(A)  I SeE})  . 

A consequence  of  these  definitions  is 
that  if  A and  -lAv  B are  both  asserted  with 
value  T,  the  QAS  will  not  report  that  B 
has  value  T as  would  be  the  case  with 
conventional  logic.  (Instead,  (Av-'A)vB 
has  value  T.)  Thus,  inferences  by,  for 
example,  modus  ponens  cannot  be 
accomplished  by  merely  asserting  the 
implication. 

Belnap's  four-valued  logic  has  rule 
inputs  of  the  form  A+B  to  assert  B 
whenever  A is  asserted.  The  knowledge 
state  E is  extended  to  an  information 
state  (R,E)  with  the  addition  of  a set  of 
rules  R of  the  form  A-.B  which  can  be 
invoked  after  each  assertion. 

The  result  of  applying  rule  A*B  to 
knowledge  state  E is 

u{add(B,s(A)n;^T,s)  I seE}. 

In  other  words,  B is  asserted  to  be  T in 
every  set-up  s of  E for  which  s(A)  is  at 
least  T (is  T or  Both). 


3.  Fuzzy  logic 

Zadeh’  developed  fuzzy  logic  for 
dealing  with  uncertainty.  Fuzzy  logic 
uses  real  numbers  in  the  range  [0,1]  as 
truth  values,  the  magnitude  of  the  truth 
value  representing  the  strength  of  or 
confidence  in  the  assertion,  1 
representing  absolute  truth  and  0 
representing  absolute  falsity.  Dealing 
with  inconsistency  was  not  envisioned 
since  the  value  of  the  negation  of  a 
proposition  is  mandated  to  be  one  minus 
the  value  of  the  proposition.  Truth 
values  for  compound  formulas  are  computed 
using  the  following  rules. 

s(-.A)  = l-s(A) 


s(AvB)  = max (s (A) ,s (B)  ) 
s(AaB)  = min(s(A) ,s(B) ) 


4.  Fuzzy  four-valued  logic 

Fuzzy  four-valued  logic  generalizes 
each  of  Belnap's  four-valued  logic  and 
Zadeh's  fuzzy  logic.  Truth  values  are 
represented  by  points  in  the  unit  square, 
expressed  as  two  element  vectors  <x,y>. 

The  first  component,  x,  in  the  range  [0,1] 
expresses  the  strength  of  or  confidence  in 
the  assertion  of  the  proposition;  the 
second  component,  y,  in  the  range  [0,1] 
expresses  the  strength  of  or  confidence  in 
the  denial  of  the  proposition. 

The  two  truth  values  of  classical  logic 
can  be  represented  by  T = <1,0>  and 
F = <0,1>.  The  added  truth  values  of 
Belnap's  four-valued  logic  can  be 
represented  by  Both  = <!,!>  and 
None  = <0,0>.  Truth  values  of  fuzzy  logic 
can  be  represented  by  values  of  the  form 
<x,l-x>  where  x is  in  the  range  [0,1]. 

The  operation  of  our  logic  is  nearly 
identical  to  that  of  Belnap's  four-valued 
logic.  The  truth  values  define  an 
approximation  lattice  Aus  with  partial 
ordering  <p,  join  operation  and  meet 

operation  as  follows 

<x, ,v. > <x, ,y,> 

iff  x,<X2  and  yi£Yj 

<x, ,y.>  UA  <X2 ,V2>  = 

<max(x, ,Xj) ,max(v, ,y2)> 

<x,  ,v,>  fiA  <><2  .y2>  = 

<min (X ,,Xj),min(y,,yj)>. 

It  is  depicted  in  Figure  5 with  only  the 
extreme  points  corresponding  to  Belnap's 
four  truth  values  shown. 


<1 ,1> 


<0 ,0> 


Figure  5 


As  in  Belnao's  four-valued  logic,  let  a 
set-up  s be  represented  as  a set  of 
ordered  pairs  with  distinct  first  elements 
(p,<x,y>)  of  atomic  formula  p with  value 
<x,y>.  Then  the  function  s wnich  computes 
truth  values  assigned  by  set-up  s is 
defined  recursively  by 

s[\)  = the  <x,y>  such  that  (A,<x,y>)£S 
when  A is  atomic 

s(-.A)  = <y,x>  where  s(A)  is  <x,y> 
s(AVB)  = s(A)  s(B) 

s(AAB)  = s(A)  s(B)  . 
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Properties  of  fuzzy  four-valued  logic 
shared  by  Belnap's  four-valued  logic  are: 

(1)  minimality:  add(A,V,E)  is  the  weakest 
possible  operation  which  makes  A have 
value  at  least  V, 

(2)  permanence:  once  add(A,V,E)  is 
performed  A will  forever  have  value  at 
least  V, 

(3)  history  independence:  it  doesn't 
matter  in  what  order  a set  of 
assertions  is  performed. 

Finally,  we  present  a simple  examole  of 
the  reasoning  capability  of  fuzzy 
four-valued  logic.  Suppose  we  assert  A^B 
with  value  <x,y>  in  the  empty  knowledge 
state : 

add (AVB,<x,y>  , { { } } = 

The  assertion  or  denial  of  the  atomic  { { (A, <x ,y>) , (B , <0 ,y>) } , 

formula  A produces  a new  set-up.  The  { { (A, <0 ,y>) , (B , <x , y>) } } . 

addition  of  atomic  formula  A with  value 

<x,y>  to  set-up  s is  denoted  by  Call  the  resulting  knowledge  state  E. 

add  (A,  <x  ,y>  ,s)  . This  is  defined  as  Then  E(A''B)  is  <x,y>  and  each  of  E(A)  and 

E(B)  is  <0,y>  since  neither  has  been 

add (A,<x ,y> ,s)  = asserted  separately  with  any  strength  to 

{ (P/V)  I (p,v)€s  A p^A)  be  true  and  their  disjunction  has  been 

u { ( A, s (A)  Up^<x  ,y>)  } . denied  with  strength  y. 

The  add  function  is  extended  to  sets  of 
set-ups  and  compound  inputs  as  follows  5.  References 

add (A, <x ,y> ,E)  = {add (A, <x ,y>  ,s)  1 seE} 

when  A is  atomic 
add (lA, <x ,y> ,E)  = add ( A , <y , x > , E) 
add (AVB,<x ,y> ,E)  = 

add (A,<x ,y> ,add (B,<0 ,y> ,E) ) u 
add (A,<0 ,y> , add (B , <x ,y> ,E) ) 
add (AAB,<x,y>,E)  = 

add ( A, <x ,y> ,add (B  ,<x  ,0>  ,E) ) u 
add (A, <x ,0> , add (B , <x ,y> ,E) ) . 

Note  that  <0,y>  can  also  be  expressed  as 
<x»y>''ft<0,l>  or  <x,y>n^F  and  that  <x,0> 
can  also  be  expressed  as  <x,y>n^<l,0>  or 
<x,y>n^T. 

Again,  computation  of  the  value  of  an 
expression  from  a knowledge  state  E uses 
the  meet  operation  in  the  approximation 
lattice  n^: 

E(A)  = n^({s(A)  I seE}. 

use  of  rules  in  fuzzy  four-valued  logic 
is  also  similar  to  that  in  Belnap's 
four-valued  logic. 

The  result  of  applying  rule  A-»B  to 
knowledge  state  E is 

ufadd (B,s(A) n^T,s)  I scE}. 

in  other  words,  B is  asserted  to  be  <x,0> 
in  every  set-up  s of  E for  which  s(A)  is 
<x,y>  for  some  y. 
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Here,  Uj^  and  rij^  are  computed  in  the 
logical  lattice  Lus  (shown  with  extreme 
points  only  in  Figure  6)  as  follows: 

<xi ,yi>  u,  <X2 ,y2>  = 

<max(xi ,Xj) ,min(yi ,ya)> 

<Xi ,yi>  n.  <xa ,y2>  = 

<min(xi ,X2 ) ,max (yi ,y2 ) > . 
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Abstract 

A four-valued  logic  full  adder  accepts  two 
four-valued  inputs  and  a binary  carry  input  and 
produces  a two-quaternary-digit,  base-four,  output 
word  that  is  the  sum  of  the  values  of  the  inputs. 

In  this  paper  we  present  two  new  current-mode  logic 
realizations  of  the  four-valued  logic  full  adder. 
Also  reviewed  is  a recent  I^L  realization  of  this 
function.  In  some  applications,  the  use  of  these 
four-valued  logic  full  adders  requires  fewer  than 
50%  of  the  devices  necessary  to  implement  the  same 
function  with  binary  full  adders. 

Introduction 

One  advantage  of  multivalued  logic  over  stan- 
dard binary  logic  in  the  design  of  digital  large- 
scale-integrated  (LSI)  circuits  is  its  significant- 
ly greater  functional  density.  With  the  trend 
today  toward  ever  larger  digital  LSI  circuit  chips, 
fabrication  limits  are  increasingly  encountered. 
Production  yield  is  strongly  and  inversely  correla- 
ted with  LSI  circuit  die  area.  Thus,  for  a given 
minimum  acceptable  processing  yield  in  a particular 
semiconductor  technology,  there  exists  a maximum 
allowable  die  area.  That  factor  which  limits  the 
amount  of  digital  signal  processing  that  can  be 
accomplished  on  a chip  of  given  maximum  area  is,  in 
general,  the  coverage  of  the  silicon  surface  with 
interconnecting  metal  signal  lines,  not  the  number 
of  transistors  and  resistors.  Since  each  four- 
valued variable  may  assume  four  logical  states, 
twice  the  information  carrying  capacity  as  binary 
logic,  a significant  reduction  in  the  total  number 
of  signal  lines  necessary  to  implement  many  logical 
functions  is  possible.  The  circuits  presented  in 
this  paper  require  about  50%  fewer  transistors  and 
resistors  and  signal  interconnections  than  do  their 
all-binary  counterparts.  Thus,  multivalued  logic's 
greater  functional  density  could  be  used  to  take 
maximum  advantage  of  limited  chip  area. 

The  use  of  multivalued  logic  in  integrated 
injection  logic  (I^L)  circuits  is  now  being 
explored  commercially  [1,2].  One  new  l^L  circuit 
developed  for  this  application  is  the  four-valued 
logic  full  adder.  In  the  next  section,  we  briefly 
summarize  the  operation  of  this  circuit.  In  the 
third  and  fourth  sections  we  present  current-mode 
logic  realizations  of  the  four-valued  logic  full 
adder,  and  then  compare  binary  and  four- valued 
realizations  of  a 31-input  counter. 


Some  operations  in  digital  signal  processing 
are  easily  amenable  to  implementation  with  four- 
valued logic;  for  example,  adding  and  counting. 

The  four-valued  I^L  threshold  logic  full  adder 
[3,4]  is  under  investigation  because  of  its 
superior  functional  density  and  compatibility  with 
conventional  i2l.  A four-valued  logic  full  adder 
adds  two  four-valued  inputs  A and  B,  and  binary 
carry  input  to  yield  the  base- four  sum  as  a two- 
digit  word  CS,  where  C is  the  most  significant 
digit.  The  truth  table  for  this  operation  is  shown 
in  Figure  1. 

Since  the  circuits  to  be  described  implement 
threshold  logic  functions,  let  us  assume  the  fol- 
lowing definition  for  a general  four-valued  thres- 
hold function.  A function  F(x)  of  n binary  vari- 
ables x = (x] ,X2,. . . ,x^)  is  a threshold  function 
if  there  exists  a vector  of  integer  weights 
a = (ai  ,32,. . . .a^)  and  thresholds  T^  =-  T^  - .5, 
where  T:j  are  integers,  such  that 
n 

3 if  a-x  = [ a.x.  > T, 

j=n  J 

2 if  T,  < a-x  < T, 

F = j ^ 

1 if  T^  < a-x  < Tg 

0 if  a-x  < T^  . 

Four-valued  logical  inputs  x'  assume  values  ZERO, 
ONE,  TWO,  and  THREE  and  are  interpreted  as  weighted 
sums  of  binary  inputs.  The  two  basic  operations  of 
a threshold  function  are  the  formation  of  the 
weighted  sum  a-x  and  the  comparison  of  that  sum 
with  the  thresholds.  The  addition  of  two  base-four 
numbers  A and  B and  binary  input  carry  Ci  will 
produce  a weighted  sum  within  the  range  0 £ £-x.  1 7. 
Representing  this  weighted  sum  in  base-four  with 
the  two-digit  output  CS  requires  the  C output  to 
assume  only  binary  values  (ZERO  and  ONE).  This 
function  is  easily  implemented  in  I^L  and  current- 
mode threshold  logic. 

2 

A four-valued  I L threshold  logic  full  adder 
[3]  is  shown  in  Figure  2.  All  logical  variables 
are  represented  by  easily  generated  and  duplicated 
multiples  of  a unit  value  of  current.  The  three 
inputs  A,  B,  and  are  duplicated  by  the  three 
input  current  mirrors  and  summed  in  an  analog 
fashion  to  yield  two  copies  of  the  weighted  sum 
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a^-^.  One  copy  is  converted  from  sunk  current  to 
sourced  current  via  the  pnp  mirror  at  the  top  of  the 
figure  for  use  at  the  SUM  output;  the  other  is 
compared  to  the  3.5  threshold  gate.  If  ^-x  is  less 
than  3.5,  the  threshold  gate  remains  on,  the  4 
units  of  constant  current  are  diverted  away  from 
the  SUM  output  device  and  the  output  is  SUM  = ^-x. 

At  the  same  time  the  CARRY  current  output  is  ZERO. 

If  a-x  is  greater  than  3.5,  the  threshold  detector 
will  turn  off  and  the  4 units  of  constant  current 
are  mirrored  by  the  SUM  output  device.  The  SUM 
output  current  is  now  a-x  - 4,  and  the  CARRY  output 
becomes  ONE.  These  devices  have  been  fabricated 
and  tested  [3]  and  their  results  are  apparently 
encouraging. 

We  estimate  the  propagation  delay  through  a 
four-valued  I^L  threshold  logic  full  adder  to  be 
50ns  to  150ns  based  upon  data  in  [3].  For  faster 
operation,  emitter-coupled-logic  (ECL)  compatible 
four-valued  logic  has  been  investigated.  In  the 
next  section  we  describe  a four-valued  logic  full 
adder  that  is  easily  developed  from  previously 
reported  circuitry. 

Basic  Four-Valued  CML  Threshold  Logic  Full  Adder 

In  the  previous  section,  we  saw  how  simply 
the  I^L  threshold  logic  full  adder  operates.  FL 
is  basically  a current-mode  logic  form.  The 
generation  of  four-valued  logic  functions  with 
I^L  amounts  to  duplicating,  summing,  differencing, 
and  comparing  amounts  of  current.  ECL  is  also 
current-mode  logic,  so  we  may  duplicate,  sum, 
difference,  and  compare  quantities  of  current 
using  ECL-based  circuitry  and  integrated  circuit 
design  techniques.  ECL  is  the  fastest  standard 
logic  family  due  to  its  nonsaturating  operation. 
These  speed  advantages  are  sought  in  the  four- 
valued current-mode  threshold  logic  full  adder 
circuit  to  be  described  next.  Similar  circuits 
were  used  in  [5]  to  implement  a parallel  divider 
array. 

Shown  in  Figure  3 is  a block  diagram  of  the 
four-valued  threshold  logic  full  adder.  The  idea 
is  to  decode  the  weighted  sum  a-x  from  decimal  0 
through  7 to  base-four  00  through  13.  Thus,  input 
a^-x^  = 2 would  activate  SUM  = "2"  and  CARRY  = 0, 
and  input  a^-x  = 6 would  activate  SUM  = "2"  and 
CARRY  = 1,  for  example.  Detector  "2"  is  a 2-out- 
of-7  detector  in  parallel  with  a 6-out-of-7  detec- 
tor since  the  base-four  output  word's  least  signi- 
ficant digit  (SUM)  assumes  a value  of  TWO  when  the 
input  is  either  a-x  = 2 or  ^-x  = 6.  Similarly, 
detectors  "1"  and  "3"  contain  l-out-of-7  and  5-out- 
of-7  and  3-out-of-7  and  7-out-of-7  detectors, 
respectively.  The  schematic  for  the  "2"  detector 
is  shown  in  Figure  4. 

Again,  we  are  using  quantities  of  current  to 
represent  the  logic  variables.  The  weighted  sum 
a-x  is  formed  as  in  the  I^L  case;  by  the  analog 
summing  of  logical  currents.  This  sum  is  then 
converted  into  voltage  V = (a-x)-I-R  and  dc  level 
shifted  to  Vi  and  Vo  as  shown  in  the  schematic. 

Let  us  assume  that  T-R  = .4v  and  Vq  = .8v  to 
simplify  the  explanation.  When  V^  and  V2  are 


are  greater  than  V-r  and  VL  (inputs  a-x  = 0,1), 

2 '2 

the  21q  gate  current  is  diverted  to  ground.  When 
a-x  = 2,  V = -.8v,  V-]  = -2.4v,  and  V2  = -3.2v.  In 
this  case,  V2  > V|^  and  V^  < V^^,  so  2Iq  (a 

logical  TWO)  appears  on  the  SUM  line.  Likewise, 
a TWO  SUM  output  appears  when  V2  > V|  and  < V^  . 

6 6 

The  "1"  and  "3"  detectors  generate  SUM  outputs  in 
the  same  way  but  with  Ig  and  3Ip  currents  res- 
pectively. Since  only  one  of  the  six  threshold 
gates  used  to  generate  the  SUM  digit  is  "on"  for 
any  given  input,  they  may  be  wired-OR.  The  carry 
circuit  is  merely  a differential  pair  with  a 
theshold  voltage  set  to  deliver  Ig  of  current  to 
the  output  line  for  an  a-x  = 4 input.  Notice  that 
the  SUM  and  CARRY  output  currents  may  be  direct 
coupled  to  other  full  adders  of  this  type. 

Simulations  on  SPICE2  [6]  using  data  on  high 
speed  ECL  transistors  [7]  indicate  propagation 
delays  of  about  5ns  for  this  implementation  of  a 
four-valued  logic  full  adder.  One  drawback  to 
this  circuit  technique  is  the  need  for  a power 
supply  of  about  6.6  volts  or  more.  ECL  compatible, 
binary  outputs  may  be  easily  generated  from  the 
four-valued  output  variables  with  additional  de- 
coding m-out-of-7  detectors.  This  conversion  and 
another  current-mode  logic  realization  of  the 
four-valued  logic  full  adder  are  discussed  in  the 
next  section. 

Switching  Threshold  Four-Valued  CML  Full  Adder 

Another  circuit  implementation  of  the  four- 
valued threshold  logic  full  adder  is  now 
presented.  This  approach  again  uses  current-mode 
logic  but  develops  the  SUM  and  CARRY  outputs  in  an 
entirely  different  manner.  Its  power  supply 
requirement  has  been  improved  to  6 volts.  The 
unique  feature  of  this  circuit  is  the  way  in  which 
the  threshold  reference  voltages  are  developed. 
Transfer  characteristics  are  shown  in  Figure  5. 

Two  sets  of  threshold  reference  voltages  are 
possible,  one  for  the  input  range  0 1 a-^c  1 3 
and  another  for  4 < a-x  1 7.  As  a-x  increases 
from  ZERO  to  THREE,  a unit  of  current  is  directed 
to  a summing  node  developing  outputs  0,  I,  21, 
and  31.  When  a-x  reaches  4,  the  base- four  number 
10  must  be  displayed.  A secondary  reference 
Circuit  is  switched  with  a.x  = 4 to  turn  back  off 
all  three  threshold  circuits  previously  turned  on 
for  a-x  inputs  1,  2,  and  3.  At  these  new  thres- 
hold reference  voltages,  inputs  a-x  = 5,6,7  will 
turn  on  those  same  three  gates  and  the  SUM  output 
will  again  be  I,  21  and  31.  Thus,  the  same 
devices  are  used  to  perform  two  completely 
separate  thresholding  tasks. 

A circuit  schematic  of  the  four-valued  thres- 
hold logic  full  adder  is  shown  in  Figure  6A,  and 
threshold  reference  voltage  circuit  is  in  Figure 
68.  The  weighted  sum  input  (a-x)- I is  passed 
through  resistor  R to  develop  a proportional 
voltage,  V = (a-x)IR.  Transistors  T^,  0i  and  D2 
act  as  an  emitter  follower  and  level  shifter 
whose  output,  V],  is  the  input  to  four 
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differential  pairs  that  generate  the  SUM  and  CARRY 
outputs,  and  to  the  threshold  reference  voltage 
circuit.  Voltages  V„  , Vn  . Vp  , and  Vpp  are 
Ksi  K52  Ks3 

threshold  reference  voltages  for  the  generation  of 
logical  ONE,  TWO,  and  THREE  in  the  SUM  circuit,  and 
a logical  ONE  in  the  CARRY  circuit,  respectively. 
With  4-x  less  than  3.5,  V,  is  greater  than  Vrc  and 
current  1^  in  Figure  6B  will  be  directed  to  Vr; 
when  greater  than  3.5,  is  less  than  Vrq  and 
is  directed  through  resistor  R/^  in  the  reference 
generation  leg  of  the  circuit.  Each  reference  vol- 
tage is  then  shifted  down  I/\R/\  volts,  enough  to 
reset  SUM  to  ZERO,  as  this  threshold  is  exceeded. 

As  V,  moves  through  its  range  of  values  cor- 
responding to  inputs  ZERO  through  SEVEN,  transistors 
T4,  Tg,  and  To  in  Figure  6A  direct  unit  values  of 
current  into  the  sunming  node  of  the  SUM  bit  as  the 
ONE,  TWO,  and  THREE  thresholds  are  exceeded.  As 
the  FOUR  threshold  is  exceeded,  transistor  T^g 
diverts  a unit  of  current  into  the  CARRY  output  and 
simultaneously  the  thresholds  fall  to  their  new 
values  turning  off  transistors  T4,  Tg,  and  Tg, 
forcing  the  SUM  bit  to  ZERO.  As  V-)  continues  to 
decrease  through  values  for  FIVE  through  SEVEN,  the 
SUM  output  assumes  values  ONE,  TWO  and  THREE.  Thus, 
with  a minimum  of  components  we  can  perform  the 
four-valued  logic  full  add  operation.  Current 
sources  may  be  implemented  with  any  simple  standard 
technique  such  as  that  shown  in  Figure  6C. 

This  circuit  was  also  simulated  and  its  worst 
case  propagation  delay  is  shown  in  Figure  60  to  be 
about  10ns;  a significant  improvement  over  i2l. 

To  be  compatible  with  ECL,  each  four-valued 
current  variable  must  be  converted  to  its  two- 
bit  binary  equivalent  voltage.  A four-valued 
current  to  binary  voltage  converter  is  shown  in 
Figure  7A.  It  converts  a four-valued  SUM  current 
to  voltage  and  then  that  voltage  is  input  to  1-out- 
of-3  and  3-out-of-3  threshold  detectors  which 
generate  binary  ONE'S  when  the  four-valued  variable 
is  ONE  or  THREE.  The  voltage  outputs  of  these 
detectors  are  OR'ed  with  emitter  followers.  This 
is  the  binary  20  bit.  A current  switch  is  thres- 
holdedsuch  that  it  provides  a ginary  ZERO  output  for 
the  2'  bit  given  a four-valued  ZERO  or  ONE,  and  a 
2'  bit  ONE  output  for  four-valued  inputs  TWO  and 
THREE.  Since  the  CARRY  output  is  already  binary 
22,  it  need  only  be  converted  from  current  to  ECL 
compatible  voltage  swing  and  level  shifted  as 
shown  in  Figure  7B. 

Four-valued  Full  Adder  Application 

For  the  purpose  of  comparison,  let  us  describe 
an  application  of  four-valued  logic  full  adders  to 
the  design  of  a parallel  counter.  A parallel 
counter  is  a multiple  input  circuit  that  counts 
the  number  of  ONE'S  on  its  inputs.  A 31-input 
parallel  counter  using  binary  ECL  full  adders  is 
shown  in  Figure  8.  This  same  function  implemented 
with  four-valued  logic  full  adders  is  shown  in 
Figure  9.  The  binary  version  requires  936  tran- 
sistors and  resistors  while  the  four-valued  logic 
version  requires  480  transistors  and  resistors;  a 


significant  reduction.  The  binary  version  could 
easily  run  at  70  MHz  while  the  four-valued  one 
would  operate  at  about  23  MHz.  Power  requirements 
are  about  the  same. 

Conclusion 


Four-valued  threshold  logic  full  adder  circuit 
implementations  have  been  presented.  Two  are 
designed  to  be  ECL  input  and  output  level  and 
swing  compatible.  They  require  NPN  transistors 
and  resistors  only  and  are  thus  compatible  with 
all  standard  bipolar  technologies.  Significant 
savings  in  devices  are  possible  with  four-valued 
logic  in  some  applications  as  has  been  shown.  It 
is  hoped  that  this  greater  functional  density  of 
four-valued  logic  will  motivate  its  further  study 
and  gradual  introduction  into  use. 
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Fig.  1.  Four-valued  Logic  Full  Adder  Truth  Table 
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Fig.  4.  CML  Threshold  Logic  "2"  Detector 


Fig.  5.  Switched  Threshold  Full  Adder  Transfer 
Characteristic 
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Fig.  6A.  Four-valued  Switched  Threshold  Logic  Full  Adder 


Fig.  6C.  Simple  Current  Source  Fig.  7B.  CARRY  CONVERTER 
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Abstract 

The  modular  complexity  of  a tree  structured 
higher  radix  multiplier  is  analyzed.  The  number  of 
required  modules  is  shown  to  be  closely  approximated 

by  2n^(l  + - ^ -- ) + (f y)n  where  R is  the  radix 

R ” i K — 1 

n is  the  number  of  positions  in  the  numbers  to  be 
multiplied . 

I.  Introduction 

In  this  paper  the  modular  complexity  of  a high- 
er radix  multiplier  is  analyzed.  The  multiplier  is 
a simultaneous  multiplier,  i.e.,  a multiplier  im- 
plementation employing  shifting  and  adding.  Simul- 
taneous multiplication  is  the  fundamental  method  of 
multiplication  since  at  some  point  in  the  shifting 
and  adding  process,  a simultaneous  multiplier  cir- 
cuit is  employed  to  multiply  a certain  number  of 
multiplier  positions  by  the  multiplicand. 

Simultaneous  multiplication  has  previously  been 
shown  to  be  of  O(n^) , [1]  i.e.  if  n is  the  number 
positions  in  the  multiplier  and  multiplicand,  and  N 
is  the  number  of  modules  required  to  implement  the 
circuit  then: 

(1)  N ' Cn^  as  n becomes  large.  Then  since 
n = flogp^^,  (where  K is  the  largest  integer  to 

be  represented  by  n positions)  and  logj^K  = InK/lnR, 
we  have: 

(2)  N = C (lnK)^/(lnR)2 

and  one  is  able  to  determine  the  effect  of  radix  on 
modular  complexity.  In  this  paper  we  analyze  a 
tree  structure  higher  radix  simultaneous  multiplier 

and  show  that  for  this  circuit,  C*  is  2 + - , i.e. 

R“1 

a function  of  radix.  Thus  the  radix  effects  not 
only  input  size  n,  but  also  the  modular  complexity 
of  the  circuit  itself. 

We  interpret  the  term  modular  complexity  as 
being  the  number  of  modules  required  to  mechanize  a 
given  function.  From  a graph  theoretic  point  of 
view  we  are  determining  the  number  of  "inter ior  node^' 
in  a network  necessary  to  connect  "input  nodes"  to 
"output  nodes."  We  do  not  consider  the  complexity 
of  the  modules  themselves  (although  this  is  a pri- 
mary concern  of  research  in  the  field  of  multi- 


*Thl8 research  was  supported  by  the  National  Sci- 
ence Foundation  under  Grant  No.  ENG  76-09925. 
ifxl  denotes  the  smallest  integer  greater  than  or 
equal  to  X. 


valued  logic)  but  only  their  number.  The  reader 
should  also  note  that  we  use  the  term  circuit  to 
designate  a network  of  modules. 

II.  Multiplier  Structure 

One  can  form  the  simultaneous  product  of  two, 
n position,  "R-ary"  numbers,  by  performing  the 
following  operations: 

1)  Generation  of  position  products  and  product 
carries.^ 

2)  Formation  of  the  sum  of  the  position  by 
position  products  and  any  carries  from  the 
previous  stage. 

3)  Generation  of  "sum  carries"  from  the  posi- 
tion by  position  products  and  any  carries 
from  the  previous  stage. 

As  a simple  example,  let  X = Aj^  + A2R  and  Y = + 

B2R,  then  the  product  of  X and  Y is  a 4 position 
product,  i.e. 

Pi  = A^Bj 

P2  = A2B1  + A1B2  + Cpii 

P3  = A2B2  + Cp2i  + Cpi2  + Cg2 

P4  = S22  * ^s3 

where  CgX  and  Cp^-x  are  sum  and  product  carries  re- 
spectively. Note  that  any  product  or  sum  carries 
are  collected  at  the  next  stage  for  summation  with 
the  position  by  position  products.  Figure  1 below 
shows  a machanlzatlon  in  terms  of  the  modules  re- 
quired. There  are  four  basic  types  of  modules  in- 
volved. Product  (P)  modules  produce  the  low  order 
digit  of  a position  by  position  product,  while  the 
product  carry  (Cp)  modules  produce  the  high  order 
digit  of  the  product.  For  example,  if  A3  = 9 and 
B3  = 6,  and  the  arithmetic  is  in  base  10,  then  P3  = 
4 and  CpH  = 5.  At  each  position,  a modulo  R 
adder  (®)  sums  the  products  and  carries  from  the 
previous  position.  A sum  carry  (Cg)  circuit  re- 
ceives the  same  inputs  as  the  modulo  R adder  and 
generates  carries  for  the  next  position. 

Since  the  carries  (including  the  sum  carries) 
are  collected  at  the  next  stage,  there  is  a neces- 
sary restriction  on  the  number  of  inputs  a sum  carry 
circuit  can  have.  In  order  to  generate  a carry 
which  does  not  go  beyond  the  next  stage  we  must 
have  no  more  than  R + 1 Inputs  into  the  circuit. 
This  is  true  since  each  input  to  the  carry  circuit 
has  a maximum  value  of  R - 1,  and  (R  + 1)  • (R  - 1) 
= r2  - 1,  which  is  the  maximum  value  that  one  can 
have  without  generating  a carry  beyond  the  next 

^For  radices  higher  than  2 only. 
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position.  In  the  case  where  the  number  of  inputs 
exceeds  R 1,  more  than  one  carry  circuit  is  re- 
quired. (In  Figure  1,  this  situation  does  not 
arise,  since  no  Cg  circuit  has  more  than  four  in- 
outs)  . 


Figure  1 


Figure  2 is  a generalized  diagram  of  the  ith 
multiplier  stage  of  an  R-ary  multiplier.  As  in  the 
first  example,  product  (P)  and  product  carry  modules 
(Cp)  generate, the  product  and  product  carry  respec- 
tively. The  input  carries  from  the  previous  stage 
and  the  product  module  outputs  for  this  stage  are 
Inputs  to  a tree  of  R-ary  full  adders.  Each  full 
adder  has  R + 1 inputs  and  produces  the  sum  modulo 
R and  a possible  carry  to  the  next  stage.  (The 
R-ary  full  adder  thus  combines  the  function  of  the 
sum  carry  module  (Cg)  and  the  modulo  R adder  shown 
in  the  first  example).  Some  of  the  R + 1 adders 
may  have  unused  inputs  but  this  inefficiency  is 
more  than  compensated  for  by  the  fact  that  all 
modules  are  Identical. 


If  the  number  of  inputs  into  the  tree  is  nj, 
then  the  number  of  full  adder  modules  in  the  tree 
is  given  by  [2]: 

and  since 

(4)  n^  > 0 

n^  - 21  - 1 + 

2 1 i 1 n 

and  n^^  ” An  - 21  + 1 + 

(5)  n+1  £ i f.  2n 

The  total  number  of  modules  in  all  required  trees 
can  be  evaluated  recursively  and  summed  over  2n. 


The  number  of  product  and  product  carry  modules  is 
2n2  (independent  of  radix)  and  therefore,  the  total 
number  of  modules  for  the  n position  d-ary  multi- 
plier is  given  by: 

■y  2n 

(6)  N = 2n  + Z N, 
i=l  i 

Thus,  the  total  number  of  modules  in  the  circuit 
can  be  calculated.  What  is  needed,  however,  is  a 
closed  form  expression  for  N,  which  exhibits  the 
relationship  between  N,  n,  and  R. 


Multiplier  Inputs 


Position  Product 


Figure  2.  ith  Multiplier  Stage 


III.  Closed  Form  Approximation  for  N 

A first  step  In  obtaining  a closed  form 
approximation  to  N is  to  solve  the  recurrence  re- 
lations : 


(7)  n^ 

(8)  n^ 


21  - 1 + 


An  - 21  + 1 + 


for  2 < i < n 


for  n+l<  1 < 2n 


A direct  solution  of  these  equations  would  ^pear 

I"!-!" 

to  be  inhibited  by  the  presence  of  the  term! — r — 


r 
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However,  v;onsider  the  recurrence  relation  obtained 
from  (7)  and  (-8)  by  dropping  the  least  integer 
greater  than  brackets,  i.e., 

’'i-l”^ 

(9)  X.  = 2i  - 1 + — — for  2 < i < n 
1 K 

*t-i~^ 

(10)  X.  = 4n  - 2i  + 1 + -^^^ for  n+1  < 1 < 2n 

1 K 


The  solution  to  these  equations  will  yield  more  than 
an  approximation,  a fact  which  is  demonstrated  by: 

Lemma  1 

"i  = P'il 


Proof : 

x^  = 2i-l  + (x^_j^-l)/R 

fxj]  = [li-1  + (x^_j^-l)/Rj 


and  since 

Xf  = ni  = 1,  the  lemma  is  true,  a similar  argument 
can  be  made  for  the  other  recurrence  relation.  The 
solutions  to  (9)  and  (10)  are; 

(for  R ^ 3) 


(11)  X. 


2R^  2Ri 

(R-l)^R^ 


(-R^-2R+1) 

(R-1)^ 


for  2<:i<n 


(12)  x^ 


-2(R-fl)R"  ^ 

2 1 

(R-1)  R 


2Ri 

R-1 


^ (4n+l)R^-4nR+l 

(R-1)^ 


for  n+1  < i < 2n 


The  exact  expression  for  N is  given  by: 

2n  pi-H  2 

= i^il^r 

A first  approximation  to  N is  given  by: 

2n  x,-l  - 
(U)  N*  = 2 -i — + 2n^ 

i=l  « 

Using  the  two  recurrence  equation  solutions  given 
by  (11)  and  (12)  one  gets: 


(15)  N*  = — + (2n^  - 2n)/(R-l)  + 2n^ 
(R-1) 

If  one  assumed  that  the  error  incurred  in  dropping 
the  r 1 from  (13)  results  in  an  average  error  of 
.5  for  each  term  in  the  summation,  then  the  total 
error  for  2n  terms  is  given  by  n.  If  we  add  this 
term  to  N*  we  get 


(16)  N 


2R 

(R-1)^ 


isl  + n(R-3) 
R-1  R-1 


+ 2n 


2 


Computer  evaluation  of  N and  N for  3 ^ R ^ 10  and 
2 5^  n 10  shows  the  average  error  between  N and  N 
to  be  .4,  while  the  worst  case  error  is  1.75. 


A further  simplification  can  be  made  if  it  is 
noted  that  for  3 R,  the  term  2R/(R-1)3  is  less 
than  one  and  decreases  rapidly  toward  zero  as  R 
increases; 

• 2 nfR-3)  2 

. . 2n  /R-1  + p-: — + 2n  is  a good  approximation 

R“i 

to  N. 


Finally  for  large  n,  the  n^  term  predominates 
and  one  gets  the  form  stated  in  the  introduction, 

i.e. 


N 


(InK)^ 

(InR)^ 


Summary 


An  expression  for  the  modular  complexity  of  a 
tree  structured  higher  radix  multiplier  has  been 
presented.  This  expression  demonstrated  that  the 
radix  effects  the  complexity  of  the  circuit  not 
only  through  the  input  size  (i.e.  n = [InK/lnR]), 
but  also  through  its  effect  on  the  modular  structure 
of  the  circuit  itself.  This  second  effect  is 
demonstrated  by  the  2n^/R-l  + n(R-3)/R-l  term  in 
(16)  . This  effect  is  caused  by  the  limitation  on 
the  number  of  inputs  that  an  R-ary  full  adder  can 
have  (R+1)  wihtout  generating  a carry  beyond  the 
next  position. 


The  above  analysis  gives  the  complexity  of 
the  modular  net  without  regard  to  the  complexity  of 
the  module  themselves.  The  circuit  is  made  up  of 
three  module  types,  i.e.: 

2 

n product  modules 


n product  carry  modules 


2n^  n(R-3) 

R-1  R-1 


R-ary  adders 


The  next  step  in  the  complexity  analysis  is  to 
assume  complexity  functions  for  the  modules  (vs. 
radix)  and  thus  determine  the  overall  complexity  of 
the  circuit  as  a function  of  R.  If  N is  the  modular 
net  complexity,  and  the  complexity  of  the  modules, 
then  the  overall  circuit  complexity  (Cfj)  is  given 
by; 

An  interesting  question  to  consider  then  is:  for  a 
given  function,  what  types  of  Cj,  will  allow  Cfj  to 
be  a monotonically  decreasing  function  of  radix? 

This  question  is  the  concern  of  the  writer's  cur- 
rent research  effort  and  will  be  discussed  in  a 
future  paper. 
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ADDITION  IN  SIGNED  DIGIT  NUMBER  SYSTEMS 


M.  DAVIO  and  J.-P.  DESCHAMPS 


MBLE  RESEARCH  LAB.  BRUSSELS. 


ABSTRACT. 


The  paper  studies  a general  class  of 
signed  number  representation  systems.  Among  the 
members  of  that  class , it  selects  the  number  re- 
presentation systems  that  allow  one  to  build  multi- 
summand ripple  carry-like  adders  enjoying  simul- 
tanesouly  the  properties  of  saturation,  expanda- 
bility and  symmetry. 


1.  INTRODUCTION. 

The  study  presented  in  this  paper  has 
a two-fold  motivation  : it  first  starts  from  the 
increased  need  of  custom  design  large  scale  inte- 
grated circuits  such  as  multipliers,  product  accu- 
mulators, dividers,....  which  find  interesting  ap- 
plications wherever  the  universal  or  general  pur- 
pose architectures  fail  to  meet  some  system  requi- 
rement, most  often  the  speed. 

Next,  it  tries  to  use  the  characteris- 
tics of  multivalued  logics  with  all  its  possible 
consequences  on  circuit  design  such  as  : 

(i)  increase  of  information  density  over  the  con- 
nections which  allows  one  to  improve  the  "ef- 
ficiency" of  these  connections  and,  as  the 
case  may  be,  to  overcome  pin  limitations. 

(ii)  description  of  algorithms  endowed  with  an  in- 
cresised  intrinsic  parallelism.  Such  algorithms 
are  obviously  candidate  to  provide  in  any  lo- 
gics (including  the  binary  logics)  interesting 
alternative  designs. 

It  is  however  difficult  to  achieve  the- 
se two  goeds  simultaneously.  An  exan?)le  will  help 
to  clarify  this  point.  Think  of  a ripple  carry  ad- 
der for  two  summands,  if  we  may  expect  from  tech- 
nological advances  that  two  full-adders  operating 


e.g.  in  the  bases  2 and  1*  have  similar  delay  timei, 
the  time  perfonnance  of  the  base  1*  adder  will  be 
about  twice  better  than  that  of  the  binary  adder 
so  that,  if  speed  is  the  design  goal,  one  would 
incline  to  the  quaternary  adder.  However,  in  this 
case,  the  carry  remains  binary  and  in  a quaterna- 
ry implementation  no  increase  of  the  carry  connec- 
tion efficiency  would  result.  And,  as  we  shall  see, 
this  type  of  problem  becomes  even  more  critical 
if  one  turns  to  the  problem  adding  two  signed 
numbers  in  the  visual  numeration  systems  (b's 
con^ilement  notation,  negative  bases). 

The  present  paper  tries  to  approach 
that  type  of  problem  in  the  case  of  multisummand 
ripple  carry  adders.  The  emphasis  is  placed  on 
three  properties  that  we  may  intuitively  describe 
here  as  follows  : 

(i)  saturation  or  maximal  exploitation  of  the  free- 
dom degrees  allowed  to  the  circuit  connections 

(ii)  expandability  of  the  basic  cell  to  adders  of 
arbitrary  length. 

(iii)  symmetry  of  the  input  carry  with  the  input 
digits  which  implies  simpler  designs. 

It  has  been  found  that  the  classical 
methods  used  to  represent  signed  numbers  fail  to 
meet  (at  least  simultaneously)  the  above  three 
criteria.  This  is  why  a larger  class  of  number 
representations  defined  in  section  2 as  signed 
digit  representations  has  been  investigated.  The 
essential  result,  described  in  section  4 is  the 
description  of  number  representation  systems  in 
which  the  above  three  properties  exist  simultane- 
ously. 

2.  SIGNED  DIGIT  NUMBER  REPRESENTATION  SYSTE>B. 


2.1.  Preliminary  remarks. 

Classical  arithmetic  makes  a frequent 
use  of  positional  or  weighted  number  representa- 
tion systems.  An  integer  A is  represented  by  a 
vector  a with  integer  con5)onents  : 


A "v  [ a. 


'n-1 '"r^o 


(1) 


A weight  w^ , generally  an  integer,  is  attached  to 

each  component  of  the  representation.  The  number 
A and  its  representation  are  related  by  : 
n-1 

A = I a.  w.  (2) 

i=0 
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In  what  follows , we  assume  that  the 
components  a^  of  a representation  g only  have  a 

finite  number  of  distinct  values  and  that  these 
values  are  choosen,  together  with  the  weights  w^ 

in  such  a way  that  the  finite  set  of  integers  that 
are  representable  under  the  form  (l)  is  an  in- 
terval of  the  set  of  integers.  We  shall  fur- 
thermore restrict  our  discussion  to  irredundant 
number  systems,  i.e.  to  systems  in  which  any 
member  A of  only  has  a single  representation. 

If  the  con^jonents  a^  and  the  weights 

all  are  nonnegative  integers,  the  interval 
R^  only  contains  nonnegative  integers.  In  such 

a situation,  one  uses  a sign  to  distinguish  posi- 
tiveand  negative  integers  and  one  speaks  of  sign 
and  magnitude  representation.  The  heterogeneous 
nature  of  such  a representation  occasionally  cau- 
ses trouble  in  arithmetic  operations,  as  it  is  the 
case  when  adding  two  oppositely  signed  numbers. 

This  is  the  reason  why  other  types 
of  representations  have  been  investigated.  In 
particular,  one  observes  that  the  set  R^  may  con- 
tain negative  members  if  some  digits  a^  and/or  so- 
me weights  w.  have  negative  values.  In  what  follows, 
we  shall  always  assume  that  the  weights  Wj^  are  po- 
sitive integers,  while  the  digits  a^  may  assume 
positive  and  negative  values.  We  shall  show  in 
section  2.3  that  this  is  the  most  general  situa- 
tion and  that  it  in  particular  covers  most  of  the 
irredundant  number  systems  in  practical  use.  We 
have  thus  reached  in  this  way  the  concept  of 
signed  digit  nimiber  systems.  A class  of  signed  di- 
git number  systems  is  introduced  in  section  2.2. 

It  should  be  mentioned  here,  to  prevent  any  confu- 
sion, that  O' her  signed  digit  number  systems  have 
been  investigated  in  the  past'  . 

2.2.  Mixed-radix  signed-digit  number  representation 
systems . 

A mixed-radix  signed-digit  number  re- 
presentation system  is  defined  by  two  vectors  i 
and  k with  integer  components  : 

b=  |b^_^,...,b^,bQ]  ; b.>1  , ie{0,1,...,n-l} 

(3) 


by  : 


w. 

1 


w.  ,b.  , 
1-1  1-1 


= n b. 
j=0  ^ 


(8) 

i e { 1 ,2, . . . ,n)  (9) 


From  the  latter  definition  of  the  w. 's,  one  imme- 
diately  infers  that  the  weights  satisfy  the  use- 
ful identity 


k-1 

Y (b.-l )w.  = w -1  . ( 10) 

i=o 


The  main  property  is  described  by  theo- 
rem 1 . 

Theorem  1 . Any  integer  A belonging  to  the  inter- 
val : 


n-1  n-1 

H = ( y r.w.  , y k.w.  1 

n 1 1 11 


i=0 


i=0 


(11) 


has  a unique  representation  : 

i = I a^_^  ,. . . , a^ , Sq  1 (12) 

such  that  : 

(i)  r^<a^<k£  ; is  {0,1 n-1}  (13) 

n-1 

(ii)  A=  y a.w.  (lb) 

i=0 


Proof.  The  proof  esseitially  rests  upon  the  follo- 
wing set  of  equations  ; 


A=q,bo  + Sq 

; ^0  ^0  ^ *^0 

(iSp) 

; r,  < a^  < k, 

(15,) 

q.=q.  ,b.  + a. 
^1  ^1+1  1 1 


r.  < a.  < k- 
111 


:i5i) 


k,  .IIqI  ; 0 «;k^<  b^,  i.  (It) 


q =q  b .,+a  ; 

^n-1  n-1  n-1 ’ 


r .,<k 

n-1  n-1  n-1 


(15 


n-1 


) 


We  shall  furthermore  use  the  vector 

S = lVl ^I’^ol  (5) 

defined  by  : 

r^  = -(b^-k^-l)  ; V i (6) 

From  the  jj-vector,  we  now  define  the 
weight  vector  : 


(7) 


These  equations  uniquely  define  the  consecutive 
q^’s  and  the  a^'s  satisfj'i  ig  (13)»  since  the  in- 
terval I r^  ,k^)  is  a couple -e  residue  system  modulo 
b^ . By  successive  substitutions,  one  obtains  from 


(15)  : 


n-1 

A = q w + y a.w. 
n n . 11 

1=0 


(16) 


The  proof  is  thus  completed  if  we  show 
that  Assume  e.g.  that  q^  > 1.  Then,  by  ( 16) 

and  (13);  we  obtain  : 


^ = ‘"n’Vl ''rV 


(21) 


n- 1 

n-1 

A>w+  / r.w.  = w 
n 1 1 n 

1=0 

- I 

i=0 

i .e.  , if  we  use  ( 10) 

n-1 

A > 1 

- 1 

i=0 

and  thus  contradicts  the  hypothesis  A 6 R^,  with 
given  by  (11).  Similarly,  one  deduces  that,  if 
< -1,  the  integer  A is  smaller  than  the  lower 


boimd  of  R . 

n 


□ 


n-1 

A=  I 

i=0 

This  is  the  reason  why 
weight  systems. 

Remarks 

(i)  If  £ = 0 (the  all-zero  vector),  the  signed 

weight  systems  reduce  to  the  classical  mixed  radix 
systems.  An  everyday  life  example  of  such  a system 
is  given  by  b ={2it,60,60]  used  for  time  measure- 
ments in  days,  hours,  minutes,  seconds.  The  mixed 
radix  systems  are  also  ciirrently  used  in  residue 
arithmetic^  . 


a!  w! 
1 1 


we  call  these  systems  signed 


Example  1 . Let  b=  [ 5 ,3 ,2]  and  k =[2 ,2 , 1 , 1]  . 

Using  upper  bars  to  denote  negative  digits,  we  have: 

g = ( 2, 1 ,T  ,0  1 and  w = ( 120 ,2U  ,6 ,2 , 1 ] . Fxirthermore  , 
Rj^  = 1 -56,63  1 . Let  us  e.g.  conpute  the  representa- 
tion of  -U3  (decimal)  : 


(ii)  An  alternative  definition  of  a signed  weight 
number  system  may  be  formulated  in  terms  of  a sin- 
gle vector 

S = tVl l^il  > ^ (22) 


-1*3  = (-22). 2 + (1)  ; 0 <aQ<  1 

-22  = (-  T).3  + (-1);  -1  1 

- 7 = ( -2).1<  + (1)  ; 

- 2 = (0)  . 5 + (-2); 


Hence  -1*3=  (-2) . (2l*)+(  1 ) (6)+(;1 ) (2)+(  1 ) ( 1 ) . The  de- 
cimal -1*3  is  represented  as  [2, 1,1,1]  in  our  number 
system. 


of  signed  integers.  Such  a definition  is  built 
from  the  vectors  J and  s by  : 


S ®0 


(23) 


i e {1.2 n-1)  (21*) 

(25) 


2.3.  Particular  cases. 


Conversely,  given  a vector  such  that 


2.3.1.  Signed  weight  systems. 

A signed  digit  system  becomes  a signed 
weight  system  iff  : 

V i , either  k^=b^-1  or  k^=0  . (17) 

Thus,  in  a signed  weight  system  : 

V i , either  0<a.<b.-1  or  -(b.-l)<  a.<0.(l8) 

In  this  case , we  may  observe  that  ; 

(i)  the  vector  ^ may  be  replaced  by  a binary  vec- 
tor I . We  adopt  here  for  s the  following  defini- 
tion: 

s.=0  iff  k.=b.-1  ; s.=1  iff  k.=0.  ( 19) 

1 111  1 

(ii)  the  positions  in  which  negative  digits  appear 
are  fixed,  once  for  ever  throughout  the  system.  It 
is  thus  clear  from  (1I*)  that,  in  such  a case,  the 
negative  signs  may  be  transferred  from  the  a^'s 

to  the  corresponding  Wj^'s  according  to  : 

a?  = (-1)^^  a.  ; wl  =(-l)^^  w..  (20) 

In  this  case,  all  the  a. 's  are  positive  while  (1I*) 
is  replaced  by  : 


'Xj  t . 

= (-1)  |bj  , 

one  defines  b and  s vectors  by  : 


bi  = IbJ 


s.  = § t. 

^ j=0  ^ 


(26) 


(27) 

(28) 


2.3.2.  Homogeneous  number  systems. 

A signed  digit  system  is  an  homogeneous 
number  system  iff  b^=b,Vi.  Number  representation 

systems  which  have  received  practical  application 
are  most  often  both  signed  weight  and  homogeneous; 
we  shall  briefly  review  some  of  the  most  striking 
examples. 

(i)  positive  integer  representation.  Whenever  |=0, 

one  obtains,  for  b*2,8, 10 , 16, . . . the  classical, 
binary,  octal,  decimal,  hexadecimal,...  represen- 
tations of  positive  integers. 

(ii)  b's  complement  representation.  Here 

s = I 1,0,0 0 1 , (29) 
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i.e.  the  most  significant  digit  is  interpreted 

with  a negative  weight  -h"^  The  representation 
interval  is  given  hy  : 


system"  (b=3,  k=l)  is  described  in 


3.  BASE  CONVERSION 


R^  = [-(b-l)b"  \ b"  ’-1  1 (30) 

and  the  integer  A is  related  to  its  representation 
3 by  : 

^ = -"A-i  ■ (31) 


3.1.  Problem  statement ; general  solutions. 

The  base  conversion  problem  mcy  be  sta- 
ted as  follows  : given  the  representation 

of  A in  a first  number  representation  system 

called  sourae  system,  obtain  the  representation 

(2) 

a of  A in  a second  number  representation  system 


When  b=2,  one  obtains  the  celebrated  two's  comple- 
ment representation.  In  the  general  case  b > 2, 

the  domain  of  a'  .is  sometimes  restricted  to 
n- 1 

{0,1}  , so  as  to  replace  R by  another  (smaller) 
interval  symmetric  about  0 . See^ 

(iii)  negative  base  representation.  One  uses  here 

I = [ (n-l)^od  • (32) 

In  this  case,  sin  integer  A is  related  to  its 
representation  by 

n-1 

A = I a:(-b)^  . (33) 

i=0 

The  latter  equation  explains  the  term  "negative 
base"  used  for  these  systems.  Note  that  A is  posi- 
tive if  its  representation  has  an  odd  number  of 
significant  digits  and  negative  in  the  opposite 
case.  An  easy  summation  shows  furthermore  that  the 
representation  interval  is  given  by  : 


called  target  system.  In  what  follows,  we  assume 
that  the  source  and  target  systems  are  defined 
by  the  vector  pairs  (b^'',  k ' ^ ^ ) and 


(b 


(2) 


( 2 ) 

k ) respectively. 


We  furthermore  assume 


that  the  number  A has  a representation  in  both 
systems. 

Two  basic  methods  are  available  for 
performing  a base  conversion.  They  differ  by  the 
number  system  in  which  the  calculations  take  place. 
If  the  calculations  are  to  be  performed  in  the 
source  system,  the  digits  of  the  target  represen- 
tation will  be  obtained  according  to  (15)  as  the 
remainders  of  a series  of  integer  divisions.  This 
has  already  been  illustrated  by  exan^le  1 and  we 
shall  not  comment  that  method  further  on. 

If  the  calculations  are  to  be  perfor- 
med in  the  target  system,  a simple  method  may  be 
based  on  the  familiar  formula  : 


A = 


n-1 

I 


i=0 


(38) 


) -"b 

b+1  ’ 

} ; (n  even) 

(31*0) 

._n  , 

n+ 1 

b -b 
b+1 

— ; (n  odd) 

(31*,) 

A simple  way  of  putting  formula  (38)  at  work  con- 
sists in  using  its  Horner  scheme  form  : 


A=((., 


bi  +a,  )bQ 


+ a. 


(1) 


(39) 


Additional  literature  on  these  systems  (mostly 
in  the  case  b=2)  may  be  found  in  rela- 

tionship between  negative  bases  and  complex  num- 
ber representations  is  pointed  out  in1^>®. 

2.3.3.  Fully  homogeneous  number  systems. 

A signed  digit  number  representation 
is  fully  homogeneous  iff  b^=b  and  k^=k  for  all  i. 

In  particular,  a f'llly  homogeneous  system  is  cen- 
tered iff  k = [(b-l)/2j  ( [xj  represents  the  inte- 
ger part  of  x) . Here 

\ I • ^ ’ (f 

OTq) 

= 1-^  .^I;  (b  odd)  . (37,) 

These  systems  enjoy  interesting  properties  ; one 
notes  here  the  symmetry  of  the  representation  in- 
terval. Other  interesting  properties  of  these  sys- 
tems will  appear  later  on.  The  "balanced  ternary 


The  computation  is  thus  performed  in  (n-l)  steps 
each  of  which  involves  the  multiplication  by 

bj^^  and  the  addition  of  ai^^  That  computation 
is  possible  as  soon  as  : 

(i)  the  representations  of  the  aP  ^ in  the 
target  system  are  known. 

(ii)  it  is  possible  to  multiply  by  bP  ^ and  to 
add  in  the  target  system. 


The  first  of  these  two  requirements  explains  why 
that  method  is  most  often  suggested  in  homogeneous 

systems  when  b(^^  < In  this  case,  the  digits 

a j ^ ^ are  their  own  representation  in  the  target 

system.  The  argument  is  however  by  no  means  com- 
pulsory. 


Example  2.  Convert  [ 1,12,3,57  1 seconds  expressed 
in  the  day,  hours,  minutes,  seconds  system  into 
its  decimal  equivalent  : 


((1.21*  + i2)6o  +3)  60  + 57  “ 129837  seconds.^ 
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Remark.  It  is  obviously  possible  to  speed  up  the 
computation  involved  by  (39)  by  using  an  evaluation 
scheme  of  a more  parallel  type.  This  is  illustra- 
ted by  figure  1 for  n=8.  It  is  clear  that  the  un- 
derlying construction  may  be  extended  to  all  n 
and  that  the  conversion  time  is  then  proportioneil 
to  log  n.  The  new  algorithm  however  uses  more 
complex  operations  than  the  above  mentioned  Horner 
scheme. 

3.2.  Particular  cases. 

3.2.1.  Homogeneous  systems. 

In  the  case  of  homogeneous  systems, 
the  Homer  scheme  (39)  becomes  an  iteration.  If 

we  denote  by  b^'^  and  b^^^  the  source  and  target 
bases,  and  by  R a partial  result,  we  may  describe 
the  typical  iteration  step  by  : 

R :=  R b^  + s . (ko) 


Our  purpose  is  to  show  that,  for  homogeneous  sys- 
tems, the  iteration  step  (1^0)  may  itself  be  des- 
cribed as  a more  refined  iteration.  Let  [ r^_^,... 
r^  ,rQ  1 denote  the  representation  of  the 


partial  result  in  the  target  basis. 

a set  of  q. 's  such  that  : 

1 


R 


(2) 


+ 


92^ 


(2) 


+ r. 


There  exists 


(Ul) 


Vi 


= O.b 


(2) 


+ r 


n-1 


b^^^R  + s = (q^b^’^  + q*)b^^^  + r* 


q/’^  . q>  (q^b^^^  . q*)b^2,  ^ 


(1) 


.(2) 


9 b^l’+q* 

n- 1 n- 1 


(UM 


n-1 


*^Tn-1 


0 . b 


(2) 


m-1 


4^  4i  4( 

which  shows  that  the  vector  (r  ,,..., r,,  r.  ] 

m-1  10 

actually  is  the  expected  representation  of 

b^^^R+s  in  the  target  system.  The  importance  of 
equations  (U3)  becomes  clear  in  the  light  of  the 
above  discussion.  They  indeed  resolve  the  compu- 
tation (ho)  in  an  iteration,  whose  typical  step 
is  described  by  : 


r.b 

1 


(1) 


+ 9i 


¥ 

r. 

1 


(h5) 


A particular  case  of  the  above  transformation  is 
described  in 

Example  3.  Pigure  2b  illustrates  the  conversion 
of  Avll  101001  1 10l)(2's  complement) 

to  A'''1T322311  (radix  -U). 

Each  cell  performs  (figure  2a)  ; 


2r.  + 
1 


• I « 

9-  = 

^1  ^1+ 


« 

1 ^i 


Consider  now  the  following  equations 
(i*3)  that  uniquely  define  the  integers  q^  and  r* 

under  the  condition 


r(2)  < r*  < kf2) 

1 11 


(h2) 


bd) 

+ S 

- n*h(2) 
- q,b 

* 

" "o 

,.d) 

« 

*A2) 

rib^ 

= 92^ 

" "l 

vd) 

•v.(2) 

i-i'’ 

■1=V 

+ r 

n- 

(h3) 


* * v(2).  * 

9 =9  +!■ 

n ^n+ 1 n 


* ...  , (2)  • 
Vi  * Vi 


If  one  next  substitutes  the  values  (1*3) 
into  the  system  (1*1)  first  multiplied  by  b^^^,  one 
obtains  the  new  system  : 


by  selecting  r^  G {0,1, 2, 3)  for  i even  and 

r.  6 {0,-1, -2, -3)  for  i odd. 

^ □ 

3.2.2.  Translations. 

A base  conversion  is  a translation  if  the 
source  and  target  basis  vectors  are  identical.  Thus 

= ■fe.  In  this  case,  the  representation 

domains  R^^^  and  R^^^  have  the  same  cardinalities 

(2)  " ^ ( 1 ) 
and  R thus  results  from  R by  a translation 
n n 

along  the  axis.  That  type  of  base  conversion  is 
particularly  sinple  and  deserves  a specific  study. 


Let  indeed 


n-1 


A = I aP^w.  ; r)''<a)'Uk)''  . (>i6) 

^ 1 1 ’ 1 1 1 
i=0 


.(1)^  JD^vd) 


We  see  that  A may  be  written  under  the  form  : 

A=  Y (a!’W2UP))w.-”Mkf^UP))w.. 

.■r,,  1 1 1 1 .-r,,  1 1 1 

(U7) 


i-0 


i»0 


1M 


The  latter  expression  allows  us  to  interpret  A as 
the  difference 

A = X-  Y (1+8) 

of  two  integers  X and  Y written  in  the  target 
system.  Indeed,  one  easily  deduces  from  (1+6) 

r|^^  < aP^  + - kP'  < kP'  , (50) 

while  the  defining  inequalities 
0 < 1^1^^  ^ '^i”'  ® ^ ^ ^i~^  easily  yield 

rP^  < kPP  kP^  < kP^  . 
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The  process  may  be  summarized  as  fol- 
lows : 

(i)  Given  a^  ^ ^ form  2 : x^=aP  ^ + kj^PkP^ 


(ii)Porm  y 


(iii)  Subs  tract  y from  x in  the  target  system. 


=11  0232022]  (radix  -U) 
into  !*'s  complement  notation.  Here  ; 

=13030303030303] 

(2) 

r ' = [0333333333333] 
y =13303030303030] 
$ =13303020131012] 

The  final  substraction  is  : 


1111111  111 


33030201  31012 


3303030303030 


1333323221322 


Remarks. 

( i ) The  above  process  may  clearly  be  rever- 
ted to  eiLlow  the  computations  to  be  performed  in 
the  source  system. 

(ii)  It  is  possible  to  present  an  equivalent 
edgorithm  as  a flowchart,  i.e.  as  a purely  se- 
quential process  at  each  step  of  which  a new  di- 
git of  the  target  representation  is  obtained  : 
the  quantity  y and  the  transformation  a -►  do 

not  appear  explicitely  in  such  an  algorithm  but 
are  imbedded  in  the  successive  steps  of  the  com- 
putation. Examples  of  that  type  of  algorithm  may 
be  found  in*^ 


(iii)  We  also  note  that  the  operation  of  sign 
change  immediately  reduces  to  a translation  . 
Inded,  if  ( ,aQl  is  the  representation 

of  some  integer  A in  a (i,^)-number  system,  then, 

[-a  a,  ,-a„]  is  the  representation  of  -A 

n-1  1 U 

the  number  system  (b,^')  where  kj  = b^-k^-1.  Let 

us  e.g.  apply  the  method  to  the  sign  change  in 
b^  complement  notation.  Here  : 

(2) 

^ = [0,b-l b-1] 

k-  = = [b-1,0,...,0  ] . 


y = = [-(b-l),(b-l),...,(b-l)]  , 


-Y  = b"  -2b"’^  + 1 ; -Y  H -2b"  ^ +1  (mod  b") 

Similarly,  it  is  easily  observed  that  the  number 
2 is  obtained  by  replacing  each  digit  of  A by  the 

complement  to  (b-l)  of  its  absolute  value  while 
keeping  signs  unchanged.  It  may  be  checked  that 
of  -A  has  a representation,  then  a,^_^  ^ (0,-1) 

and  that  the  summation  X-Y  may  be  carried  out  mo- 
dulo b”  to  yield  the  correct  result. 

(iv)  Let  us  finally  call  slicing  the  opera- 

tion that  consists  in  grouping  the  digits  of  a 
representation  in  blocks  of  equal  length.  That 
process  is  familiar  when  passing  from  binary 
to  octal  or  to  hexadecimal.  It  is  noteworthy  that 
the  class  of  signed  digit  number  systems  is  closed 
under  the  operation  of  slicing,  i.e.  that  from 
any  signed  digit  system,  one  obtains  by  any  sli- 
cing a new  signed  digit  system.  The  reader  will 
easily  convince  himself  that  the  restricted  class 
of  signed  weight  number  systems  does  not  enjoy 
that  stability. 

it.  ADDITION. 

i*.1.  Simple  adders.  Description  and  discussion. 

Wq  consider  the  problem  of  adding  u 
integers  X'J',  whose  (b,^)-representations  are 

given  by  : 


Vi*--' 


More  precisely,  if  q^  denotes  an  input  carry, 
we  wish  to  compute 

A = qg  + I X^'’^  . (1*9) 

j = l 

In  this  introductory  subsection,  we 
discuss  the  possibility  of  computing  the  result 
A by  an  algorithm  similar  to  the  one  encountered 
in  the  ripple  carry  adder.  In  that  algorithm,  one 
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would  thus  coB^pute , for  each  digit  position  the 
3im  of  digits  in  that  position 


°i  = '^i+1^  ^ ^i*  *^1+1  V ‘‘iJ  • ^57) 


S.  = I 
^ j=1  ^ 


(50) 


With  these  notations,  we  may  express  as 


I.  C 0. 
1 — 1 


(58) 


add  that  sum  to  an  appropriate  input  carry  q.  and 
generate  from  Sj^+q^  a new  carry  a^id  a result 
digit  a. 


^ In  what  follows,  we  show  that,  if 

q.  , and  a.  are  defined  by  : 

^1+1  1 

S.+q.  = q._,,b.  + a.  ; r.<a.  <k. 

1 1 1+1  1 1111 


(51,) 


the  condition  under  which  equation  (51^^)  may  be 

considered  as  the  behavioral  description  of  a hard- 
ware adder  cell.  When  an  adder  is  built  along  the- 
se conditions,  we  call  it  a simple  adder. 

It  is  clear  that,  in  any  practical  design 
situation,  we  would  try  to  keep  the  successive  car- 
ry ranges  b*  as  small  as  possible.  In  such  a situa- 
tion, the  explicit  version  of  (58),  expressed  as  : 


i e (0,1 n-1) 

1 

r.  ,,  b.  + r.  < r.  + ur. 

1+1  1 1 1^1 

(59) 

the  result  A is  represented  by  [q^,a^_^,.. 
in  the  ('^,^)-number  system. 

• fS,  .agj 

it  0 

(60) 

ki^l  b.  + k.  ? k.  + Uk. 

Indeed,  on  the  one  hand,  if  we  multiply 
each  of  the  equations  (51^)  by  the  corresponding 

weight  w^  and  if  we  sum  these  equations,  we  obtain: 
n-1  n-1 

<10  ■ Vi  = Vn-"  Vi-  (52) 

1=0  1=0 

On  the  other  hand,  we  obtain,  from  (1*9)  and  (50)  : 
u n-1  / . V n-1 

A = V X.  V V .J.  Vi*  (53) 

0=1  1=0  1=0 

and  the  con^jarison  of  (52)  and  (53)  completes  the 
proof  of  the  assertion. 

Equation  (5l£),  which  describes  the 

typical  step  of  the  addition  algorithm,  becomes  the 
central  object  of  our  discussion.  A first  remark 
is  that  equation  (51^)  has  no  interest  for  design 

purposes,  unless  the  ranges  of  the  successive 
q^'s  are  known  and  coherently  defined.  We  shall 


would  allow  one  to  choose  recursively  the  r^'s  and 

kT's  by  : 

1 


* 

Vi 


* 

*^i+1 


(6i) 


(62) 


where  fx]  is  the  smallest  integer  not  smaller 
than  X. 

1*.2.  Saturation. 

1*.2.1.  General  discussion. 


We  say  that  a sin5>le  adder  is  saturated 
iff  condition  (58)  is  replaced  by 


I.  = 0. 
1 1 


r.  < q.  < k. 

Ill 


and  define , by  symmetry 


bT  = kT-  r*  + 1 
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(51*) 


(55) 


How,  the  set  of  values  I^  assumed  by  the  left  hand 
member  of  (51^^)  will  be  called  input  set  ; it  is 
the  interval  : 


li  = ( r*  + ur^,  k*  + uk^  J 


(56) 


Similarly,  the  set  of  values  0.  assumed  by  the 
right  hand  member  of  (51^)  wili  be  called  output 

set  ; it  is  the  interval 


Intuitively,  this  means  that  the  cell  connections 
are  used  with  the  maximum  efficiency  : stated 
otherwise,  this  would  correspond  to  the  best  pos- 
sible use  of  the  multivalued  character  of  the  lo- 
gic system. 

In  a saturated  adder,  the  conditions 
(59)  and  (60)  are  replaced  by  any  two  of  the  fol- 
lowing three  equalities  : 


* 

r.  ,b.  + r. 

« 

» r. 

+ yr. 

(61*) 

1+1  1 1 

1 

1 

k*+,b.  + k. 

« kT 
1 

+ yk. 

(65) 

(b*..,-u)  b. 

« h* 
1 

- y • 

(66) 

and  the  consecutive  and  k^'s  should  be  ob- 

tained from  (6l)  and  (62)  with  no  round  off.  In- 
tuitively, we  understand  that  the  initial  values 
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Tq  and  kg  must  be  chosen  so  as  to  satisfy  that  in- 
tegrity condition.  As  a matter  of  fact,  a recur- 
rent use  of  (6U)  (65)  and  (66)  immediately  yields: 


Lemma  1 , A simple  adder  envoys  the  saturation  pro- 
perty iff  two  of  the  following  three  aonditions 
are  satisfied  for  every  o = 1,2,...,n  : 


u ^ 

y r w = r .w . 
s=0  ® ® ® 

(67) 

* 

) k w ® k .w  . 
s=0  " " J J 

(68) 

(b%u)  w. 

J J 

(69) 

We  now  reach  the  main  theorem  of  this 

section. 

Theorem  2.  There  exists  a simple  adder  with  the  sa- 
turation property  iff  two  of  the  following  oon- 
gruenoes  are  satisfied  : 

rg  2 -(p-l)  I r^w^  (mod  w^)  (70) 

s=0 

n-1 

kg  2 -(u-1)  I k^w^  (mod  w^)  (71) 

s=0 

bg  2 u (mod  w^)  (72) 

Proof.  The  necessity  is  clear  : it  suffices  to 
consider  the  equations  (67) (68)  and  (69)  with  j=n 
and  to  impose  the  integer  character  of  the  invol- 
ved parameters.  To  prove  the  sufficiency,  we  ob- 
serve that  : 


0 = 6 (mod  w ) “»  o = 6(mod  w.)  . 

n j 

Hence,  if  e.g.  (72)  holds  true,  (69)  defines  in- 
teger bVs.  Similarly,  if  (70)  and  (71)  hold  true, 

(67)  and  (68)  will  define  integer  r.'s  suid  k.'s. 


Remark . When  applying  theorem  2,  it  is  important 
to  identify  the  quantities  : 

n-1  n-1 


I 

s=0 

as  the  bounds  of  R 


r w and  J k w 
s s U c a 


S=0 


as  computed  in  section  2. 


U.2.2.  Examples. 

(i)  Fully  homogeneous  number  systems. 

In  a fully  homogeneous  number  system, 
conditions  (70)  and  (71)  become 


(b-1) 

(b"- 

•1) 

(mod  b") 

(73) 

(b-1) 

(b"- 

•1) 

(mod  b'^) 

(7**) 

In  particular,  if  (b-l) 
conditions  reduce  to  : 


(b-1) 


* - (p-1  )k 
■0  - (b-1) 


divides  (u-l)r. 

the  above 

(mod  b") 

(75) 

(mod  b°) 

(76) 

(ii ) Negative  bases 

The  discussion  of  the  congruences  (70) 
and  (71)  is  slightly  longer  in  the  case  of  nega- 
tive bases.  That  discussion  will  not  be  reprodu- 
ced here.  The  reader  will  however  check  that 
the  values 


rg  = ab  (77) 

kg  = -o  (78) 
a < 0 (79) 
U = -o(b+l)+l  (80) 


define  saturated  simple  adders  for  negative  bases. 
As  a matter  of  fact,  it  maj'  be  shown^®  that  con- 
ditions (77). ..(80)  are  the  most  general  conditions 
of  saturation  that  are  independent  of  n. 

I1.3.  Expandability. 

The  concept  of  expandability  is  intui- 
tively familiar  ; in  the  usual  binary  representa- 
tion of  integers,  the  fiill-adder  is  considered  as 
expandable  since  it  allows  one  to  build  adders 
for  any  size  of  the  summands.  In  the  case  of  sim- 
ple adders,  under  study  in  section  1:,  expandabili- 
ty first  requires  the  underlying  algorithm  to  be 
an  iteration  ; it  next  imposes  the  possiblity 
of  choosing 

r*  = rT  6ind  k*  . = k*  . (8I) 

1+1  1 x+1  1 


Let  us  for  example  discuss  expandabili- 
ty in  terms  of  fxilly  homogeneous  systems.  In  this 
case,  the  coherence  conditions  (50)  and  (60) 


become  : 

r.  . -b  + r ^ r. 
1+1  1 

+ pr 

(82) 

kT  b + k > kT 
1+1  1 

+ pk 

(83) 

obtains  : 

Combining  (8I), 

(82)  and  (83). 

one 

Theorem  3.  In  a fully  homogeneous  number  system, 
there  exists  an  eapan^ab^e  simple  adder  for  each 
couple  of  integers  (r  ,k  ) satisfying 


(ek) 

(85) 


▼ 
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Abstract 


The  design  of  a radix  4 simultaneous  multiplier, 
utilizing  I^L  circuits,  is  presented.  Because  of 
the  relative  efficiency  of  threshold  logic  imple- 
mentations in  I^L  to  those  using  logic  primitives, 
the  multiplication  is  implemented  by  adding  together 
copies  of  the  multiplicand.  This  is  shovm  to  be 
more  efficient  than  generating  and  summing  single 
position  partial  products.  The  radix  4 design  is 
also  compared  to  an  equivalent  radix  2 multiplier 
(also  mechanized  with  I^L  circuits),  and  is  shown 
to  be  faster  and  less  costly  in  terms  of  required 
chip  area. 


1.  Introduction 


The  recent  announcement  by  Signet ics  (I)  of  a 
functionally  complete  multivalued  logic  family  has 
made  higher  radix  design  more  of  a practical 
possibility.  These  current  mode  circuits  employ 
I^L  threshold  logic  to  implement  a four  valued 
logic  system.  The  circuit  techniques  are  general 
with  respect  to  radix  and  can  be  easily  modified  to 
realize  either  a three-valued  or  a higher-valued 
system  (2),  [3]. 

The  advantages  of  the  reduced  Interconnect  com- 
plexity in  higher  radix  systems  have  been  well 
established.  Circuit  speed  and  complexity  are  the 
two  other  Important  factors  to  be  studied  in  eval- 
uating the  viability  of  higher  radix  design.  To- 
ward this  end,  this  paper  presents  the  design  of 
a 16  X 16  position  radix  4 simultaneous  multiplier 
using  the  threshold  I^L  logic  described  above.** 

The  paper  also  establishes  that  multiplication  by 
adding  together  copies  of  the  multiplicand  is  more 
efficient  than  generating  and  su^ing  single  posi- 
tion partial  products.  The  radix  4 design  is  com- 
pared to  a computationally  equivalent  32  x 32  bit 
binary  multiplier  in  speed  and  circuit  complexity 
(cost) . 


2.  Multiplication 

The  process  of  multiplication  of  two  four  digit 
decimal  numbers  Is  shown  in  Fig.  1.  Two  digit 
partial  products  are  formed  for  each  position.  The 
units  position  of  these  partial  products  are  added 

*Thls  research  was  supported  by  the  National 
Science  Foundation  under  Grant  No.  ENG  76-09925. 
**The  multiplier  is  designed  for  LSI  implementation, 
to  which  I^L  logic  is  very  suited. 


columnwise  to  form  the  product.  The  tens  position 
(carries)  are  added  with  the  next  column. 

The  operations  required  to  multiply  two  five 
position  base  R numbers  are  illustrated  in  Fig.  2. 
Except  for  the  binary  case  when  every  aibj  has  only 
one  position,  each  partial  product  aj^bj,  in  generaL 
is  a two  position  number  with  a product  P^j  and  a 
carry  position  Cij . The  carry  C^j  must  be  added 
with  the  next  column  as  shown  in  Fig.  3. 

Every  column  in  Fig.  3 contains  only  single 
position  numbers  called  summands.  These  are  added 
columnwise  to  form  the  product.  The  number  of 
summands  S^,  in  the  column  forming  Pj^,  for  a n x n 
position  multiplier  is  given  by: 

Si  = 2(i-l)  +1  1 1 i 1 n 

Si  = 4n  - 2(i-l)  - 1 n+1  i £ 2n 

An  n X n multiplier  employing  this  scheme 
requires  n^  single  position  (1  x 1)  multipliers  to 
generate  the  partial  products  and  adder  circuits 
to  sum  the  columns. 

Multiplication  can  also  be  carried  out  by 
shifting  and  adding  copies  of  the  multiplicand. 

For  the  decimal  example  considered  earlier,  this 
is  shown  in  Fig.  4. 

Fig.  5 Illustrates  this  scheme  generalized  to 
two  five  digit  numbers  in  an  arbitrary  base  R.  The 
number  of  summands  for  a n x n position  multiplier 
employing  this  scheme  is  given  by: 

Sj  = l(R-l)  1 1 i 1 n 

Sj  - (2n-i)(R-l)  n+1  1 i 1 2n 

A multiplier  employing  this  scheme  does  not 
require  single  position  multiplier  circuits.  In- 
stead it  requires  circuits  to  gate  replicas  of  the 
multiplicand  into  the  summand  adder  inputs  depend- 
ing on  the  value  of  the  controlling  multiplier 
position. 

In  the  future  we  shall  refer  to  the  first 
scheme  as  the  multiplier  adder  scheme  (MAS).  The 
second  scheme  shall  be  referred  to  as  the  all  adder 
scheme  (AAS).  Note  that  for  the  binary  case  (R-2) 
the  two  schemes  reduce  to  one.  This  is  the  widely 
used  scheme  for  parallel  multiplication. 
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3.  Summand  Reduction 


2,  5,  11,  26,  65  . . 


For  both  of  the  schemes  discussed  in  the  last 
section,  there  is  no  carry  delay  in  the  generation 
of  the  summands.  Thus  the  summands  are  available 
after  the  single  position  multiplier  delay  time 
for  MAS  and  the  gating  circuit  delay  time  for  AAS. 

As  in  binary  multipliers,  the  Important  factor  con- 
trolling speed  is  the  summand  addition  time. 

A number  of  schemes  for  fast  addition  of  sum- 
mands have  been  proposed  for  binary  multipliers  [4], 
[5].  Habibl  and  Wlntz  [6]  compared  these  schemes. 
They  reached  the  conclusion  that  the  scheme  due  to 
Dadda  [5]  is  the  best  from  both  speed  and  component 
cost  considerations. 


The  stages  in  the  summand  reduction  for  a base 
45x5  position  multiplier  are  illustrated  in  Fig. 
7. 

i The  result  of  the  summand  reduction  are  two 
nvCTbers  which  are  added  together  to  yield  the 
final  multiplication  product.  As  for  binary  multi- 
pliers, this  can  be  done  in  a carry  ripple  adder. 

The  next  section  presents  circuits  to  implement 
base  4 AAS  and  MAS  LSI  multipliers  using  Dadda's 
scheme  for  fast  summand  addition. 

2 

4.  Quaternary  I L Circuits 


In  Dadda's  scheme  the  summand  addition  is 
carried  out  in  two  steps.  In  the  first  step,  the 
original  summand  matrix  is  reduced  to  two  numbers 
whose  sum  equals  the  product.  The  second  step  then 
adds  these  two  numbers  to  generate  the  product. 

Step  one  is  achieved  without  carry  propagation  de- 
lay by  carrying  out  the  summand  matrix  reduction  in 
stages.  First,  the  original  matrix  is  reduced  to 
another  matrix  with  a smaller  number  of  rows  using 
full  adders.  (These  reduce  three  inputs  to  two 
outputs.)  The  new  reduced  matrix  is  further  reduced 
in  the  same  way.  This  process  is  repeated  until 
a two  row  matrix  results.  These  two  rows  provide 
the  two  numbers  to  be  added  in  step  two. 

Dadda  also  shows  that  for  each  stage  of  the 
matrix  reduction,  the  full  adders,  (3,2)  reducers, 
can  be  used  optimally.  Starting  from  the  final  two 
row  matrix,  we  observe  that  this  can  be  obtained 
from  a three  row  matrix  using  (3,2)  reducers.  Thus 
the  next  matrix  must  have  only  3 rows.  A 3 row 
matrix  can  be  split  up  into  a 2 row  matrix  and  a 1 
row  matrix.  The  2 row  matrix  can  be  obtained  from 
a 3 row  matrix  using  (3,2)  reducers.  The  next 
matrix  should  therefore  have  3+1=4  rows.  Breaking 
up  the  4 row  matrix  into  two  2 row  matrices  which 
can  each  be  obtained  from  a 3 row  matrix  we  find 
that  the  next  matrix  should  have  6 rows.  Using 
this  reasoning  Dadda  arrived  at  the  following  se- 
quence for  the  number  of  rows  in  the  matrix  at  each 
stage  of  the  summand  reduction 

2,  3,  4,  6,  9,  13,  19  ...  . 

If  the  original  matrix  A had  n rows,  then  the 
first  transformation  should  reduce  A to  a matrix  B, 
having  a number  of  rows  coinciding  with  the  nearest 
term  in  the  above  sequence  less  than  n.  All  the 
following  matrices  should  have  a number  of  rows 
coincident  with  the  terms  in  the  sequence  in  de- 
creasing order  till  a two  row  matrix  is  reached. 

As  an  example  the  summand  reduction  for  a 5 x 5 bit 
multiplier  is  shown  in  Fig.  6. 

The  scheme  described  above  is  not  limited  to 
binary  multipliers.  Dadda  discussed  the  use  of 
higher  order  counters  for  summand  reduction.  The 
same  considerations  can  be  used  to  apply  the  scheme 
to  higher  radix  multiplication.  In  base  4,  a 5 to 
2 reduction  is  possible  using  a single  adder. 

Going  through  the  reasoning  described  above  for 
base  4 and  (5,2)  reducers,  the  reduction  sequence 
is  found  to  be; 


Summand  generation  for  the  MAS  requires  single 
position  quaternary  multiplier  circuits.  The  AAS 
requires  gating  circuits.  Summand  addition  is  done 
in  both  cases  using  Dadda's  scheme.  Therefore, 
both  the  AAS  and  MAS  require  (5,2)  reducers  for 
the  summand  reduction  and  a carry  ripple  adder  for 
the  final  addition.  An  efficient  LSI  realization 
also  uses  4,2;  3,2;  and  2,2  reducers  for  the 
summand  reduction  so  as  not  to  leave  some  5,2  re- 
ducer inputs  unused.  These  circuits  are  next  pre- 
sented based  on  Slgnetlcs  I^L  threshold  logic  de- 
scribed in  [3]. 

While  it  is  possible  to  realize  any  function 
using  the  complete  set  of  logic  primitives  in 
13],  the  resulting  realizations  are  not  necessarily 
efficient.  It  is  well  known  that  the  class  of 
linearly  separable  functions  have  efficient  thres- 
hold logic  implementation.  This  is  taken  advantage 
of  in  implementing  the  reducer  and  gating  circuits. 

5,2  Reducer 


This  circuit  taxes  in  five  base  four  numbers 
and  outputs  the  sum  ^.s  a single  two  position  num- 
ber. The  schematic  is  shown  in  Fig.  8.  The  five 
inputs  are  replicated  and  four  copies  of  the  sum 
are  obtained.  One  copy  is  transformed  from  current 
sinking  to  current  sourcing  at  the  logic  sum  output 
X using  a pnp  mirror.  The  other  three  copies  are 
compared,  one  each,  to  thresholds  of  3.5,  7.5,  and 
11.5.  If  the  sum  is  less  than  3.5,  all  the  thres- 
hold detectors  remain  in  the  on  state  and  the  sum 
is  sent  out  at  S.  If  3.5  < sum  < 7.5,  the  thres- 
hold detector  with  level  3.5  turns  off  while  the 
other  two  stay  on.  This  results  in  four  units 
of  current  being  subtracted  from  the  sum  to  yield 
the  output  at  S.  At  the  same  time  a carry  value  of 
1 is  summed  with  the  zeros  from  the  other  two  de- 
tectors and  put  out  at  C.  The  double  complementing 
is  required  for  the  summing  of  the  carries  from 
the  three  detectors.  In  the  same  way  for  7.5  < 
sum  < 11.5,  S = Sum  - 4x2,  and  C=l+l+0»2, 
and  for  sum  < 11.5,  Sum  - 4x3  can  C=l  + 1 + 1 = 3. 

The  other  k,2  reducers  needed  (2  ^ k < 5)  can 
be  similarly  constructed.  The  schematics  are  given 
in  Fig.  9,  10,  11. 
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to  compare  them. 


Cat  irijg  _Cjjrcu_i_ts 

These  circuits  generate  the  summands  for  the 
MS  scheme.  If  and  Yj  are  the  i^h  and 
positions  of  the  multiplicand  (,X)  and  multiplier  (Y), 
then  for  each  1,  Yj  copies  of  X must  be  gated  into 
the  summand  reducing  adders.  The  schematic  for 
gating  circuits  for  a 16  x 16  position  quaternary 
multiplier  is  shown  in  Fig.  12. 

Four  current  sourcing  copies  of  Yj  are  obtained 
from  a pnp  current  mirror.  These  are  fed  to  4 
replication  controllers,  each  of  which  controls  the 
gating  of  4 multiplicand  positions  into  the  adders. 
The  replication  controller  gets  3 copies  of  each 
of  the  four  multiplicand  bits  from  4 triplicating 
circuits.  If  Yj  if  0,  the  threshold  detecting 
transistors  of  the  replication  controller  sink  all 
three  copies  of  Xj,  forcing  all  outputs  to  zero. 

If  Yj  = 1,  then  the  0.5  threshold  transistor  turns 
off,  outputting  one  copy  of  X^.  The  other  threshold 
detecting  transistors  similarly  put  out  copies  of 
Xj  when  their  thresholds  are  exceeded.  In  this 
way,  Yj  copies  of  Xj  are  gated  into  the  summand  re- 
duction adders. 

Single  Position  Multiplier 

The  product  function  is  not  linearly  separable 
and  thus  does  not  have  a simple  threshold  realiza- 
tion. Two  approaches  can  be  taken  for  implementing 
the  1x1  position  multiplier  required  for  summand 
generation  in  the  MAS.  The  one  favored  by  Dao  [3] 
is  multiplication  by  repeated  addition.  This  makes 
the  MAS  very  similar  to  the  MS  because  the  single 
position  multiplication  is  implemented  using  add- 
ition. But  it  is  less  efficient  than  the  MS  be- 
cause some  of  the  'summand'  reduction  is  done 
separately  as  part  of  the  single  position  multiplier. 
The  MS  employs  Dadda's  scheme,  which  is  known  to 
be  the  most  efficient  scheme  for  summand  reduction. 

The  other  approach  is  to  synthesize  the  single 
position  multiplier  using  logic  primitives.  The 
primitives  of  the  Su  and  Sarrls  algebra  [7]  are 
available  in  Signetics  quaternary  I^L  logic.  In 
this  notation  the  expressions  for  the  product  and 
carry  positlton  of  a single  position  multiplier 
are  given  below: 

11  33  71  12  32 

P = 1 • (X  Y + X Y ) + 2-(X  Y + X Y + X Y 

2 3 3 1 1 3 

+ X^Y-")  + 3-(x'’y^  + x'^y'’) 

23  23  33 

C = 1- (X  Y)  + 2- (X  Y) 

The  single  position  multiplier  can  thus  be  im- 
plemented. This  Impl Imentat ion  is  far  more  com- 
plex than  Dao's  implementation  discussed  earlier. 

Carry  Ripple  Adder 

This  can  be  realized  by  cascading  the  (3,2) 
reducers  (already  described)  in  a manner  directly 
analogous  to  the  binary  ripple  adder. 

Using  the  circuits  described  in  this  section, 
both  the  MS  and  the  MAS  can  be  Implemented.  We 
next  decide  on  a cost  function  to  evaluate  the 
complexity  of  these  cricuits  before  proceeding  to 


5 . _ Cc^s t Funct  ton 

2 

The  high  packing  density  of  I""!,  results  becaus 
the  two  transistors  that  form  the  gate  share  some 
of  the  same  semiconductor  region  and  do  not  need 
isolat ion . 

2 

Fig.  13  shows  a schematic  for  an  I L gate. 

The  base  of  the  npn  is  common  to  the  collector  of 
the  pnp  while  the  base  of  the  pnp  transistor  is 
common  to  the  emitter  of  the  npn.  The  emitter  of 
the  pnp,  which  is  used  as  a current  source,  is 
common  to  all  gates.  Because  this  layout  needs  no 
component  isolation,  on  silicon  tlie  entire  gate 
takes  up  the  space  of  a single  multi-emitter  tran- 
sistor . 

It  is  reasonable  to  take  this  structure  as  a 
unit  for  chip  area  cost  in  our  circuit  evaluations. 
Any  transistor  or  other  single  component  not  part 
of  this  I^L  gate  structure  and  needing  isolation  is 
also  assigned  unit  cost. 

6.  Comparing  M.S  With  MAS 

In  this  section,  16  x 16  position  implementa- 
tions of  MS  and  .MAS  are  compared.  The  circuit 
cost  is  measured  in  terms  of  the  unit  of  chip  area 
selected  in  the  last  section.  The  delays  are  in 
terms  of  transistor  switching  delays. 

The  figures  for  the  summand  reduction  stage  fo 
the  two  schemes  are: 

Summand  Reduction  MS  MAS 

Cost  3095  2639 

Delay  16  16 

The  cost  of  the  gating  circuits  for  the  MS  is  784. 
Thus  the  total  cost  of  summand  generation  and  re- 
duction for  the  MS  is  4860.  For  the  MAS  to  be 
equally  efficient,  its  cost  for  the  summand  genera- 
tion must  be  less  than  4860  - 2639  = 2221.  Summand 
generation  in  the  MAS  requires  n single  position 
multipliers.  For  the  MAS  design  to  be  competitive, 
each  single  position  multiplier  must,  therefore, 
cost  less  than  9 units.  Noting  that  cost  of  the 
single  position  multiplier  implemented  using  the 
logic  primitives  in  section  4 is  an  order  of  mag- 
nigude  greater  than  9,  it  is  concluded  that  realiz- 
ing an  I^L  threshold  logic  single  position  multi- 
plier with  a chip  area  less  than  9 units  is  not 
feasible . 

The  gating  circuits  for  the  MS  add  another  3 
delays  to  the  multiplication  time.  A single  po- 
sition multiplier  built  from  logic  primitives  has 
5 delays.  Thus  the  MAS  design  does  not  have  any 
speed  advantage  over  the  MS. 

It  is  therefore  concluded  that  the  all  adder 
scheme  of  multiplication,  achieved  by  adding  copies 
of  the  multiplicand,  is  more  efficient. 

In  the  next  section  this  design  is  compared 
with  an  I^L  implementation  of  a computationally 
equivalent  32  x 32  bit  binary  multiplier. 
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7.  Comparison  of  LSI  Multipliers  in  Bases  2 and  i 

With  recent  advances  promising  speeds  compar- 
able to  TTI.,  I^-I.  tech"alogy  is  playing  an  important 
role  in  LSI  design.  It  is  therefore  meaningful  to 
chose  this  technology  to  compare  a Ih  x Ih  position 
base  U simultaneous  multiplier  with  a 32  x 12  bit 
binaiy  multiplier.  The  comparison  is  made  in  both 
speed  and  circuit  cost. 

Ilao  has  shown  131  that  a binary  threshold  full 
adder  is  more  efficient  than  the  conventional  I^L 
design  for  a full  adder.  L’sing  threshold  full 
adders  and  using  Dadda's  summand  addition  scheme, 
a 32  X 32  bit  binary  simultaneous  multiplier  can  be 
built  following  a design  analogous  to  the  quater- 
nary design  described  above.  The  cost  and  per- 
formance figures  for  the  binary  and  quaternary 
realizations  are  listed  below. 

Base  2 Base  4 


Siimmiind 

32  X 

32  hits 

1 6 X 

1 h b i t .s 

Cost 

Delay 

Cost 

De  1 a V 

Cencrat ion 

44  3 

2 

800 

U 

Rediict  ion 

6336 

24 

3905 

16 

Add  i t Ion 

192 

96 

176 

48 

Totn  1 

6971 

122 

4881 

68 

The  figures  indicate  that  the  quaternary 
realization  is  f.aster  and  less  expensive.  There  is 
a further  substantial  cost  saving  in  the  higher 
b.ise  design  due  to  the  fewer  pins  and  bonding  pads 
requ i red . 

The  speed  of  the  multiplier  can  be  greatly  im- 
proved by  replacing  the  ripple  carry  .idder  by  a 
fast  look  ahead  adder.  The  design  of  such  an  adder 
in  base  4 is  verv  similar  to  the  binary  design  be- 
cause the  carry  only  takes  on  the  values  0 and  1. 
Base  4 full  adders  can  be  used  which  are  no  more 
complex  than  the  binary  circuits. 

Conclusion 

The  design  of  a radix  4 simultaneous  multiplier 
utilizing  1“L  circuits,  has  been  presented.  Be- 
cause of  the  relative  efficiency  of  threshold 
logic  implementations  in  I^I.  to  those  using  logic 
primitives,  the  multiplication  was  Implemented  by 
adding  together  copies  of  the  multiplicand.  This 
was  shown  to  be  more  efficient  than  generating  and 
summing  single  position  partial  products.  The 
radix  4 design  was  also  compared  to  an  equivalent 
radix  2 multiplier  (also  mechanized  with  I^L  cir- 
cuits), and  was  shown  to  be  faster  and  less  costly 
in  terms  of  required  chip  area. 
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Abstract 

This  paper  introduces  the  concept  of  digit 
range  lowering.  It  then  studies  the  effects  of  the 
selection  of  radix  and  of  digit  lowering  on  arith- 
metic processes.  An  attempt  is  finally  made  to  in- 
dicate the  effect  of  these  choices  on  computer  a- 
rithmetic  section  cost.  An  opinion  is  given  on  the 
optimum  choice. 


Introduction 

when  we  think  of  designing  computing  equipment 
to  operate  with  unfamiliar  radices,  it  pays  to  re- 
turn to  fundamentals  to  reexamine  numbers  and  a- 
rithmetic  processes  to  lay  a basis  for  the  choice 
of  fundamental  machine  characteristics.  This  paper 
will  survey  some  digit  types  and  their  use  in  a- 
rithmetic.  The  study  made  will  be  restricted  to 
number  systems  using  positive  radices  and  non-re- 
dundant  digits.  However,  the  digits  are  not  neces- 
sarily restricted  to  non-negative  values.  The  ef- 
fect of  lowering  the  range  of  digit  values  is  one 
of  the  key  factors  studied.  In  order  to  provide 
designers  with  a guide  to  the  proper  selection  of  a 
number-  system,  an  attempt  is  then  made  to  foresee 
the  effects  of  this  selection  on  the  design  of  a 
computer  arithmetic  section. 

Numbers 

Radices 


where  r.  is  the  radix  associated  with  a , and  r 

1 i -m-1 

is  arbitrary.  When  the  radix  is  the  same  for  all 
digits,  this  reduces  to 

n 

A = ^ a^  r^  (2) 

i=-ra 

Although  negative  values  may  be  used  for  the  radix 
r,  only  positive  integral  values  will  be  considered 
here. 

Digits 

Restricting  ourselves  to  non-redundant  digits, 
each  a^  has  one  of  a set  of  r values  which  are  gen- 
erally {0,  1,  2,  •••  , r-l]  . However,  it  is  possi- 
ble to  employ  a system  in  which  the  digit  range  is 
lowered  by  an  amount  q,  the  possible  values  being 
{-q,  -q^l,  , r-l-qj.  It  must  be  carefully  not- 

ed that  this  lowering  is  not  a coding  of  the  pre- 
vious digit  values  but  a change  in  the  set  of  val- 
ues available  for  a digit  to  have.  0 must  be  one 
of  the  allowed  values,  hence  0(q(r-l.  Eq.  (2) 
applies  just  as  before.  With  so  many  possibilities 
we  need  a method  of  indicating  the  type  of  digit 
being  used.  Let  a digit  with  radix  r and  lowering 
q be  designated  an  r digit.  As  an  exercise  in  the 

q 

meaning  of  this  notation,  it  should  be  noted  that 
the  use  of  2^  digits  is  not  the  same  as  using  rm-2. 

Arithmetic 


Although  other  systems  have  been  used,  the 
most  common  numeric  notation  is  the  positional  no- 
tation in  which  the  number  A is  represented  by  a 
string  of  digits  a^  a^,j  • . • a^  a^,  . a_^  a_2 

• • • a . The  interpretation  of  the  digit  string 
•w 

depends  on  the  radix  used  which  must  be  known  be- 
forehand. In  the  most  general  case  the  value  of 
the  radix  may  be  different  for  each  different  digit 
position.  The  value  of  the  number  is  then 


A • 


i-1 


TT 

jm-m-1 


"j 


kB-m-1 


(1) 


Adders 


In  most  designs  the  fundamental  arithmetic  op- 
eration is  addition.  For  this  vre  need  adders,  but 
with  such  a large  variety  of  digits  to  consider, 
there  is  an  even  greater  variety  of  adders  that 
must  be  distinguished.  To  specify  an  adder  we  need 
to  specify  the  number  of  inputs,  the  number  of  col- 
umns added,  and  the  type  of  digits  used.  If  all 
the  inputs  to  an  adder  consist  of  only  one  digit 
each,  it  will  be  called  a di^t  adder.  This  is  in 
contrast  with  number  adders  whose  inputs  are  multi- 
digit numbers.  Let  a j,(r  }.,(r  ).,,h  adder  be  an 

q 1 q 2 

adder  with  j inputs  of  one  (r  ) digit  each  plus 

q 1 

one  further  input  of  an  (r  ) digit  (this  may  be  a 

q 4 

carry  digit)  plus  a constant  itq>ut  of  value  h.  Its 
outputs  are  an  aum  digit  and  a carry.  If 
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there  is  no  constant  input,  h nay  be  omitted.  If 
all  the  variable  digits  are  of  the  sane  type,  (r  ), 

nay  be  omitted,  and  j will  indicate  the  total  quan- 
tity of  variable  input  digits.  With  these  defini- 
tions, binary  half  and  full  adders  are  designated 
2,2q  and  3,2^  adders  respectively. 

An  adder  for  numbers  of  k digits  each  (a  k- 

column  adder)  will  be  designated  a j,k,(r  ),,(r  ).,,h 

q 1 q 2 

adder.  This  adder  has  j inputs  of  k (r  digits 

each  plus  an  (r  ) carry  from  column  to  column  and 
q 2 

a constant  input  of  value  h in  each  column.  An 
adder  for  all  the  columns  of  the  numbers  in  use  (k 

not  specified)  will  be  designated  a jN(r  ),,(r  ) ,h 

q 1 q 2 

adder,  h and/or  (r  ) may  be  omitted  for  number 
q 2 

adders  just  as  for  digit  adders.  As  a second  exer- 
cise in  the  use  of  this  notation  it  may  be  noted 
that  one  2,2^  adder  and  seven  3,2^  adders  may  be 

cascaded  in  a row  to  form  a 2,3,2^  adder.  These 

details  may  be  spelled  out  thus:  ^ ^'^0  * 


Subtraction,  complements,  and  negatives 

When  adders  are  used,  subtraction  is  accom- 
plished by  adding  the  negative  of  the  subtrahend. 
This  requires  having  a means  of  representing  nega- 
tive numbers  and  a means  of  obtaining  the  negative 
of  an  operand.  The  use  of  complements  for  this  is 
well  known  in  the  2^  and  10^  cases.  To  generalize 

on  this  idea  let  us  define  the  complement  of  a dig- 
it as  

a^  ■ r^  - 1 - 2 q^  - a^  (3) 

Then  the  complement  of  a number  is  A derived  from 
A by  replacing  each  a^  by  a^.  This  definition  al- 
lows the  complement  to  be  expressed  with  digits  of 
the  same  type  as  the  number  it  is  derived  from.  It 
can  thus  be  used  as  an  input  to  the  sane  type  of 
adder.  However,  a correction  may  be  required  when 
this  type  of  complement  is  used. 

When  q m 0,  only  positive  values  can  result 
from  eq.  (2).  In  order  to  distinguish  between  num- 
bers and  complements  a sign  must  be  affixed  to  the 
digit  string.  This  generally  takes  the  form  of  an- 
other digit,  «rith  0 > positive,  placed  at  the  most 
significant  end  of  the  string.  When  this  is  done 
we  will  assume  n to  have  been  augmented  by  1 so 
that  eqs.  (1)  through  (3)  continue  to  hold.  The 
sign  digit  can  be  of  the  same  type  as  the  others, 
or  it  can  be  a 2^^  or  any  other  type  of  digit.  When 

q * r-1,  only  negative  values  can  result  from  eq. 
(2),  and  the  problems  are  similar  to  those  with 
q • 0.  If  0 <q  <r-l,  any  finite  value,  positive  or 
negative,  with  a tolerance  of  e i r~*,  can  be  put 
in  the  form  of  eq.  (2)  without  need  for  a sign  dig- 
it. However,  in  most  cases  the  calculation  of  -A 
from  A is  not  simple  and  will  involve  the  possibil- 
ity of  borrows  that  can  propagate  as  far  as  the  en- 
tire length  of  the  number.  The  corrections  re- 
quired when  using  the  complement  are  less  onerous. 


When  the  complement  is  used,  most  digit  types  re- 
quire a sign  to  distinguish  the  complement. 

In  general 

n 

A - ^ (r  - 1 - 2 q - a^)  r*  (4) 

im^m 

n 

- 5^  (r  - 1 - 2 q)  r^  - A (5) 

n 

A - B > A e B - (r  - 1 - 2 q)  r*^  (b) 

i«-B 

1 " 4 

« A ♦ B - r"*^  ♦ r""  ♦ 2 q ^ r*  (7) 

iw-m 

Hence  subtraction  may  be  accomplished  by  adding  the 
complement  and  making  a fixed  correction.  If  the 
word  length  is  limited  and  overflow  prohibited  or 
otherwise  taken  care  of,  may  be  ignored  along 

with  carries  out  of  the  n^"  column.  There  remains' 
an  additive  correction  of  2q  in  every  coltnn  plus  a 
1 in  the  least  significant  position.  This  is  the 
standard  proceedure  when  q * 0.  2q  will  be  an  al- 
lowed digit  value  if 


2q^r-l-q  (8) 


An  alternative  is  to  use  eq.  (6)  and  add 
2 q - r ♦ 1 in  every  coluam.  This  will  be  an  al- 
lowed digit  value  if 


or  if 


-q^2q-r*l^r-l 


(10) 


A particularly  simple  case  is  available  when  r is 
odd.  In  this  case  we  may  choose  q > (r  - l)/2  with 
the  result  that  the  correction  vanishes  and  A s -A. 
No  sign  digit  is  required  for  this  case.  With  this 
selection,  q ■ r - 1 - q,  and  the  range  of  allowed 
digit  values  is  symmetrical  about  0.  In  recogni- 
tion of  this  fact  an  r digit  may  also  be  desig- 
r-1 
2 

nated  an  r digit, 
s 

The  permissible  number  of  adder  inputs 


To  my  knowledge  adder  designers  have  univer- 
sally chosen  to  restrict  the  carry  to  a single  dig- 
it. This  in  turn  restricts  the  number  of  inputs 
that  the  adder  can  handle.  With  the  carry  limited 
to  a single  digit,  the  output  of  a j,r  adder  con- 

«1 

sists  of  an  r carry  digit  K and  an  r sum  digit  S 

q q 

and  has  the  value  K r v S.  This  must  lie  in  the 
range 


(-q)r  - q ^ K r ♦ S 

^ (r-l-q)t  ♦ (r-l-q) 

(12) 

-q(r  ♦ 1)  ^ K r « S 

^ (r-l-q)(r  * 1) 

(13) 

' the  limit  on  j is 

j ♦ 1 

(14) 
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independent  of  q.  For  a jNr  adder  the  limit  is 

j ( r (15) 

since  one  input  in  all  but  the  least  significant 
column  must  be  reserved  for  the  carry. 

The  effect  of  q on  adders 


Naving  noted  that  q does  not  affect  the  nunber 
of  inputs  that  an  adder  may  accept,  we  may  well  ask 
what  effect,  if  any,  q has  on  adder  design.  Let  a 
j,rQ  adder  be  designed  using  the  (voltage  or  cur> 

rent)  levels  L^,  L^,  •••  , L^  to  represent  the  dig- 
it values  0,  1,  •••  , r-1.  If  its  inputs  are  a^, 
then  its  logic  will  be  such  that 

j 

K r ♦ S ■ V"  a (16) 

u«l 

Now  let  the  levels  L^,  •••  , be  reinterpreted  to 

represent  the  digit  values  -q,  -qel,  •••  , r-l-q. 

If  inputs  b^  are  now  applied  to  the  same  adder  as 

above,  its  action  will  be 

j 

(K*  ♦ q)r  ♦ S*  ♦ q » ^ (b^  ♦ q)  (17) 

vml 

j 

or  K*  r ♦ S*  = ♦ 1 - j)  (18) 

vwl 

If  j K r ♦ 1,  the  term  on  the  right  vunishes  and  we 
see  that  the  same  identical  circuit  serves  as  an 

r«l,r  adder  regardless  of  q.  If  j < r « 1,  the 
Q 

circuit  will  serve  as  a j,r  adder  provided  the 

d 

correction  q(r  ♦ 1 - j)  is  made.  In  other  words  a 
j,rQ,q(r'»l-j)  adder  serves  as  a adder.  Con- 

versely a j,r  ,-q(r*l-j)  adder  will  serve  as  a i.r^^ 
adder. 

The  foregoing  conclusions  may  also  be  under- 
stood from  another  point  of  view  as  follows:  If 
not  all  the  r^l  possible  inputs  to  an  adder  are 
used,  the  unused  inputs  should  be  held  at  the  level 
representing  the  value  0.  However,  this  level  is 
different  for  different  values  of  q.  If,  for  in- 
stance, an  r^  adder  is  to  be  used  to  add  r digits, 

any  unused  input  must  be  connected  to  the  level 
that  represents  0 in  the  r^  system.  This  is  the 

level  that  was  designated  q in  the  design  of  the 

adder.  On  the  other  hand,  if  an  r adder  is  to  be 

Q 

used  to  add  r^  digits,  any  unused  input  must  be 

connected  to  the  level  that  represents  0 in  the  r^ 

system.  This  is  the  level  that  has  been  designated 
-q  in  the  design  of  this  adder. 

Multiplication 

The  multiplication  of  two  numbers  consists  of 
the  multiplication  of  all  the  combinations  of  a 
digit  of  the  multiplicand  by  a digit  of  the  multi- 


plier (digit  products),  followed  by  the  summation 
of  the  digit  products  arrayed  in  their  proper  posi- 
tions. Fig.  1 shows  the  case  of  equal  numbers  of 
digits  in  the  two  factors.  This  paper  will  consid- 
er only  this  case;  however,  the  extension  to  the 
case  of  unequal  numbers  of  digits  is  immediate. 

The  radix  points  dividing  the  integral  and  frac- 
tional parts  of  the  operands  and  the  product  are 
not  shown  since  they  have  no  effect  on  the  design. 


■n-1 


*2  *1 


^2n  ^2n-1^2n-2 


Pn*l  Pn  Pn-1  ‘ ‘ ’ P2  P) 


Fig.  1.  The  array  of  digit  products. 


The  X's  in  the  figure  indicate  digit  products. 
In  the  cases  2^,  2^  and  3^,  in  which  the  greatest 

absolute  value  of  a digit  is  1,  the  digit  products 
are  limited  to  a single  digit.  In  all  other  cases 
the  digit  products  must  be  considered  to  consist  of 
a digit  at  the  location  of  the  X plus  a carry  into 
the  succeeding  columns.  If  the  complexity  of  de- 
sign is  to  be  held  doini,  the  carry  should  be  limit- 
ed to  not  more  than  one  digit.  This  requires  the 
satisfaction  of  3 conditions,  towit:  tiM  square  of 
the  most  positive  allowed  digit  value,  the  square 
of  the  most  negative  allowed  digit  value,  and  the 
product  of  the  most  positive  and  the  most  negative 
allowed  digit  values  must  all  be  expressable  with 
no  more  than  two  digits.  These  conditions  may  be 
expressed  as 

(r  - 1 - q)^  ^ (r  - 1 - q)(r  ♦ 1)  (19) 

q^  $ (r  - 1 - q)(r  ♦ 1)  (20) 

-q(r  - 1 - q)  ^ -q(r  ♦ 1)  (21) 

£qs.  (19)  and  (21)  hold  for  all  values  of  q.  For 
eq.  (20)  to  be  valid,  however,  we  must  have 

From  eq.  (22)  we  have 


r 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

0 

1 

2 

2 

3 

4 

4 

5 

5 

6 

7 
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It  nay  be  seen  that  ^ ^ ~ except  if  r « 2, 

and  all  r digits  meet  the  stated  condition, 
s 

When  sign  digits  are  used,  and  corrections  are 
made  in  accordance  with  eq.  (7),  the  algorithm  used 
may  involve  filling  the  dashed  triangle  and/or  spe- 
cial treatment  of  the  contents  of  the  dot-dashed  a- 
rea.  When  only  positive  numbers  are  used,  or  if 
the  corrections  are  made  according  to  eq.  (6),  no 
special  treatment  is  required.  The  use  of  r dig- 
its is  the  outstanding  example  of  this. 

The  array  of  digit  products  may  be  summed  in 
one  step  in  an  array  multiplier,  or  an  add-shift 
algorithm  may  be  used  to  add  a limited  number  of 
rows  at  a time.  Using  an  rNr  adder,  r - 1 rows 

q 

may  be  added  to  a previous  partial  product  in  each 
step.  An  independent  addend  may  be  included  in  the 
first  step  for  uniformity  (thus  calculating  A B ♦ 
C),  or  zero  may  be  inserted,  or  the  first  step  may 
sum  r rows.  The  vertical  position  of  any  digit 
product  is  of  no  consequence,  hence  we  may  reshape 
the  array  into  an  isosceles  triangle  as  shown  in 
fig.  2.  This  shape  is  more  convenient  for  thinking 
about  the  design  of  an  array  multiplier.  The  area 


Fig.  2.  The  multiplier  array  reshaped. 


marked  Carry  Digits  reminds  us  that  the  digits  to 
be  summed  in  any  column  include  multiplication  car- 
ries and  adder  carries  from  the  previous  column  as 
well  as  the  indicated  product  digits. 

Division 


Division  algorithms  are  put  together  from  add- 
subtract  operations  and  shifts.  A key  to  building 
the  divider  is  the  ability  to  detect  the  sign  of 
the  remainder  after  each  step.  Sign  detection  is 
also  required  for  some  conditional  operations  in 


the  computer.  The  sign  is  explicit  in  the  sign 
digit  when  one  is  used.  When  there  is  no  sign, 
circuits  must  be  available  to  determine  the  sign  of 
a number.  The  sign-detector  circuit  must  use  all 
the  digits  as  inputs.  This  is  obviously  more  com- 
plicated than  referring  to  a single  digit,  but  for- 
tunately relatively  simple  circuits  (per  digit)  are 
available. 

Rotindoff 

Computing  algorithms  frequently  include  the 
roundoff  of  intermediate  or  final  results,  particu- 
larly following  multiplication.  A great  deal  of 
study  has  been  made  of  the  question  of  what  degree 
of  roundoff  is  permissible  for  various  particular 
computations,  and  of  whether  truncation  is  an  ac- 
ceptable alternative.  It  behooves  us,  therefore  to 
inquire  into  how  roundoff  may  be  accomplished  in 
various  number  systems. 

Suppose  the  number  A is  to  be  rounded  off  such 
that  a.Q  is  the  last  digit  retained.  Let  A be  di- 
vided into 

-m  -05 

A = A*  ♦ A"  - 5^  a^  r^  ♦ ^ a.  r^  (23) 

i=n  i=-m-l 

Then  A"  is  discarded  aixl  a correction  c r'™  is  add- 
ed to  A',  where  c is  a 3^  digit.  The  problem  is  to 

determine  c.  Before  proceeding  with  the  problem  we 
note  that  for  finite  strings  of  equal  digits 


-00 


l*i< . z;  H>‘  - 

im-m-l'  ' 


(24) 


Now,  c m 1 if  and  only  if  A"  ^ J r"™.  If  r is 
even,  A”  ^ i r"™  if 


»_m-l  *-m-2  *-m-3  ^ 2 ° ° 

If  r is  odd.  A"  ^ J r“"  if 


-m-1  -m-2  -m-3 


r-1  r-1  r-1 


(25) 


•(26) 


c * -1  if  and  only  if  A"  ^ -i  r"".  If  r is  even, 
A"  ^ -i  r'"  if 


*-m-l  ®-m-2  *-m-3  2 ° ° 


(27) 


If  r is  odd.  A"  < -i  r""  if 


® .a  ^ a 
-m-l  -m-2  -m-3 


< . £ii  . Xli  - iJli  . . . 

2 2 2 (28) 


It  should  be  noted  that  there  is  no  single  value  of 
q that  permits  both  positive  and  negative  c since 
the  digit  values  required  to  occasion  at  least  one 
or  the  other  will  be  outside  the  allowed  set. 


The  above  results  can  be  divided  into  three 
cases.  If  r is  even  and  q ■ 0,  c can  be  determined 
from  only.  If  r is  even  and  q ^ 0,  or  if  r 

is  odd  and  q ^ ^ ~ perfectly  proper  roundoff  can 


be  performed  only  by  using  a test  that  must  be  ex- 
tended to  as  many  as  all  the  discarded  digits,  de- 
pending on  the  values  encountered.  An  algorithm 
based  on  testing  one,  two,  or  any  number  less  than 
all  the  discarded  digits  will  have  a corresponding 
amount  of  bias  error.  If  r^  digits  are  used,  c S 0, 

and  truncation  is  identical  to  proper  roundoff. 
Furthermore,  repeated  truncation  always  gives  the 
same  result  as  one  large  truncation,  in  contrast  to 
what  may  happen  if  numbers  using  other  types  of 
digit  are  repeatedly  rounded.  The  error  caused  by 
rounding  the  decimal  number  0.44444S  one  place  at  a 
time  nwy  be  compared  with  the  freedom  from  such 
problems  of  r^  numbers. 

The  choice  of  a number  system 

The  choice  of  radix  pervades  the  entire  ma- 
chine design,  since  it  not  only  affects  circuit  de- 
sign, but  it  also  affects  word  length  and  deter- 
mines the  maximum  number  of  operands  that  nay  be 
added  conveniently  in  one  step. 

Word  length 

If  a word  is  to  contain  I bits  of  information, 
the  number  of  digits  required  is 

w - I/log^r  - I (29) 

assuming  that  all  numerical  values  expressable  with 
the  given  number  of  digits  are  equally  probable. 
This  equation  gives  the  following  values  which  are 
tabulated  here  for  reference: 


r 

w/I 

I/w 

r 

w/I 

1/w 

2 

1 

1 

7 

0.356 

2.807 

3 

0.631 

1.585 

8 

0.333 

3.000 

4 

0.500 

2.000 

9 

0.315 

3.170 

5 

0.431 

2.322 

10 

0.301 

3.322 

6 

0-.387 

2.585 

The  advantage  of  larger  values  of  r tapers  off  as  r 
is  increased.  At  the  same  time  circuit  complexity 
grows,  and  the  required  tolerances  become  tighter 
and  tighter. 

The  optimum  radix 

If  cost  per  digit  of  w ¥rere  known  as  a func- 
tion of  r,  an  optimum  r for  minimum  cost  could  be 
found.  The  assiaiption  has  been  made  ntmierous  times 
that  cost  pec  digit  is  proportional  to  r.  This 
leads  to  the  result  that  the  optimum  radix  is  3. 
This  assumption  is  probably  reasonable  in  a long 
distance  communication  system  using  a modulation 
system  for  which  the  bandwidth  is  nearly  propor- 
tional to  r for  a given  number  of  digits  per  sec- 
ond. 

A different  assumption  is  that  on  a printed 
circuit  board  the  integrated  circuit  chip  is  only 
a minor  part  of  the  cost,  so  that  total  cost  will 
vary  monotonically  with  the  number  of  pins  on  the 

I.C.'s,  and  thus  with  w.  This  would  call  for  the 
use  of  the  maximum  possible  radix.  In  this  case 
the  choice  of  r Is  limited  only  by  the  circuits  a- 


vailable, which  are  limited  in  principle  only  by 
the  ability  to  hold  close  tolerances  in  production. 

Current  reality  is  that  the  cost  of  circuitry 
is  not  yet  trivial,  as  witness  the  prices  of  com- 
mercially available  array  multipliers.  Hence  the 
optimum  radix  is  not  yet  very  large  since  the 
growth  of  circuit  complexity  with  r offsets  the  ad- 
vantage in  pin  reduction. 

Other  considerations 

The  special  case  of  r w lo  has  obvious  advan- 
tages when  human-readable  input-output  is  required, 
provided  practical  circuits  are  available.  Of 
course,  this  case  has  no  special  importance  when 
htiman  readability  is  not  required. 

Setting  the  questions  of  pins  and  input-output 
aside,  an  important  advantage  of  a larger  r lies  in 
the  ability  to  add  more  summands  at  a tine,  provid- 
ed there  are  that  many  summands  to  be  added.  In 
surveying  requirements  we  see  the  following  cases: 

1.  Address  modification:  stored  address  * 
base  address  « index — 3 summands. 

2.  Accumulators:  contents  * data — the  use 
of  more  than  2 sumnands  depends  on  the 
development  of  new  instruction  reper- 
toires. 

3.  Multipliers:  the  more  inputs  per  digit 
adder  the  merrier,  up  to  2w. 

4.  Two-pole  digital  filters:  3 summands  at 
the  input  and  3 at  the  output. 

5.  Cascades  of  two-pole  filters:  5 summands 
when  an  output  is  combined  with  the  next 
input. 

6.  Complex  radix-2  butterfly  for  FFT's:  3 
summands  in  each  of  4 equations. 

It  is  seen  that  the  ability  to  add  3 summands  is 
frequently  valuable,  but  there  is  much  less  demand 
for  more.  Hence  any  r ^ 3 will  meet  awtst  needs  in 
this  respect. 

It  is  hard  to  say  anything  about  the  effect  of 
the  radix  on  speed.  Shorter  words  generally  imply 
greater  speeds  if  the  delay  per  digit  is  constant. 
However,  larger  radices  imply  more  complex  circuits 
so  that  the  delay  per  digit  will  probably  increase. 

Circuit  cost 

The  arguments  given  above  are  all  well  and 
good,  but  we  need  some  actual  cost  figures  before 
we  can  decide  anything.  An  idea  of  relative  cir- 
cuit cost  for  adders  can  be  had  from  the  component 
counts  of  various  adders  using  LHT  gates*.  In 
making  these  counts  a transistor  and  an  associated 


* LHT  gates  are  one  of  several  types  invented  by 
the  author.  A planned  paper  on  the  subject  has 
not  yet  appeared. 
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Schottky  diode  are  coimted  as  one  coaponent.  The 
results  are: 


Adder 

type 

1 Coaponents/dieit  j 

Coaponents/dieit  x w/1 

No. 

2 

of  summands 

3 5 

No.  of  summands 

2 3 5 

2N2o 

9 

2x9 

4x9 

9 

18 

36 

3N3 

s 

16 

16 

2x16 

9.9 

9.9 

19.8 

20 

20 

2x20 

10 

10 

20 

3N5  ,3 
s s 

23 

23 

2x23 

10.1 

10.1 

20.2 

5N5 

s 

30 

30 

30 

12.9 

12.9 

12.9 

2N10o.2o 

28 

2x28 

4x28 

8.4 

16.9 

33.7 

The  deciaal  adder  referred  to  in  the  table  is,  in 
reality,  nade  up  of  alternating  binary  and  quinary 
stages.  Hence  2 terainals  are  needed  for  each  dig- 
it, and  the  pin  reduction  is  only  slightly  better 
than  for  ternary  digits.  Proa  the  table  we  see 

that  the  3.  circuits  ace  optiaua  on  the  basis  of 
s 

coaponent  count  if  3 staiaands  are  to  be  added.  The 

3N4. ,3_  and  3N5  ,3  adders  come  in  close  behind. 

0 0 s s 

The  adder  aight  be  good  for  some  applications, 

but  the  tolerance  requireaent  is  auch  tighter  here 
than  for  the  other  cases. 

Suamands  are  aost  nuaerous  in  an  array  aulti- 
pliec.  The  effect  on  aultiplier  design  of  increas- 
ing r aay  be  seen  by  comparing  aultipliers  for 
w > 16  bits,  10  trits  (ternary  digits),  8 quits 
(quaternary  digits),  and  7 quints  (quinary  digits). 
Words  of  these  lengths  hold  very  nearly  the  same  a- 
Bount  of  inforaation.  With  the  help  of  fig.  2 we 
find  that  the  nuabers  of  digit  aultipliers  and  of 
digit  adders  needed  for  these  multipliers  are 


r 

2 

3 

s 

^0 

4 

5 

digit  mults 

256 

100 

100 

64 

49 

digit  adders 

240 

50 

99 

45 

27 

or  without  digit  range  lowering  nay  be  used  to  add 
inputs  with  any  desired  lowering  provided  (at 
worst)  a suitable  constant  input  is  included. 

In  discussing  cost  it  was  noted  that  increas- 
ing the  radix  reduces  the  number  of  integrated  cir 
cuit  pins  and  usually  the  number  of  individual  cir 
cults  while  increasing  the  complexity  of  the  iixli- 
vidual  circuits.  The  3^  systea  uses  the  fewest 

components  both  in  adders  for  typical  requirements 
and  in  multipliers.  It  may  well  be  the  optiaua. 
When  I.C.  pin  count  is  considered,  the  optimum  ra- 
dix may  possibly  increase  to  5.  If  this  choice  is 
made,  the  3N5^,3^  adder  will  meet  most  require- 
ments. The  ability  of  either  of  the  recommended 
systems  to  add  3 addends  at  a time  will  lead  to  in 
teresting  new  designs.  More  than  that  will  seldom 
be  useful. 


provided  the  adders  can  accept  r^l  inputs  in  each 
case.  Otherwise  more  are  required.  The  increase 

in  adder  requirement  seen  from  3 to  3-  is  due  to 

s u 

the  appearance  of  two-digit  digit  products  at  this 
point.  The  apparent  advantage  of  the  quaternary 
and  quinary  numbers  is  more  than  offset  by  the  com- 
plexity of  the  individual  circuits  needed.  Thus, 
once  more,  the  3^  system  uses  the  fewest  components 

to  process  an  equivalent  amount  of  information. 

Cone lus ions 

The  effects  of  digit  range  lowering  and  the 
limitations  imposed  by  the  radix  used  have  been 
studied.  It  has  been  seen  that  the  radix  chosen 
places  a limit  on  the  number  of  addends  that  may  be 
conveniently  summed  at  once.  It  has  also  been  seen 
that  odd  radices  are  to  be  preferred  because  of  the 
advantages  of  syaaetric  digits.  The  latter  simpli- 
fy addition,  negation,  multiplication,  and  round- 
off. It  has  been  found  that  adders  designed  with 
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ABSTRACT 

This  paper  attempts  to  establish  a mathematical  foun- 
dation for  the  variational  analysis  of  multivalued  switch- 
ing systems.  The  mathematics  in  question  is  termed 
digital  calculus,  which  includes  Boolean  calculus  and 
binary  vector  Boolean  calculus  as  special  cases. 

In  this  paper  the  concept  of  Boolean  difference  (Boolean 
derivative)  has  been  extended  to  multivalued  (m-valued) 
switching  algebra,  where  m need  not  be  an  integer  power 
of  2.  The  derivatives  of  multivalued  switching  functions 
of  potentially  implementable  multivalued  algebras  and 
their  properties  are  presented.  It  is  shown  that  every 
multivalued  switching  function  of  these  algebras  has  a 
MacLaurin  series  expansion  and  a Taylor  series  expan- 
sion. As  an  example  of  the  applications  of  digital  calcu- 
lus to  multivalued  switching  systems  design,  the  deri- 
vation of  tests  for  fault  detection  of  stuck-type  faults  in 
multivalued  combinational  circuits  is  presented  and 
illustrated  by  an  example. 


1.  INTRODUCTION 

The  concept  of  Boolean  derivative  (Boolean  difference) 
of  a Boolean  function,  introduced  by  Reed  [1],  has  been 
more  thoroughly  investigated  in  two  papers  due  to  Akers 
(2]and  to  Sellers,  Hsiao,  and  Bearson  [3  ].  In  both  these 
papers,  various  differential  operators  are  introduced  and 
described  in  connection  with  their  application  to 
switching  problems.  Boolean  differential  calculus, 
introduced  by  Thayse  in  1971  [4] encompasses  and  gener- 
alizes the  algebraic  concepts  introduced  by  the  former 
researchers.  Recently,  Lee  (5,  6,  Reference  7,  chapter  2 
and  3]  further  extended  it  to  binary-vector  Boolean 
differential  calculus.  It  has  been  shown  [6]  that  any 
Boolean  function  can  be  analytically  represented  by  a 
binary-vector  switching  function.  Properties  and 
canonical  forms  of  it  were  presented. 

Recently,  there  is  a growing  interest  in  research  in 
multivalued  switching  systems.  This  is  mainly  due  to  the 
following  reasons: 

(1)  The  size  and  sp>eed  of  binary  circuit  components  and 
memory  devices  approaching  to  its  limit.  The  binary 
number  system  has  been  used  throughout  the  entire 
development  of  computer  technology.  The  growth  of 


computation  systems  and  the  need  to  process  increasing 
volumes  of  data  faster  has  resulted  in  the  development 
of  large-scale  integration  (LSI)  integrated  circuits. 
However,  the  volume  of  data  continues  to  increase  while 
the  circuit  components  and  memory  devices  approach  to 
their  practical  limit  in  size  and  speed.  The  design  of 
computation  systems  in  other  number  systems  seems  to 
be  a logical  solution  to  the  continued  increase  in  volume 
of  data  to  be  processed  by  digital  computers. 


(2)  Pin  limitation  pi-oblem  of  binary  LSI.  One  of  the 
most  important  problems  in  designing  very  large  binary 
LSI  is  the  pin  limitation  of  the  integrated  circuits. 
Multivalued  switching  circuits  allow  each  input  pin  to 
accept  and  each  output  pin  to  deliver  more  information; 
therefore,  for  the  same  amount  of  information  transfer, 
the  total  number  of  pins  required  in  an  integrated  circuit 
chip  containing  multivalued  switching  elements  is  much 
less  than  that  of  an  integrated  circuit  chip  containing 
multivalued  switching  elements  is  much  less  than  that  of 
an  integrated  circuit  chip  with  binary  elements.  As  a 
simple  example,  in  binary  system,  eight  input  pins  of  an 
integrated  circuit  chip  are  sufficient  to  accept  any  of 
the  256  numbers  whereas  only  six  input  pins  are  needed 
(a  one  fourth  pin  number  reduction)  if  an  equivalent 
ternary  switching  circuit  is  used. 

(3)  The  need  of  decimal-to-binary  and  binary-to-decimal 
conversions.  Since  man  works  with  decimal  numbers,  it 
is  desirable  to  have  a computer  which  accepts  decimal 
numbers,  processes  them,  and  produces  decimal  numbers 
directly  to  eliminate  the  processes  of  converting  back 
and  fourth  between  decimal  and  binary  numbers  which 
are  required  in  binary-numbers  which  are  required  in 
binary-number  based  computers. 

(4)  Increasing  reliability  and  reducing  cost  of  analog  and 
digital  circuitry.  In  the  past,  few  multiple-valued 
switching  circuits  have  been  built  because  of  the  high 
cost  and  low  reliability.  However,  the  price  for  digital 
circuits  has  been  decreasing  and  will  continue  to  drop  in 
the  future.  At  the  same  time,  the  industry  is  building 
more  reliable  and  testable  multivalued  switching 
circuits. 

The  purpose  of  this  paper  is  to  exend  Boolean  differential 
calculus  (4)  binary- vector  Boolean  calculus  (61 
to  a more  general  calculus  which  will  be  applicable  to 
not  only  binary  and  binary-vector  switching  systems,  but 
also  to  multivalued  switching  systems  (such  as  3-valued 
and  general  m-valued  switching  systems,  where  m need 
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not  be  an  integer  power  of  2),  which  are  potentially 
implementable  for  practical  applications.  In  Section  II, 
two  potentially  implementable  multivalued  algebras  and 
explicit  relationships  between  them  are  presented.  The 
partial  derivative  of  a multivalued  switching  function 
defined  on  these  algebras  and  its  properties  are 
introduced  in  Section  III.  Based  on  this  definition  of  the 
partial  derivative,  the  MacLaurin  and  Taylor  series 
expansions  of  a multivalued  switching  function  are  found 
and  presented  in  Section  IV.  Finally,  the  application  of 
the  partial  derivative  to  the  derivation  of  fault-detection 
tests  for  multivalued  combinational  circuits  is  described 
in  Section  V. 

II.  TWO  POTENTIALLY  IMPLEMENTABLE  MULTIVAL- 
UED ALGEBRAS 

The  primary  objective  of  much  of  the  recent  work  in 
multivalued  switching  systems  is  to  devise  a set  of 
practically  implementable  basic  functions,  and  to  de- 
velop an  algebra  such  that  functions  of  arbitrary  com- 
plexity may  be  represented  in  terms  of  simple  algebraic 
combinations  of  the  basic  functions.  If  in  addition,  the 
choice  of  basic  functions  and  the  algebra  permits  the 
development  of  a technique  to  simplify  in  some  useful 
sense  the  complexity  of  the  functional  representations 
developed,  then  these  representations  are  of  considerable 
additional  interest.  Finally,  it  is  potentially 
advantageous  to  devise  a system  which  is  adaptable  to 
any  switching  function,  regardless  of  the  choice  of 
integral  base  of  the  switching  variables  involved. 

DEFINITION  I A multivalued  algebra  is  said  to  be  po- 
tentially implementable  for  practical  applications,  or 
simply,  potentially  implementable  if  it  possesses  the 
following  three  properties: 

a.  A set  of  practically  implementable  basic 
functions  which  constitute  a functionally 
complete  set  for  realizing  any  switching 
function  defined  on  the  algebra. 

b.  Canonical  forms. 

c.  Well-defined  function  minimization  tech- 
niques. 


Among  the  multivalued  switching  algebras  published  in 
the  literature, f 15, 16,  26]  it  is  found  that  two  algebras, 
one  due  to  Vranesic,  Lee,  and  Smith  [8]  and  the  other  due 
to  Su  and  Sarris[9]  are  potentially  implementable.  For 
convenience,  they  will  be  referred  to  as  Algebra  A and 
Algebra  B,  respectively. 


Algebra  A 


This  algebra  is  defined  as  follows: 

(1)  It  contains  a set  of  variables  (x,y,z,...)  which 
can  assume  m logic  values  from  the  set 

Q=  iO,l,...,m-l} , 0 < I < ...  <m-l. 

(2)  There  exists  an  equivalence  (=)  operation, 
that  is 


x=x 

if  x=y,  then  y-x, 

if  x=y  and  y=z,  then  x = z. 


(3)  It  has  2m  + 2 basic  of>erations  (basic  set). 

(a)  Two-Element  Operations 
X + y = max  (x,y) 

product  X y = min  (x,y) 

where  max  (x,y)  and  min  (x,y)  indicate  the 
highest  and  the  lowest  values  of  (x.y),  re- 
spectively. 

(b)  m Unary  "Inverter"  Operations: 
x*^  = K iff  x=0 

= 0 otherwise 
for  KcQ. 

(c)  m Unary  "Clockwise  Cycling”  Operations: 

X = (x  + M)  mod  m 
where  MeQ. 

(4)  The  two-element  operations  obey  the  idem- 
potent,  commutative,  associative,  distri- 
butive, and  absorption  laws. 

Post  10  showed  that  the  cycling  opieration  and  the 
product  operation  are  a functionally  complete  set,  and  so 
this  expanded  collection  of  operations  is  also  functionally 
complete.  Any  n-variable  m-valued  switching  function 
f(Xj,...,x^)  has  a sum-of-products-of-sums  canonical 

form: 


where  V |f(V)  = K is  the  set  of  vertices  V = Vj,...,v^ 
for  which  f(V)  = K. 

Example  1:  The  sum-of-products  canonical  form  of  the 
multivalued  switching  function  described  by  the  truth 
table  of  Table  1 is 

f(x,y)  = + y)  (5'+  y^  * + |^(x  (x*+ 
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Example  2:  The  canonical  form  of  the  ^-valued  switch 
ing  function  of  Table  2 is 


f(x,y) 


.1  I <*  1 

(?.  y)(r.y)(? 


3 1 2 11-,! 


♦ j^x  ♦ 


3 

-tn(x 


2 1 u 

(x  .-tf)  cr 


4 


4 2“\ 

y)(?*^ 


3 


(3) 


A number  of  important  propierties  exhibited  by  the 
selected  basic  set  provide  a means  for  algebraic  man- 
ipulation. 


THEOREM  I 


algebra  ( S|  . 

Operations  of  the  above  set  are  a natural  choice  because 
of  their  potentially  simple  implementation.  The  sum. 
product,  and  inverter  operations  can  be  implemented 
using  ordinary  electronic  gates  with  minor  modifications; 
the  cycling  operation  can  be  implemented  by  a universal 
cycling  gate  which  has  been  designed  by  Vranesic,  et  al. 
[8)  . Figure  1 shows  seven  basic  gates  of  this 
multivalued  switching  system,  where  K-NAND,  K-NOR, 
and  K-\,  gates  are  defined  by: 

(1)  K-NAND  gate 

z r K if  min(x,y)  = 0 

=0  otherwise 


(2)  K-NOR  gate 

z^K  if  max  (x,y)  : 0 


(a)  (xj  ♦ x^ 


-0  otherwise 


(b)  (X|  . x^ 


(3)  K-M  gate 

M 

z=K  if  X = 0 


where  l<K<m-l. 


=0  otherwise 


THEOREM  2 

(a)  (x«  x*^)  = 0 

(b)  (x«x*^)^  = M 

(c)  x*"?*  ...^  = 0 

where  IxK^m-l  and  NM^m-l. 

Many  other  properties  of  this  algebra  were  given  by 
Vranesic  et  al.  t 81  . 

Example  3:  Applying  Theorem  2,  the  function  of  Eq.  (2) 
may  be  expressed  as 

f(x,y)  = £(x  + y)()?+  y)D  * + 0*  + ^ 

= (x  ♦ y)*  dl*  V y)*  + (x  +~y)^  + (5? 

I 1 1 2 i*2  ^*2  1.2  , 

= xy+xy+x  y+x  y (4) 

A procedure  for  minimizing  any  function  in  canonical  form 
of  Eq.  (I)  has  been  found.  A computer  program  for  imple- 
m''nting  this  procedure  was  written  and  used  for  synthesis 
of  multivalued  switching  function  of  this 


For  example,  an  and-OR  realization  of  Eq.  (4)  is  shown  in 
Fig.  2 

Algebra  B 

This  algebra  is  defined  the  same  as  Algebra  A except  the 
m unary  inverter  operations  and  m unary  cycling 
operations  are  replaced  by  the  following  operations: 

(1)  Let  c c{0,J,2,...,m-l ) , the  complement  of  c, 
denoted  by  c,  is  defined  as 

T = (m-l)  - c 

(2)  Define  a variable 

a,b 

X = m-l,  if  a^xlb 
= 0 otherwise 


where  a.bcf  0,l,...,m-l}  and  a^b.  Note  that 
a,b 

X is  a binary  variable  even  though  x is  multivalued. 

a^ 

The  complement  of  x , denoted  by  x , is  defined  as 
a,b 

X = 0,  if  a£X£b 

= m-l  otherwise 
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which  is  also  two-valued.  It  should  be  noted  that 


a,b  0^-1  b«l,m-l 

X = X ♦ X 


0,a-l 

where  x 


-0  for  a = 0 and  *’**<'^  * ;0  for 


b=m-l. 


A procedure  for  minimizing  functions  of  the  form  of  Eq. 
(5)  was  given  by  Su  and  Sarris  [ 9]  . For  example,  the 
function  of  Eq.  (8)  can  be  minimized  by  using  a Vvalued 
map  which  is  similar  to  the  Karnaugh  map  as  shown  in 
Fig.  3.  From  this  map  it  is  found  that  the  minimized 
function  is 


0,0  0,0  0,0  <t,ii  0,1  2,3  ii.fc 

f(x,y)  =3.  X.  y.3.  X,  y*2.  x.  y.|.  x 


It  has  been  shown  [91  that  the  sum,  product,  and  com- 
plement operations  of  this  algebra  are  a set  of  func- 
tionally complete  operations,  and  any  multivalued 
switching  functions  can  be  expressed  by  the  sum-of-the- 
products  canonical  form: 


f(X|,. 


^kl’'’kl 

’‘l 


a 


l<2\2.  . 

’‘2 


3,  ,b, 
kn  kn 

X 

n 

The  complement  of  f is 


(5) 


Hxj x^)  (c^^ 


a .b 
kl’  kl 


^k2’'’k2 


^kn’^kn 

x„  ) 


(6) 


where  Cj^  = (m-1)  - Cj^  and  c^^  c ( 0,l,2,..,,m-l } . 


Example  9;  The  canonical  forms  of  the  functions  of 
Tables  I and  2 are,  respectively, 


r0,0 

0,0 

2,2  0,(L 

f(x,y)  = 

\ . lx  . 

y ♦ 

X • y J 

0,0 

2.  Cx  • 

2,2 

2,2  2,2  (7) 

♦ 

y * 

X • y J 

(-4,4 

0,0 

4,4  1,1  4,4  2,2 

f(x,y)  = 

1 Lx  • 

y + 

X • y + X • y 

4,4  3,3 

4,4 

♦ 

X • y 

+ X 

yj 

+ 2 


[' 


’0,0  2,2  0,0  3,3  0,0  U,U 

X - y + x‘  y + X*  y 


1,1  2,2 

♦ X • y 


r 


0,0  0,0  1,1  3,3 

y + X ■ 


] 


(8) 


The  set  of  basic  operations  can  be  realized  by  the  circuit 
components  shown  in  Fig.  U.  The  K-AND  gate,  K-OR 
gate,  and  Inverter  of  Fig.  4 can  be  implemented  using 
conventional  AND,  OR,  and  NOT  gates,  respectively. 
The  electronic  implementation  of  the  Digitizer  remains 
to  be  investigated.  As  an  example,  the  realization  of  the 
function  of  Eq.  (7)  using  these  basic  circuit  components 
is  shown  in  Fig.  5. 


Relationship  between  Algebra  A and  Algebra  P 


It  IS  observed  that  Algebras  ^ and  B may  be  transformed 
from  one  to  the  other  by  utilizing  the  following  relations 
between  the  inverter  and  cycling  operations  of  Algebra  A 
and  the  interval  variable  and  the  interval  inverter 
operation  of  Algebra  B:  Let  l£K<m-l  and  IfMfni-l. 


M m-M,m-M 

x-^K. 


(9) 


(2) 


m-M,m-M  M 


m-1 


(10) 


and 


(4) 


m-M,m-M 
(3)  K.  X 


I m-Mj,m-l 
= K.  \ ^ 


Mj  m-M2,m-M, 


m-M 


X 


■) 


(11) 


(12) 


a,b  m-a 


(5)  K.  X = 


- . , (13) 

+ X O^a^b^m-1 

For  example,  the  functions  of  Eqs.  (2)  and  (3)  of  Algebra 
A can  be  transformed  to  the  functions  of  Eqs.  (7)  and  (8) 
of  Algebra  B,  respectively,  by  using  Theorem  1 and  Eq. 
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III.  THE  PARTIAL  DERIVATIVE 


0,0 


In  this  section  we  introduce  the  partial  derivative  of 
multivalued  switching  functions  of  Algebra  A and 
Algebra  B and  their  properties.  First  we  define: 


DEFINITION  2 Define  the  EXCLUSIVE-OR  operation  of 
two  multivalued  variables  as 


X Qy=  X + y,  if  either  x or  y is  zero. 

= 0,  otherwise 

DEFINITION  3 Let  f(X|,X2,...,x^)  be  a multivalued  func- 
tion of  n variables  X|,X2,...,x^.  The  partial  derivative 
is  defined  as: 

For  Algebra  A: 


V. 


For  Algebra  B: 


The  above  definition  is  equivalent  to  the  following  def- 
inition. 


DEFfNITION  3' 


f(X|»..*jX  j"?.  ^1) 


V. 

‘k. 

Xj  . 


o 


{(x  jO) 

1 n 


m-l 


m-1 


(1^') 


a.,b. 

f(Xj,...,X^.I<..  Xj  ) 
a-yb. 


0 


f (x^,,,.,x^,0) 


0.0 


(15') 


Example  5 The  partial  derivative  of  the  function  of 
Eq.  (<»)  with  respect  to”x^  is 


(16) 

1 

Note  that  7 here  denotes"?. 


The  partial  derivative  of  the  function  of  Eq.  (7)  with 

2,2 

respect  to  1 . x is 


0,0  0,0 

X . y 


2 . 


0,0 

X . 


2,2 

y 


2,2 

1 . X , 

2,2 

2.  X , 


0,0 

y 

2,2 

y 


0,0 


0 


0,0  0,0  2,2 

X . y + I . X , 


0,0  2,2  2,2 

2.x.  y + 2 . X . 


0,0 

y + 
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0 

1 

2 

1 

2 

0 

1 

2 

PROPERTY  3 

0 

0 

2 

0 

0 

0 

0 

2 

0 

0 

2 

V-^  /Sf  ' 

~ 1 

2 

2 

2 

1 

2 

2 

2 

1 

0 

0 

0 

V-  1 V.  I V.  1 V. 

■^lik  / i~x|k.  \^Tk 

2 

0 

2 

0 

2 

0 

2 

0 

2 

0 

0 

0 

PROPERTY  4 


, V 
= 2 k 


(17) 


Since  Eqs.  (4)  and  (7)  both  represent  the  same  function 
whose  truth  table  is  described  in  Table  1 and  by  Eq. 

U 

(9),  the  variable  x of  Eq.  (4)  is  equivalent  to  I.  x of 

I 2,2 

Eq.  (7),bf/dx‘  of  Eq.  (16)  and  if/d[l.  x J of  Eq.  (17)  pro- 
duce the  same  result,  as  expected. 

DEFINITION  4 As  an  extension  of  the  single  partial 
derivative  of  Eq.  (14)  the  multiple  partial  derivative 
of  a multivalued  switching  function  f(X|,...,x^)  of  Al- 
gebra A is: 


^f(x,,...,x  ."xlk.  "Jlk.  Tck., 
1 n 11,  11,  1 k) 

^^k) 


0 


f(Xj,...,x^,^^k.,  "^‘ki.'^k^) 


m-1 


k.  V k V 


«- '"ih  ^ 


m-1 


L J (18) 

Similar  definition  may  be  defined  for  Algebra  B. 

Several  properties  of  the  partial  derivative  are  given 
below. 

PROPERTY  1 


^f  - ^f 

PROPERTY  2 


li , -it 


0g. 

•X-  N ° V 

11  1 I ri 


© 


1± 


PROPERTY  5 

f 0 g _Sf 

'S'xik  a'vk  a'^ik 

11  1 i 1 1 


0 -li 

PROPERTY  6 

9(iQs)  = _3i Q 

V Y V 

B xV  3-$i.  ‘a-ti. 

l^  i'^i  i^ 

Similar  relations  may  be  derived  for  Algebra  B. 


IV.  MACLAURIN  AND  TAYLOR  SERIES  EXPANSION 

Based  on  the  partial  derivative  of  Definition  3,  it  is 
found  that  every  multivalued  switching  function  defined 
on  Algebra  A or  Algebra  B can  be  expressed  in  a 
MacLaurin  series  expansion  and  a Taylor  series  ex- 
pansion. Before  presenting  the  theorems,  we  need  the 
following  lemmas. 


Lemma  1 Any  multivalued  function  f(X|,...,x^)  can  be 
expressed  in  the  following  form: 
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’‘n’  = f(X| x^.kj  .7!  ""-*) 


Vj  V. 

fCXj.-.x^.Tkj)  "i-l  . f(Xj x^,k.) 


V 

-“?i  m-1  . f(x,,...,x  ,k.  . I 
” 1 n I 


•| ""  J 


. f(xj x^.kj  . 0) 


Ji  m-1  n^-lpm-1  jt| 


• 1 

Proof:  Let  x = (x.,...,x  ).  Evaluating  the  function  F(X) 
V<'  * ^ 

of  Eq.  (19)  forlfj^”*  = m-1,  we  have: 


• ^^X|,..,,x^,0) 


- "^i  m-1  „ , / ''.  \ tn-1  -ji  m-1 - 

-Vi  p-i  o(-w*j  ^ po 

THEOREM  3 (MacLaurin  Series) 

The  multivalued  switching  function  can  be  expressed  as: 
For  Algebra  A 


f(x,y)  = 


f(x)  V.  , 

I xj  = m-1 


T fTi-l 

’'i  , m-1 


-3(im-l 

Similarly,  for  x^  = 0, 


' F' 


V. 

m-1 

X.  I 0 

^ = 0 + (m-1)  • ^ 

•?*  m-1  =0 


V. 

-♦‘m-1 - 

xi  r — 0 


“F 


Since  Xj  can  only  be  either  0 or  m-1,  Eq.  (19)  holds 


©_l£- 


^7"  Ty 


(;•<)'  0. 


k hf-k  = 0 


V 

(;k=o 


(^k)  2P-1 


For  Algebra  B 


f(>‘>y)  = ; ai  o .a,b 
d(k  y ) k y = 0 


0 a,b  1 
5(k  y ) 


^’^l  . a,b  y ) 

(k  y ) k y = 0 


for  all  values  of  Xj  This  completes  the  proof. 

Lemma  2 In  view  of  Definition  2,  Eq.  (19)  can  be  ex- 
pressed as: 


a,b  (k®y^) 
k y = 0 


“ = ^“l-  “2 

y = (yj.  y2 Tp) 

C = 

I 2 p 


0 e 2P-I 
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y -Vj  » y2  ••••Vp 

y =m-l,  if  e=0 


=y,  if  e=l 


THEOREM  4 (Taylor  Series) 


A multivalued  switching  function  can  also  be  expressed 
as: 

For  Algebra  A 


For  Algebra  B 


f(x,y)  = 


^f 


0 


. a,b=h 

k y 


(k^©  h)° 


© 


a.b  : h 

k y 


n n 


I, 

K y = h 


(k^y’oh)^'"'' 


(22b) 


where  h = (h,,h_,...,h  ) 

I 2 p 

(y@h)®  = {y  ©h)®'(y  0h/2...(y  @h  )%,0  e 2P-1 

II  2 2 p p 


Theorems  3 and  4 are  best  illustrated  by  examples. 

Example  6 Find  the  MacLaurin  series  expansion  of  the 
following  3-valued  switching  function: 


(23) 


To  obtain  the  series  expansion,  we  need  to  compute  the 
following  three  partial  derivatives: 


(1) 


(2)  , and  (3) 


d / af 
\ 572^ 


They  are  computed  as  follows: 


o 


Theorem  6 


df 


Therefore, 


f<x,»x2,y,.y2)  = f<’‘j,x^,0,0)  0 — 


qJ^i— 

X-U2 

d y2 


1-|2.  0 


■U2=  0 
y-. 


(t) 


^y 


-2 


.o©|;2|;!®552  x2 


Let  f(x.,...,x  ) be  the  output  function  of  a combination- 
al circuit.  (Aj,...,a^) 

aj  0,l,2,...,m-l  is  a test  of  s-a-0  or  s-a-k,  Kk^K 
fault  line  j if  and  only  if 
For  System  A 


^f 


=(m-l) 


y^O 

Ht)  1 

o 

II 

CM 

For  System  B 

( \ 

|42\|J,2\ 

' 1'.  )U  ) 

^ 2 

1 n 

^2 

Theorem  7 

=(m-l) 


(24a) 


(24b) 


(a)  (a.,...,a^)  is  a test  if  s-a-0  fault  on  line  j if  and 
only  if 


V.  APPLICATION  TO  FAULT  DETECTION  OF  MULTI- 
VALUED SWITCHING  CIRCUITS 

As  an  example  of  demonstrating  the  potential  useful- 
ness of  the  partial  derivative  of  multivalued  switching 
function  of  Definition  3.  the  derivation  of  fault-de- 
tection tests  of  multivalued  combinational  circuits 
using  it  is  presented.  First,  for  illustration 
convenience,  we  define: 

DEFINITION  7 


The  two  multivalued  switching  systems  defined  by 
Algebra  A and  Algebra  B will  be  referred  to  as  System 
A and  System  B,  respectively. 

Unlike  a binary  switching  circuit,  a multivalued  switch- 
ing circuit,  even  it  is  irredundant,  may  have  undetect- 
able faults.  This  is  described  in  the  following  theorem. 

Theorem  5 The  faults  s-a-k,  for  K^k^m-l  of  a K-NAND 
(K-AND)  gate  of  System  A (System  B)  are  undetectable. 
Dually,  the  faults  s-a-k,  for  0 k K of  a K-NOR  (k-OR) 
gate  of  System  A (System  B)  are  undetectable. 

The  proof  of  this  theorem  is  obvious  and  may  thus  be 
omitted. 

The  following  two  theorems  show  that  the  tests  for 
detecting  any  detectable  faults  in  a multivalued  com- 
binational circuit  can  be  obtained  by  using  the  partial 
derivative  of  the  output  function  of  the  circuit. 


For  System  A 


For  System  B 


(25a) 


(25b) 


(b)  (a|,...,a^)  is  a test  of  s-a-k  fault  on  line  j . 
if  and  only  if 


For  System  A 


(26a) 
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For  System  B 


Eq.  (2<>b) 


(26b) 


would 


make  all  the  terms  of  Eq.  (24a ) Eq.  (24b)  having  x. 

with  different  values  of  M a vanish,  and  the  remaining 
terms  of  Eq.  (25a)  Eq.  t25b ) constitute  T^.  Similarly, 

multiplying  ( "^  K)  to  Eq.  (24a)  Eq.  C4b ) 

would  make  all  the  terms  of  Eq.  (24a)  Eq.  (24b)  hav- 
ing X.  with  the  same  value  of  MCa]  vanish,  and  the 

remaining  terms  of  Eq.  (26a ) Eq.  (26b)  constitute 


The  following  example  illustrates  these  theorems. 


1 


which  indicate 


To  = l2oi 

(29a) 

T,  = 1 10  I 

(29b) 

Several  remarks  should  be  made  here. 

(1)  Notice  that  T = TqUTj,  as  expected. 

(2)  The  tests  20  and  10  do  sensitize  the  path  from  x 
to  the  circuit  output  z as  shown  in  Fig.  6 , as 
they  should. 


Example  9 Consider  the  3-valued  combinational  circuit 
of  Fig.  2,  which  for  convenience  is  repeated  in  Fig.  7. 
Suppose  it  is  desired  to  derive  a set  of  tests  for  detect- 
ing s-a-0,  s-a-1,  and  s-a-2  faults  on  line  indicated  in 
the  figure.  Note  that  this  line  is  connected  to  the  out- 
put of  a K-M  gate  with  K = 1. 

The  output  function  of  this  circuit  was  given  in  Eq.  (4) 

and  its  partial  derivative  with  respect  to'x  was  des- 
cribed in  Eq.  (14)  which  is 


(3)  Faults  s-a-1  and  s-a-2  on  line  j are  detectable, 
but  indistinguishable. 

(4)  These  three  sets  of  tests,  T,  Tq,  and  Tj,  may  be 

obtained  from  Theorem  4 and  5 (for  System  B) 
and  Eq.  (15)  for  detecting  s-a-0  and  s-a-1  faults 
at  the  corresponding  location  in  the  combina- 
tional circuit  of  Fig.  5. 


(14) 


According  to  Theorem  4,  the  set  T of  tests  for  detecting 
s-a-0  and  s-a-1  faults  on  line  ^ are  the  values  of  x and  y 
satisfying  the  following  equation: 


df  "*2  2 •♦2 

. X . y + X 

O X 


y^2 


(27) 


It  is  found  that  when  x=l,  y=0  and  x=2,  y=0  the  above  equa- 
tion is  satisfied.  Thus, 


T = \l0,20f 


Moreover,  from  Theorem  5,  the  sets  T^j  and  T^  of  tests 

for  detecting  s-a-0  and  s-a-1  faults  on  line  j , respec- 
tively, can  be  obtained  from  the  following  equations: 


VI.  CONCLUSION 


Boolean  differential  calculus  has  been  generalized  to 
multivalued  algebras.  Two  potentially  implementable 
multivalued  algebras  and  the  partial  derivatives  of 
multivalued  switching  functions  defined  on  them  have 
been  studied.  Simple  relations  between  the  two 
algebras  are  presented.  By  using  them,  one  can  convert 
one  system  from  the  other.  Furthermore,  it  has  been 
shown  that  every  function  of  these  ^dgebras  can  be 
expanded  into  a MacLaurin  series  and  a Taylor  series. 
Examples  illustrating  the  procedures  for  obtaining  these 
series  expansions  are  given.  As  an  example  of  the 
application  of  the  theory,  the  test  derivation  for 
detecting  a fault  in  a multivalued  combinational  circuit 
is  discussed.  The  results  of  further  investigation  of  the 
applications  of  digital  calculus  will  be  given  in  a 
subsequent  paper. 


)f 

4^ 


= 7*.  72.  y2,^l.-^2 


7 2 

= x'  . 

(28a) 


= 1 
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Fig.  5.  AND-OR  realization  of  the  function  of  Eq.  (7) 


Te^in^  -fir  s-a  - 0 -ffiulf 
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Value  on  line  J 
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1 0 

0(  Normal ) 

1 (Fauify) 

0 (f^ormal ) 

Fig.  6 - An  example  of  fault  detection  in  muitivalued  combinationai  circuits 
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The  capability  of  the  synthesis  of  finite 
deterministic  automata  build  up  from  delayed  gates 
over  a finite  alphabet  ^ is  studied  by  reduce  that 
problem  to  the  problem  of  building  circuits  reali- 
sing functions  of  several  variables  ranging  over  ^ 
and  with  values  in  Some  characterizations  for 
the  completeness  (strong,  full  and  uniform  comple- 
teness) of  a set  of  delayed  gates  are  given,  and 
also  for  precomplete  classes  of  a set  of  uniformly 
delayed  gates. 


EHESS,  Paris 

bj,...,  b^)).  Similarly  the  output  function  is 

represented  by  e functions  of  s+i  variables.  This 
brings  us  to  the  problem  of  building  circuits  rea- 
lizing functions  of  several  variables  ranging  over 
^ and  with  values  in  ^ based  on  the  gates  which 
are  at  our  disposal  (e.g.  available  commercially). 
Note  that  we  have  to  realize  several  circuits  who- 
se functioning  should  be  synchronized  within  cer- 
tain tolerance.  We  discuss  here  this  problem  for 
gates  with  delayed  reactions. 


§ 2 . d-modules  and  d-nets 


§ 1.  Introduction 


The  topic  of  this  paper  is  the  capability  of 
the  synthesis  of  automata  built  up  from  delayed  ga- 
tes. The  automata  studied  are  finite,  determinis- 
tic but  not  necessarily  completely  defined  and  are 
given  e.g.  by  their  transition  digraphs  whose  ver- 
tices are  the  states  and  whose  arrows  are  labelled 
by  the  pairs  consisting  of  the  input  causing  the 
transition  (from  a state  where  the  arrow  starts  to 
the  state  it  ends)  and  by  the  output  produced.  We 
put  ourselves  in  the  situation  when  the  available 
gates  from  which  the  concrete  realization  of  the 
automaton  is  to  be  constructed  all  work  in  the  sa- 
me finite  alphabet  which  for  notational  convenien- 
ce is  denoted  ^ = {O,  1,...,  d-l}.  To  get  a rea- 
lization first  we  code  (i.e.  address)  the  states 
inputs  and  outputs  by  elements  from  and 

respectively  (where  s,  1,  e are  positive  Integers 
and  denotes  the  set  of  all  n-tuples  of  elements 
from  d) . Basing  ourselves  on  the  chosen  coding 
the  transition  function  can  be  expressed  by  s func- 
tions (possibly  only  partially  defined)  of  s+1  va- 
riables ranging  over  d and  whose  values  are  all  in 
^ (i.e.  to  the  state  S coded  by  (aj,...,a^)  and 

input  I coded  by  (b^,...,  b^)  we  assign  the  state 
®s*  •’i ‘’i> “s* 


Let  IN  denote  the  set  of  non-negative  integers 
and  let  d f IN  be  fixed.  For  n f |N  a d -module  (ele- 
ment or  gate)  is  a device  with  n input  lines 
Ej,...,  E^  and  one  output  line  oj  which  accepts  the 
signals  f ^ Incoming  on  the  input  lines 

£j^(i=l,...,  n)  and  responds  to  them  by  emitting  the 

signal  y=f(Xji--'»  X^j)  from  ^ on  the  output  line 

(a.  Since  the  reaction  of  the  gate  depends 

entirely  on  the  input  signals  received,  f is  an 
n-ary  operation  on  ^ i.e.  a map  ^ or  a func- 

tion with  n arguments  and  values  ranging  over  d. 
(The  case  of  a partial  function  is  more  complex  due 
to  prohibited  configurations  and  is  not  discussed 
here)  . For  a later  reference  we  denote  the  set  of 

all  n-ary  operations  on  ^ by  (hence  the  size 


of  is  d<‘^">)  and  set  & = 0(1)  u&(2)  u 

...  In  universal  algebra  it  is  customary  to  use 
also  the  nullary  or  zero  operations  corresponding 
to  the  Inputless  d-modules  (i.e.  the  emitters  of 
constant  signals  or  constant  sources  which  in  prac- 
tice are  mostly  available  at  no  or  little  cost); 
however  for  our  purposes  we  replace  them  by  cons- 
tant one  variable  operations.  Thus  each  d-module 
is  an  automaton  by  Itself  and  the  totality  of  the 
available  types  of  d-modules  represents  the  buil- 
ding blocks  at  our  disposal.  We  emphasize  that 
for  us  the  d-modules  are  simply  "black  boxes"  in 
the  sense  that  they  are  further  indecomposable,  we 
do  not  care  what  is  happening  inside  them  and  all 
what  matters  and  is  known  to  us  is  their  behavior 
which,  for  example,  can  be  described  by  a table 


with  d"  rows  corresponding  to  the  n-tuples 
(x^,...,  x^)  € of  arguments  and  the  values 
f(Xj,...,  • We  pause  briefly  to  stress  that  we 
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V 


are  interested  in  feasibility  rather  than  optlkall- 
ty  here.  Thus  typically  we  ask  what  circuits  can 
be  built  froB  given  d-nodules  and  ignore  completely 
the  problem  of  doing  it  in  an  economical  way.  This 
limitation  has  a good  reason  because  the  optimali- 
ty depends  on  the  costs  largely  determined  by  the 
present  technology  and  labor  costs  and  should  the- 
refore be  closely  tailored  to  a very  specific  si- 
tuation. The  technological  changes  Incurred  du- 
ring the  past  few  decades  indeed  indicate  that  one 
should-  think  twice  before  undertaking  some  basic 
theoretical  optimization  work.  Our  disregard  for 
costs  also  explains  the  above  carelessness  in  the 
addressing  of  states,  inputs  and  outputs  d-modules 
(the  later  based  on  the  theoretical  possibility  of 
replacing  one  k output  d-module  by  k one  output  d- 
modu les) . 

Practically  in  every  physical  realization  of 
d-modules  there  is  a certain  time  delay  in  the  res- 
ponse to  a change  in  input  signals.  Sometimes  this 
delay  is  so  short  that  it  may  be  neglected,  say,  by 
setting  the  clock  (timing  the  signals  cosming  from 
the  outside)  so  that  the  basic  time  interval  it 
(during  which  the  outside  signals  arc  Invariant 
l.e.  they  may  change  only  at,  or  around,  the  times 
0,  At,  2At,  ...)  far  outwj'igliv.  the  delay.  We  are 
not  considering  here  the  .J-iwdules  that  during 
their  switching  become  momentarily  "deaf"  to  any 
subsequent  change  of  inputs  (i.c.  stay  stable  for 
a certain  period  following  the  switch).  However, 
the  very  presence  of  ahd  the  problems  caused  by 
the  races,  hazards  etc,  in  the  real  circuits  indi- 
cate that  the  total  neglect  of  delays  is  an  over- 
simplification. Moreover,  to  increase  the  flow  of 
information  on  the  channels.  At  should  be  as  small 
as  possible.  With  these  rather  loose  comments  in 
mind  we  look  into  the  problems  of  constructing 
circuits  from  delayed  d-modules.  A delayed  d-mo- 
dule is  a d-module  whose  output  at  the  time  t is 

X(t)  = f(x,(t-6,) 

where  f ( and  6,,...,  6 are  time  invariant 

* n 

delays  (the  delayed  modules  are  called  delayed  in- 
put devices  in  [7]).  For  simplicity  all  are 

assumed  to  be  non  negative  integers  (if  they  are 
rational  and  finite  in  number  this  clearly  is  no 
real  restriction).  Thus  we  may  identify  a delayed 
d-module  F with  the  (n-tl)-tuple  (f,  6^,...,  6^). 

Then  the  set  of  all  delayed  n-ary  d-modules 

is  x|n".  We  set  D = U U ... 

In  circuits  as  well  as  in  neuron  sets  etc. 
the  d-modules  are  combined  together  by  attaching 
the  output  of  one  module  to  the  input  of  another 
module.  An  aggregate  of  d-modules  interconnected 
in  this  way  is  called  a d-modular  net.  Thus  a d- 
modular  net  is  an  arrangement  of  d-modules  in  which 
the  output  (input)  of  each  module  is  connected  to 
at  most  one  input  (output)  of  another  module  (the 
restriction  at  most  one  being  obtained  by  possible 
duplication).  The  outputs  (Inputs)  not  connected 
to  any  input  (output)  are  called  the  external  out- 


puts ( Inputs) . The  external  inputs  are  labelled 
by  input  variables  (possibly  several  by  the  same 
input  variable).  These  interconnections  can  be 
captured  by  a partition  of  the  set  consisting  of 
all  inputs  and  outputs  of  the  d-modules  ([*>  ). 

An  intuitive  and  pictorial  way  is  to  represend  it 
by  a rooted  oriented  forest.  In  it  each  of  the 
trees  whose  disjoint  union  makes  up  the  forest  is 
oriented  towards  its  root,  its  vertices  consist  of 
d-modules  and  external  inputs  and  there  is  an  arc 
joining  a vertex  to  another  If  the  output  of  the 
d-module  or  the  external  variable  corresponding  to 
the  first  is  connected  to  the  input  of  the  second. 
Thus  the  roots  correspond  to  having  an  external 
output  and  the  leaves  are  the  outside  inputs  (la- 
belled by  the  input  variables). 

At  this  stage  the  reader  may  be  wondering 
where  the  feedbacks  got  lost.  Their  disappearance 
is  due  to  the  mental  ledgerdemain  of  splitting  the 
multiple  output  d-modules  into  the  single  output 
ones  (and  trivially  discording  those  trees  having 
no  external  outputs).  Obviously  we  may  consider 
eiich  tree  separately.  The  study  of  such  trees  is 
nothing  else  than  the  analysis  of  the  composition 
of  delayed  operations  which  we  describe  now  In  de- 
tail. The  precise  definition  being  some  what  cum- 
bersome at  any  rate,  we  proceed  directly  to  the 
algebraic  definition  based  on  the  ideas  of  A.  I. 
Mal'cev  (8).  The  composition  in  D is  conceived  as 
the  result  of  applying  certain  operations  on  D 
(l.e.  in  some  sense  we  operate  on  a higher,  level 
or  have  a "metatheory") . More  precisely,  we  in- 
troduce the  following  unary  operations  (seltmaps)  " 

C,  T,  A,  Kj  (1  ( jS)  and  one  binary  operation  * on 

D. 

For  F f set  C(F)  = 1 (F)  - F while  for 

F = (f,  6 6 ) < (n  > l);set  {;(F)  = 

(Cf,  6,,.!.,6^,6j,  X(F)  = (Tf,6,,«,,6, 6 ^) 

where  ;;(f)(Xi X^)  = f (Xj X^*  X,)  ^nd 

T(f)(Xi \,)  = fCXj.  Xi.  X, for  all 

Xj,...,  f Thus  C,  is  devised  to  cyclically 

permute  the  Inputs  and  T to  interchange  the  two 
first  inputs.  From  the  elementary  theory  of  per- 
mutations It  follows  that  the  repeated  application 
of  C and  T can  produce  any  input  permutation.  The 
identification  of  two  Inputs  is  feasible  only  if 
the  corresponding  delays  are  identical.  Hence  we 
define  A by  setting  (1)  A(F)  = F if  in  F = (f,  6^, 

...,  6 ) either  n = 1 or  6,  k 6 , and  (il) 

A(f,6,.b,.6,....,  = (Af,6,,6,...., 

otherwise  (where  (Af)(Xj,...,  x^.j)  = f(x,.X|. 

Xj,...,  fox'  all  Xjf*.  ^ • 11*® 

peated  application  of  T and  A yields  any  permit- 
ted change  of  variables  (relndexlng  with  allowable 
Identifications).  The  operaticrcs  (i  ( W)  are 

devised  to  alter  the  delays  of  dummy  variables.  We 
say  that  the  1-th  variable  of  F = (f,6j,...,  6^) 
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Is  diunmy  if  f(a, a ) = f(b b ) whenever 

1 n I n 

aj  = b^  for  all  j t i.  Clearly  the  delay  in  a dum- 
my variable  is  irrelevant.  We  set  «j(F)  ■ (f,  i, 
6,,...,  6 ) if  the  first  variable  is  dummy  and 
«.(F)  F otherwise.  The  presence  of  'j's  permits 

to  change  arbitrary  the  delay  of  a dummy  variable 
of  an  operation  obtained  via  composition.  This 
flexibility  was  not  adopted  in  (1,  3,  i’  leading  In 
the  extreme  to  the  formal  distinction  between 
constant  functions  with  different  delays  (ans^way 
the  constant  functions  arc  usually  of  minor  impor- 
tance in  applications  because  they  are  available  at 
little  or  no  cost).  Another  and  equivalent  ap- 
proach is  to  right  away  identify  F and  C differing 
in  the  delay  of  a dummy  variable  only  (or  going 
ever  further  not  allow  dummy  variables  altogether). 
To  avoid  certain  formal  difficulties  this  approach 
is  not  adopted  here. 

For  the  composition  itself  we  have  the  binary  ope- 
ration* defined  as  follows.  Let  F = (f,6,,...,6  ) 

1 TQ 

( D and  G (g.  • ^ 1^)  f D.  Set 

F * C (f  * g.  6 e A, 6 t , 6, 6 ) 

i i 1 n 2 m 

where 

Vn-l)  V’ 

*mt  1 ’ • • • ’ ’‘mtn-i  ^ 

for  all  X ,...,  X ( d.  Thus  F * G replaces 

1 m-tn-i  — 

the  first  variable  in  f by  g while  compounding  the 
corresponding  delays.  The  repeated  ap- 

plication of  *,  r , T,  » and  A can  produce  all  com- 
positions. 

For  M D let  [M]  denote  the  least  subset  of 
D containing  M and  closed  with  respect  to  the  for- 
mation of  C,  T,  A,  (1  ^ IN)  and  the  products  * 

(i.e.  the  subalgebra  of  'D;  C,  T,  A,  (i  F|N), 

* > generated  by  M) . It  Is  not  difficult  to  con- 
vince oneself  that  [MJ  is  nothing  else  than  the 
set  of  delayed  operations  which  can  be  constructed 
from  the  delayed  modules  from  M via  tree  shaped  d- 
modular  nets.  In  other  words,  if  the  market  can 
supply  us  with  d-modules  from  M (in  potentially 
unlimited  quantities),  then  [M]  consists  exactly 
of  the  delayed  operations  that  can  be  constructed 
(regardless  of  costs)  in  all  possible  ways  from 
the  d-modules  from  M. 

The  simplest  delayed  d-modules  are  those  ha- 
ving the  same  delay  of  all  variables.  We  call 
them  uniformly  delayed  d-modules  (the  papers  [1, 

3,  4]  dealt  exclusively  with  the  uniformly  de- 
layed 2-modules  and  they  are  called  delayed  output 
device  in  [7]).  For  i f |N  set 

^i  = V ' « ••  •••  ■-  «n  -- 

Clearly  U = U U . . . is  the  set  of  all  uni- 
formly delayed  d-modules.  We  say  that  F ^©'is 
complete  (other  names  : functionally  complete  or 
<d;  F>  primal)  if  each  f 6 &'  is  obtainable  from 


F via  repeated  (ordinary)  ri'HBpo*;  i t ion  (i.«'.  (T  Is 
the  least  subset  of  ^rontalninR  F and  closed  with 
respect  to  the  operations  ‘ and  * in  (^defi- 

ned  earlier  (completeness  in  ^ has  been  sttidied 
extensively,  cf.  the  survey  in  '12'  and  there  is 
an  effective  ci’mip  let  mess  criterion  (10,  11). 

The  degree  of  F is  the  maximum  of  th«‘  Jelavs 
of  the  non-dummy  (i.e.  essential)  variables.  We 
say  that  M ^ D is  stronglv  complete  in  N _ D It 
IM':  N (in  ( ),  4)  tor  d ' 2 the  strong  complete- 

ness in  U is  termed  completeness  in  the  first  sen- 
se). Cnless  we  need  all  delays  this  not  ion  for 
N ' U or  N • D is  too  strong  and  therefore  the 
following  easy  extensions  of  I4,Th.  3"  are  listed 
without  their  almost  routine  proofs. 

Proposition  1.  M _ 1'  (M  ^ D).  Then  M is 

strongly  complete  in  U(D)  if  and  only  if  {t  f S'  ; 

(f,  0 0)  ^ M}  is  complete  In  Cl  and  M contains 

<^ne  operation  c^f  degree  I . 

Subsets  M of  D satisfying  (Ml  ■ D are  termed 
closed  classes.  Let  1.  be  the  set  of  all  closed 
classes  ordered  by  inclusion.  Bv  its  very  defini- 
tion 1.  (being  the  subalgebra  lattice  of  an  alge- 
bra) is  necessarily  an  algebraic  lattice.  We  say 
that  M _9^is  maximal  (precomplete  or  coatom  of  L) 
in  ^ if  M is  not  complete  in  Awhile  M 'f^  is 
complete  in  0 for  each  f F 9 M.  The  structure  of 
maximal  classes  is  known,  see  e.g.  f 10  - 121.  We 
say  that  M _ D is  strongly  precomplete  in  N _D  if 
M _ N,  M is  not  strongly  complete  In  N while  M 
{f1  is  strongly  complete  for  each  F ( N .M.  -or 

X Cset  A„  = {F  <f,  6 ,...,  6 > FD  : f F Xfor 
A In 

all  F of  degree  0} 

B {F  F D : degree  of  F # 1 ■.  Ttie  following  is 
easily  proved  from  Prop  1 and  [10,  11]  and  extends 
the  last  result  from  § 3 in  14]. 

Proposition  2.  Each  caused  class  distinct  from  D 
extends  to  a prccomplete  class.  _ The  precomp I e t e 
classes  consist  of  the  classes  A^^  (M  maxi  null  in 
and  the  class  B. 

We  could  consider  M _ D such  that  for  each 
f F (?■  we  have  (f,  6^,...,  6^)  F M for  some  delays 

<5 F|N.  Such  a weak  completeness  of  cour- 
se coincides  with  the  completeness  ln&,  hence  Is 
of  no  particular  interest.  The  following  approach 
extends  the  one  used  in  [ 4 J . We  say  that  M _ D 
is  fully  complete  if  for  each  f F & there  exists 
6j.  F IN  such  that  (f,  6,...,  6)  F [Ml  for  all 

6 > This  notion  seems  to  be  useful  for  it 

garantles  that  any  number  of  operations  fj,...,fj^ 

can  be  synthesized  with  the  common  delay  6 - 
max(6,  ,...,6,  ).  Since  In  automata  design  scl- 
'k 

dom  a single  operation  is  needed,  clearly  such  a 
simultaneous  representabllity  feature  seems  to  be 
indispensable.  Denote  by  e the  unary  identity 
operation  defined  by  e(x)  = x for  all  x F d (i.e. 
(e,  6)  represents  the  pure  6-delay).  For  M D 
let  M”  denote  the  set  of  the  f F ^ that  can  be 
obtained  via  identification  of  variables  from 
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operations  such  that  (f , 6 6 ) i M for 

* n 

some  6,,...,  6 ( |N.  Vie  have  the  following  exten- 

i m 

sion  of  [ 7 , Th.  2 ] . 

Proposrtion  3.  Let  M _ N £_  D and  let  e f S.  Then 

M is  fully  complete  in  N if  and  only  if  M~  is  com- 

plete in  N“  and  there  are  relatively  prime  x,  y t 
|N  such  that  (e,  x)  ( (M]  and  (e,  y)  ( IM]. 

Proof  : The  necessity  being  obvious  we  prove  the 
sufficiency  only.  We  need  the  following  fact  so- 
metimes attributed  to  Sylvester  and  used  in  this 
context  in  [7],  Let  x 6 IN  and  y f IN  be  relatively 
prime  and  let  n = (x-l)(y-l).  Then  each  6 ( |N, 

6 ? n can  be  uniquely  expressed  as  the  sum  of  x's 
and  y's  (i.e.  6 = kx  + iy  for  some  k,  £,  i |N) . 

Thus  (e,  6)  f [M]  for  all  6 ? n.  Let  f f N.  From 

M~  complete  in  N“  it  follows  that  (f,  6 6 ) 

I m 

f ( M]  for  some  6 6 f |N.  Then  for  each 

» m 

6 > n ♦ max  (6.,...,  <S  ) the  coTo^ositioT^  of  f vith 
* m 

(e,  6 - 6 (e,  6 - 6 ) ^ [M]  yields  the  re- 

i m 

quired  result  (f,  6,...,  6)  f [M].  ■ 

We  say  that  M is  fully  precomplete  in  N if  M 

is  not  fully  complete  in  N but  M u {f)  is  for  each 

F f N M.  We  know  the  following  fully  precomplete 

classes.  For  X ^ © set  = f(f,  6,,...,  6 ) f D: 

1 m 

f <r  X,  6,,...,  6 (|N}.  For  each  prime  p let  E 

I in  p 

be  the  set  of  all  (f,  6,,...,  6 ) f D such  that 
* n 

i 0 (mod  p)  whenever  the  i-th  variable  Is  not 
dummy.  We  have: 

Proposition  4.  The  set  X^  is  fully  precomplete  if 
and  only  if  X is  maximal  in  The  set  E is  fully 
precomplete. 

Proof!  If  X is  not  maximal  in  then  clearly  X'*^ 
is  not  fully  precomplete.  Let  X be  maximal  ins' 
and  let  F ( DSX'^.  Then  (X  U {F})~  is  complete  In 
hence  X*  U {F}  Is  fully  complete  by  Prop.  3 be- 
cause (e,  1)  ( X'*'  and  (e,  2)  ( X'*’. 

Clearly  E^  is  not  fully  complete.  Let  F = (f,  6j, 

....  6 ) € D\E  . Then  there  exists  1 £ i < m such 
n p 

that  the  i-th  variable  is  not  dummy  and  6^  / 0(mod 
p).  The  constant  functions  being  available  in  E^ 

we  can  construct  a unary  nonconstant  g such  that 
(8.  ^ ( H = [Ep  U {F}].  There  exist  unary  a, 

b ( O’  such  that  m^^Cx)  = a(g(b(x)))  satisfies  m^(i) 

= 1 and  m. (x)  = 0 otherwise.  From  (a.p)  € E and 
* P 

(b,p)  € Ep  we  get  (m^,  6^  + 2p)  ( H.  Further  let 

c fO^^^satisfy  c(l,0,...,0)  = 0,  c(0,l,0, . . . ,0) 

= 1,....  c(0 0.1)  = d - 1. 

In  view  of  (c.p)  ( E and  c(m.(x),...,  m.  ,(x))  = 

P 0 <1“1 

X for  all  X € we  have  (e,  6^  + 3p)  6 H.  Here 
6|  + 3p  = 6^  ^ 0 (mod  p) . Since  clearly  E”  is 
complete,  by  Prop.  3 we  get  H fully  complete.  ■ 


There  are  M _ D which  belong  to  none  of  the  above 
fully  precomplete  classes  and  vet  are  not  fully 
complete  (e.g.  ((f,  p,  q)i  where  f is  Sheffer  and 
p and  q are  distinct  primes).  Thus  the  characte- 
rization of  full  completeness  by  fully  precomplete 
classes  is  an  open  problem  (however  we  did  not  se- 
riously try  to  solve  it).  Another  type  of  comple- 
teness is  introduced  in  [4'.  We  say  that  M.  .,  D is 
uniformly  complete  in  N if  for  each  f f N~  the  set 

I.M)  contains  (f,  6 5)  for  some  6 i |N  (for 

d = 2 the  papers  [1,  3,  4)  use  the  strong  and  uni- 
form completeness  in  I'  only  and  call  the  latter 
the  completeness  in  the  second  sense).  The  moti- 
vation other  than  esthetic  for  this  definition  is 
not  quite  clear  although  a plausible  argument 
could  perhaps  be  made  based  on  synchronization  and 
elimination  of  the  worst  hazards  and  races.  As  in 
[ 4 ] we  have : 

Proposition  5.  A subset  M o£  D is  uniformly  com- 
plete in  D if  and  only  if  (e.t)  f [Ml  and  (fj. 

t , . . . t)  f [M]  for  a complete  set  ff^ 

i 

f } and  some  t f IN  and  6..  (IN. 

n — ij 

Proof:  Necessity.  Let  f (&  satisfy  f(0,l,x)  = x 
and  f(x,x,y)  lit  max(x,y)  (mod  d)  for  all  x.y 
( Further  let  Cj  denote  the  constant  unary  o- 

peration  with  value  i.  By  assumption  (f,  6,  6,  6) 

( [M]  for  some  6 ( |N.  Moreover  [M]  contains  (c^.O) 

(i  = 0,1),  hence  the  operation  h(Xj,  x^ , x^)  = 
f(c^(x^),  Cj(x^),  x^  satisfies  (h,  6,  6,  6)  ( IM]. 

We  can  Identify  all  the  variables  and  in  view  of 
f(0,l,x)  = x(x  f obtain  (e,  6)  ( [M].  Since 
{f}  is  complete,  the  condition  of  the  proposition 
is  satisfied  for  n = 1,  f^  = f,  t = 6 and  <5^^  = 6^^ 


Sufficiency.  Let  f ( O'.  From  ‘'f,,...,f  } comple- 

: n 

te  we  get  (f,  6jt,...,  6^^!)  f fM]  for  some  6^ 

6 ( .Tl.  Set  6 = max  (6, .... , 6 ) and  v . -6-6, 

n » n i 1 

(i=l,..,,  n) . If  we  replace  the  i-th  argument  of 
''l 

f by  e (xp  we  get  the  required  (f,6t,...,  6t)  ( 

[M].  ■ 

We  turn  our  attention  to  U.  Observe  chat  U 
is  not  closed  under  composition  (i.e.  (U]  . 

However,  if  the  result  of  composition  of  functions 
from  U belongs  to  U,  then  all  inside  functions 
have  the  same  delays,  i.e.  to  obtain  f (g^ (x^ ^ , . . . , 

’'in  ^ ))  all  g^’s  must  come 

1 m 

from  = (g^,  6,...,  6)(I  = 1,...,  m)  . 

The  following  proposition  extends  a result  from 
[4,  Th.  4]. 

Proposition  6.  A subset  M ojf  U is  uniformly  com- 
plete in  U if  and  only  if  (e.t)  ( [M]  and  (f^, 

6j^t,...,  6j^t)  ( [M]  (1=1,...,  n)  for  a complete 

set  {f f 3 and  some  t,  6 6 f|N. 

i n 1 n 

Proof  : Analogous  to  Prop.  2.  ■ 
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For  f f 0^  let  f * be  the  unary  operation  de- 
fined by  f*(x)  = f(x,...,x)  for  all  x f ^ (the  di- 
agonal of  f).  As  In  [4,  Th.  5]  we  have  the  fol- 
lowing corollary. 

Corollary  7.  Let  F = (f,  6^,...,  5^).  Ijf  {f}  Is 
uniformly  complete  In  U or  D , then  6 ^ = . . . = 6^  = 

0. 

Proof  : Let  {f}  be  uniformly  complete  In  U or  D. 

It  Is  easily  seen  that  then  6^  = ...  = 6^.  Suppo- 
se that  their  commun  value  6 Is  positive.  Clearly 
all  the  unary  functions  from  [{F}]  are  of  the  form 

*i  p * 

(f  , iO) . However,  the  powers  of  f clearly  do  not 
exhaust  all  unary  operations  proving  6 - 0. ■ 

We  say  that  M ^ D Is  uniformly  precomplete 
In  N D If  M Is  not  uniformly  complete  while  M U 
{F}  Is  uniformly  complete  for  each  F i N\M.  We 
have: 

Proposition  8.  If  M Is  maximal  In  then  and 
H*'  n U are  uniformly  precomplete  In  D and  U,  res- 
pectively. 

Proof:  Since  M tO,  clearly  M'*’  ^ D. 

Let  F = (f,  6^)  ( D\M+.  Then  f €0\M  and 

Ml)  {f}  Is  complete  In  V.  Moreover,  e f M,  hence 
(e,l)  ( and  the  uniform  completeness  of  M+ 

U {F}  follows  from  Prop.  5.  The  proof  of  M+  PI  U 
precomplete  In  U Is  quite  similar.  ■ 

It  Is  not  clear  whether  there  are  uniformly  pre- 
complete classes  In  D other  than  K*',  M maximal  or 
whether  each  uniformly  not  complete  subset  of  D 
extends  to  a uniformly  precomplete  one. 

We  turn  our  attention  exclusively  to  the  uni- 
formly precomplete  classes  In  U.  Unfortunately 
the  classes  7-9  from  [4,  paragraph  preceding  Th.6] 
are  of  no  use  for  us  (not  even  In  the  case  d = 2) 
because  our  constants  possess  all  possible  delays 
and  this  modification,  minor  as  It  Is,  makes  these 
classes  already  uniformly  complete  (In  other  words, 
our  closure  being  stronger  the  closed  classes  are 
coarser).  However  the  classes  10  and  11  [4,  pa- 
ragraph preceding  Th.  6]  Inspire  the  following 
classes. 

To  simplify  the  notation  write  <f,  6>  Instead  of 
(f,  6,...,  6).  Let  s be  a partial  order  on  We 
say  that  f € & Is  monotonlc  (antlmonotonlc)  with 
respect  to  S If  f(Xj x^)  s f(yj,...,  y^) 

(f(Xj,...,  x^)  a f(y, y^))  whenever  x^  s y^, 

...,  X s y . Let  W.  consist  of  <f,  6>  f U such 
’ n -'ll  0 

that  f Is  monotonlc  (antlmonotonlc)  whenever  6 Is 
even  (odd).  We  have: 

Lemma  9.  Let  s be  a partial  order  with  a least 
and  greatest  element.  Then  Wj  Is  uniformly  pre- 
complete In  U. 

Proof:  First  we  prove  [W^]  D U = Wj.  Indeed  let 

F=  <f,  6’>  « W,,  = <gj,  6">  € W,(l=l m). 

The  result  of  the  simultaneous  composition  Is 


H = <h,  6'  + 6">  where  h = f(g,...,  g ).  For 

* ID 

X < y we  have  h(x)  s h(y)  (h(x)  i h(y))  If  6'  + 6" 
Is  even  (odd)  proving  H f Wj . Moreover,  the  cons- 
tant functions  are  exactly  those  both  monotonlc  and 
antlmonotonlc  and  hence  the  constants  with  all  pos- 
sible delays  appear  In  Wj . Thus  [W^]  HU  - 

Clearly  there  are  functions  neither  monotonlc  nor 
antlmonotonlc  and  consequently  W^^  Is  not  uniformly 
complete . 

Let  F = <f , 6>  ( U \ Wj . We  must  prove  that 

E = [Wji  U {F}]  n U Is  uniformly  complete  in  U.  We 

show  6 may  be  assumed  to  be  even.  Indeed  suppose 
6 odd.  Then  there  are  z,  t € such  that  z < t 
while  f(z)  2 f(t). 

Let  o and  1 be  the  least  and  greatest  element  of  <. 
Define  h € S'  by  setting  h(x)  = 1 for  x s f(z)  and 
h(x)  = 0 otherwise.  Now  h is  antlmonotonlc  (if 
h(x)^  h(y)  then  h(x)  = o and  h(y)  = 1,  hence  x < 
f(z)  while  y < f(z)  proving  x / y) . Thus  (h,  1) 
i W,  and  g = h(f)  satisfies  g(z)  - i f o - g(t) 
and  <g,  6+l>  C E \ W^as  required. 

Now  {g  ( 6 : <g,  6>  ( E}  contains  the  set  M 
of  the  monotonlc  functions  and  one  non-monotonic 
function  f.  In  view  of  the  maxlmality  of  M In  O’ 
we  have  Mu  {f}  complete.  Combining  this  with 
(e,  6)  f Wj  and  Prop.  6 we  get  E uniformly  comple- 
te. ■ 

Following  an  idea  from  [4]  we  blow  up  the  de- 
lays in  Wj  by  the  same  factor  2'^  i.e.  for  each 
V f IN  set 

W^  = {■'f , 2'^^^q>  f U : f monotonlc,  q f IN}. 

U {<f,  2'^(2q+l)  : f antlmonotonlc,  q (IN} 

We  have: 

Proposition  10.  Let  s be  a partial  order  with  a 
least  and  a greatest  element.  Then  for  each  v f IN 
the  set  W^  Is  uniformly  precomplete  In  U. 

Proof : The  proof  that  [W  ] 0 U = W Is  as  In  the 

V V 

proof  of  L 9.  Let  F = <f,  6>  f U \ W^.  To  prove 
that  E = [W^  U {F}]  n U Is  uniformly  complete  in  U, 

we  proceed  as  In  the  proof  of  L 9 with  the  follo- 
wing lemma. 

Lemma  11.  Let  f be  an  n-ary  operation  which  Is 
either  not  monotonlc  or  not  antlmonotonlc.  Then 
there  are  monotonlc  gj^(i=l,...,  n)  such  that  the 

n^-ary  operation  f^  defined  by  f2(x^,...,x  - 

n 

f(g  (f(x  ,...,  X ),...,  g (x  X ))  1^ 

1 > n n 2 1 2 

n -n+l  n 

not  antlmonotonlc. 

Proof  : Let  f be  not  monotonlc.  Then  there  exists 

X = (Xj x^)  ( d"  and  y = (y,,...,  y^^)  ( d" 

such  that  x^  S y^(l=l,...,  n)  and  a = f(x)  and 
b = f(y)  satisfy  a ^ b.  Let  g^^  i O'he  defined  by 
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gj^(x)  = for  X S b and  g^(x)  = otherwise 
(1=1,...,  n) . It  Is  easy  to  check  that  all  g^  are 

monotone.  By  this  definition  fj  (ic, . . . , x)  = f(y) 

= b and  f(y,...,  y)  = f(x)  = a proving  chat  fj  Is 

antlmonotonlc . For  f not  antlmonotonlc  the  proof 
Is  similar  with  reversed  Inequalities  and  choosing 
8^(*)  = for  X > b and  gj^(x)  = x^  otherwise). 

We  return  to  our  proof.  Using  L 11  cons- 
truct <fj,  2^^^(2q  + l)  t i E where  f^  is  not 

antlmonotonlc.  We  repeat  the  same  construction 

till  we  find  <h,  2*^ (2q' + 1)>  in  E such  that  h is  not 
antlmonotonlc.  From  this  point  one  can  proceed  as 
In  the  proof  of  L 11.  ■ 

Let  p fi  d be  a prime,  let  A be  a p-element 
subset  of  d and  let  s be  a cyclic  permutation  of 
A.  For  the  simplicity  of  notation  we  assume  A = £ 

= {O, . . . , p-1 } and  s(x)  = x w 1 for  all  x € £ whe- 
re x D y Is  the  element  of  £ congruent  to  x+y  mod 
p.  For  f f O'  let  f*  be  the  map  £ ■*■  £ defined  by 
f*(x)  = f(x, ...,  x)  for  all  x ( £.  We  abbreviate 
a = b for  a = b (mod  p)  and  set  = (<f,  f U : 

f*  = s"^  and  6 = 1 for  some  1 f £}. 

We  have: 

Proposition  12.  The  class  Is  uniformly  precom- 
plete In  U. 

Proof  : First  we  prove  H U = Zj. 

Indeed  let  F = <f,  6'>  € Z^  6'  = 1'  and  Gj  = 

<g^,6">  f Z^,  6"  = 1"  (j=l,...,  m).  The  result  of 

the  simultaneous  composition  is  <h,  6'  + 6">  where 
h = f(gj gjjj).  Here  clearly  h*(x)  = f(g*(x), 

...,  g*(x))  = f (x  w 1',...,  X 1')  = X W)  1'  W 1" 
m 

for  all  X 1 £.  Moreover  6'  + 6"  = 1'  + 1"  proving 
H f Z(|  and  the  claim.  Since  Z"  clearly  Is  a pro- 
per subset  of  & this  shows  that  Z^  Is  not  uniform- 
ly complete  in  U. 

Let  F = <f , 6>  6 U \ Z^ , We  must  prove  that 
E=[Z|jU{F}]nUis  uniformly  complete  in  U.  Let 

the  unary  operation  g 6 be  defined  by  g(x)  = 
f(x  ,...,  x)  for  all  X 6 4-  Clearly  G = <g,  6> 

( E.  Let  6=1.  In  view  of  F ^ Zj  clearly  f*  ^ 

s^.  Let  6'  denote  the  least  multiple  of  p not  less 
than  6.  First  we  prove  that  to  each  x 6 ^ there 
exists  (fjj,  5')  f E such  that  fjj(x)  ^ 

By  definition  Z^  contains  all  <h,  p-l>  such  that 

h*  = 8**  hence  combining  <f,  6>  with  a suitable 
<h,  p-i>  we  easily  obtain  f^  for  x f ^ \ £.•  Now 

let  X f £.  If  f(x)  w (p-i)  ^ X we  can  construct 
f^  as  well.  Thus  assume  f (x)  = x 1.  Similarly, 

If  f (xte  1)  + (p-i-1)  t X,  then  using  <hj,  p-i-l> 
hj*  = 8**  and  ■'hj,  1>,  h^*  = s we  can  construct 


where  f^(y)  = h^ (f (h^ (y) )) for  all  y ( d. 
Thus  we  assume  f (x  f 1)  = x '«  (1+1).  Continuing  in 

this  fashion  we  get  f (x  <+  j)  = x ■+*  1 j for  all 
J ( £.  However,  then  f(y)  = y w 1 for  all  y ( ^ 
contradicting  f ^ s^. 

To  complete  the  proof  we  use  the  following 
lemma  which  can  be  easily  proved  using  the  general 
completeness  criterion  [10,11].  We  say  that  fid' 
is  homogeneous  if  f(x,...,  x)  = x for  all  x ( d. 

Lemma  13.  Let  M ^ (T contain  all  homogeneous  ope- 
rations. Then  M is  complete  in  ^If  and  only  if 
for  each  x € d M contains  f such  that  f (x,..., 

— X X 

x)  t X. 

By  definition  <f,  6'>  f Zj  D for  each  homogeneous 

operation.  The  existence  of  <f^,  6'>  (x  I ^)  in  D 

was  shown  above.  Thus  by  the  lemma  there  exists  a 
set  M c complete  in  ©'and  such  that  F = l<f,  6>: 
f f M}  £ D.  To  finish  the  proof  it  suffices  to 
combine  this  with  (e,  6’)  f Z^  £ D and  Prop.  6.  B 

From  Z we  can  construct  the  class  Z if  we  multi- 
0 V 

ply  all  delays  by  p'^,  i.e.  set  Z^  = {<f,  6>  € U : 
f*  = s^  and  6 = p'^k,  k = 1 for  some  i ( £} . 

Proposition  14.  Each  class  Z^  is  uniformly  pre- 
complete in  U. 

Proof:  The  proof  is  quite  analogous  to  the  proof 

of  Prop.  5 with  the  following  addition.  Let 

F = <f,  p®k>  I U \ Z^  where  e < v and  k - i ^ 0. 

We  show  that  then  there  is  a unary  % (.  Cf  s ^ |N 

such  that  <g,  p'^s>  f D \ Z^. 

Let  n = p'^  ^ and  define  h by  h(x)  = f (x x) 

for  all  X C Iterating  n times  the  function 

H = <h,  p*k>  we  get  <h",  p'^k>  i D. 

Suppose  h"  f Z^.  Then  h*'  = s^,  hence  h"^  (0)  is 

the  element  of  £ congruent  to  IJ  (j=l,...,  p).  By 
assumption  1 X 0 and  therefore  0,  h(0) , . . . , 

h"P  ^(0)  is  a cycle  on  which  the  elements  of  £ are 
evenly  distributed  in  some  order.  It  follows  that 
h(x)  f ^ \ £ for  all  x € £. 

Let  the  unary  operation  m I O'  satisfy  m(x)  = 
m(h(x))  = X for  all  x ( £.  By  virtue  of  its  defi- 

v+ 1 

nition  <m,  p > f Z^  c 0.  Let  the  unary  operation 

g be  defined  by  g(x)  = m(h(x))  for  all  x ( Then 

<g,  p'^k  + is  the  required  function  (because 

g*(x)  = X for  all  X < £ while  the  delay  is  of  the 

form  p'^8  where  s = k+p  = 1).  Now  the  proof  is  vir- 
tually reduce  to  the  one  of  Prop.  5. ■ 

It  is  far  from  clear  whether  the  uniformly  precom- 
plete classes  in  U listed  above  exhaust  all  such 
classes.  Moreover  it  is  quite  possible  that  there 
are  M c U which,  although  not  uniformly  complete, 
nevertheless  belong  in  no  uniformly  precomplete 
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class.  However  it  seems  that  for  d > 2 the  direct 
proof  of  M not  contained  in  any  of  the  above  uni- 
formly precomplete  classes  is  already  uniformly 
complete  is  probably  too  complex  to  contemplate. 
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Abstract 

A spectral  expansion  of  multiple-valued  logi- 
cal functions  is  studied.  Chrestenson  transforms 
and  a mapping  of  logical  functions  into  the  unit 
circle  in  the  complex  plane  are  used.  It  is  shown 
that  a set  of  transformations  in  the  function  do- 
main corresponds  to  permutations  and/or  complex 
scaling  in  the  spectral  domain.  Spectral  expansion 
of  a function  is  unique  and  this  is  used  to  reduce 
complexity  in  multiple- valued  logic  design. 


Introduction 

Applications  of  the  Rademacher-Walsh  trans- 
forms to  binary  logic  design  are  already  known  [1]. 
In  a former  paper  [2]  the  author  reported  an 
extension  of  these  methods  to  ternary  logic  design, 
unaware  of  the  fact  that  in  the  meantime  a good 
book  on  the  subject  was  to  be  published  [3]  . 

If  one  compares  the  three  above  mentioned 
works,  the  following  conclusions  may  be  drawn: 

i)  In  [2]  an  extension  of  the  Rademacher  - 
Walsh  functions  from  binary  to  ternary  was  intend- 
ed in  the  domain  of  integers.  The  resulting  trans- 
formation matrix  was  however  non  orthogonal  and 
the  logic  function  could  only  be  recovered  up  to 
certain  symmetry  classes  after  some  spectral  ope- 
rations had  been  done.  Notwithstanding,  the  propos- 
ed method  provided  a constructive  means  of  applying 
to  ternary  logic  design,  most  of  the  important 
results  stated  in  [1]  for  the  binary  case. 

ii)  In  [3]  a formal  mathematical  extension  of 
the  Rademacher-Walsh  functions  to  the  prime 
p-valued  case  is  presented,  working  on  the  unit 
circle  in  the  complex  plane  [4,5,6].  These  extended 
functions,  the  Chrestenson  functions,  form  an 
orthogonal  complete  system.  Interesting  applica- 
tions of  spectral  expansion  to  optimization  of 
logic  design  are  discussed. 

iii)  The  method  of  spectral  expansion  presented 
in  [3]  does  not  allow  to  extend  to  the  p-valued 
case  all  properties  of  spectral  transformations  as 
presented  in  [1];  particularly,  does  not  cover  the 
"diejoint  epectral  translation"-  It  is  however 
suggested  that  using  Characters,  other  properties 
of  interest  for  logic  design  might  be  obtained. 

The  present  paper  suggests  one  of  these  possi- 
ble characters  and  shows  that  it  preserves  both  the 
spectral  transformations  disclosed  in  [1,2]  , 
(including  disjoint  spectral  translation)  and  refi- 


nes the  partition  of  the  set  of  2-place  ternary 
functions  into  spectral  families  given  in  [2]. 
Moreover,  it  is  shown  that  spectral  expansion  me- 
thods are  applicable  to  any  p-valued  switching 
algebra  and  not  only  to  the  case  of  p a prime . 

Notation  and  Definitions 

Dl:  Let  V={0,1 , . . . ,p-l}  be  the  set  of  values  of  a 
p-valued  algebra.  Let  ZeV  be  a p-valued  variable. 

Z denotes  an  n-tuple  Z ,Z  „...Z,Z-  e v”. 

— n-1  n-2  1 0 

Let  z be  a real  number  such  that : 

n-1 

I Z.p^  r z (1) 

i=0  ^ 

It  is  obvious  that  for  every  n-tuple  exists  a uni- 
que z,  but  not  for  every  z exists  an  n-tuple.  When 
eq.  (1)  applies,  it  will  be  said  that  z is  a 
coding  of  ^ and,  conversely,  that  ^ is  the  p-ary 
expansion  of  z. 

D2:  F:  v"  -*■  V is  a p-valued  function  which  will  be 
written  F(^). 

A stepping  function  f(z)  is  a continuous  repre- 
sentation of  r(^),  such  that  for  every  n-tuple  Z. 
with  coding  z.  : 

f(z^  + d)  :=  F(Z^)  (2) 

where  d e [0,1). 

D3:  [3]  Any  homomorphism  of  a group  G into  the 
multiplicative  group  of  non-zero  complex  numbers 
is  called  a character  of  G. 

D4 : Let  u = exp(2it/-l/p)  and  h:(V,©)  (<[,•) 

such  that : 

h(v)  = u''  (3) 

where  veV,  © stands  for  modulo  p addition  and  if  is 
the  set  of  complex  numbers . 

Let  Vo  = Vi  © V2  ; then: 

h(vo)  = u'^’  ® va  _ _ h(vi)*h(v2) 

It  follows  that  h defines  a character  of  (V,©). 

D5 : Chrestenson  Functions,  extended  Rademacher- 
Walsh  functions.  [3,4,6] 

Let  w,  (0  S w S p'’-l),  have  p-ary  expansion  W. 
The  Chrestenson  functions  are  a set  of 


(11) 


stepping  functions  defined  in  the  interval  [0,p  ), 
by: 

Ch(w,z) 


, Z 
n-l-s  s 


(4) 


(5) 


X (z)  = u 
w 

where  n-1 

Ch(w,z)  = E W 
s-0 

n-1 

= Z W Z , 

„ s n-l-s 
s=0 

Table  1 shows  the  Chrestenson  functions  for 
p=3,  n=2,  with  ei=  1/120°  and  e^-  1/240°. 


D6 : The  notation  Q means  the  complement  of  Q,  (i.e. 
p-l-Q)  if  Q is  a p-valued  variable  or  the  complex 
conjugate  value  of  Q if  it  is  a complex  quantity. 


D7 : Let  J denote  an  nxn  square  matrix  such  that: 

j :=  if  (r=n-s+l)  then  1 else  0 
r ,s 

with  r ,s  E ( 1 , . . . ,n) . 

Let  P denote  p"-l;  let  * be  an  operation  defin- 
ed over  V and  let  t e (0,1,. ..,P). 

The  expression  (z*t)  means  the  * operation 
between  the  corresponding  elements  of  the  p-ary 
expansions  of  z and  t respectively. 

Let  H be  a square  matrix.  The  expression  tH, 
(Ht),  means  a matrix  product  between  the  p-ary 
expansion  of  t considered  as  a row  vector  and  the 
matrix  M (the  product  between  M and  the  p-ary  ex- 
pansion of  t considered  as  transposed  row  vector). 

Similarly  for  (M»t)  and  (z«M),  where  * is  some 
matrix  operation. 


Theorems 


Th.  1 : [3,4]  The  set  of  Chrestenson  functions  is  a 
complete  orthogonal  system: 

P 

E X (z)*X  (z)  :=  if  r=s  then  P else  0 (6) 

r s 

z=0 

If  g(z)  is  a stepping  function  representing  a 
system  of  p-valued  n-place  logical  functions  such 
that  for  all  w: 


P 

S(w)  : p”"  E hf(z)  X (z) 
z=0  " 


f(z)  = h"^  E S(w)  X (z)  (12) 

w=0  ” 

” i V 

where,  from  eq.  (3),  h (u  ) = v. 

S(w)  is  called  the  Speotnon  of  the  logical 
function.  The  following  notation  will  often  be 
used : 

S(w)-^-f(z)  ; S(w)  F(Z) 

Proof:  Replacing  eq.  (11)  in  eq.  (12)  and  using 
Th.l  it  follows  that: 

P P P 

E S(w)X  (z)  = E [p'"  E hf(q)X  (q)]  X (z)  = 
w=0  ” w=0  q=0  ” 

P P 

= p'"  E E hf(q)  X (q)  X (z)  = 

W”0  ^ ^ 

p p 

: p”"  E hf(q)  E X (q)  X (z)  = p’"hf(z)  p" 

q:0  w=0  ” ” 

Eq.  (12)  follows  directly. 

Lemma  5:  h(Z,  ) = X , , (z)  (13) 

k n-l-k 

P 

n “ 1 “k 

Proof:  Let  w = p . Then,  in  the  p-ary  expan- 
sion of  w,  other  digits  of  the 

expansion  are  0.  Prom  eq.  (5)  it  may  be  seen  that 
the  products  in  the  summation  which  defines  Ch(w,z) 
will  all  be  zero,  except  when  s=n-l-k,  where  it 
takes  the  value  Z^^.  The  lemma  follows  directly 
from  this  fact  and  eqs.  (4)  and  (3). 

Th . 6 : Let  f(z)  represent  a function  F(^)  such 
that  f(0)=0. 

Let  f'(z)  :=  if  z/0  then  f(z)  else  v eV  (14) 
Then  f(z)  ■<->■  S(w) 

f'(z)  S(w)+p'"(h(v)-l)  (15) 

Proof:  let  f'(z)  S'(w) 


P 

Z g(z)*X  (z)  = 0 
z=0 


P 

S(w)  = p'"  Z hf(z)  X (z)  = 
z=0  ” 


then  g(z)  = 0 

Th.2:  [3]  V w,  z,  t E (0,1,.. . ,P) 

X (z)  = X (w) 
w z 

(7) 

X (z  © t)  = X (z)*X  (t) 
w w w 

(8) 

Lemma  3:  X(z)  = X,(zJ) 

w wj 

(9) 

and  X^(z)  = XJ(p-l)e2]  = X(p.^jg^(z) 

(10) 

where  0 stands  for  modulo  p product. 

Proof  follows  directly  from  Defs.  5,6  and  7. 


■Ur  _ 

= p [ Z 
z=l 

P 

■n,  _ 

= P [ Z 

z=l 


hf(z)  X (z)  + hf(0)X  (0)]  = 

w w 


hf(z)  X (z)  + 1] 
w 


similarly, 

P 

S'(w)  = p'"[  E hf(z)  X (z)  t h(v)] 
z=l  “ 

then  S'(w)  = S(w)  + p "(h(v)  - 1) 


Th.4 : Let  f(z)  be  a stepping  function  representing 
a p-valued  n-place  logical  function,  then: 


Th.7:  Argiunent  translation  [3]. 

f(z)  •<-»  S(w)  f(z  ® Xj^(a)S(w) 


(16) 


where  a e (0,1,. ..,P). 

Th.8:  (Extended  from  [3]).  Linear  transformation 
of  the  arguments. 

f(z)  S(w)  ==>  f(L  0 z)  S(w  0 JL'^J)  (17) 

L is  a non  singular  n-square  matrix  whose  elements 
belong  to  V if  p is  a prime,  or  belong  to  the  sub- 
set of  V which  contains  no  zero  dividers  if  p is 
not  a prime.  This  restriction  guarantees  that  the 
only  effect  considered  is  that  of  a permutation  on 
f(z)  without  loss  of  information. 


Th.9 : Disjoint  Spectral  Translation. 

f(z)-^S(w)  =>  f(z)©Zj^-M-S(w  e (18) 


where  0 stands  for  modulo  p substraction. 

Proof:  Let  f(z)  ® Z,  S'(w) 

k 


S'(w) 


P 

p'"  E h(f(z)  © Z,  ) X (z) 
z=0  " 

P 

p'"  E hf(z)h(Z,  ) X (z) 

^ k w 

z=0 

p-"  E hf(z)  X yi) 

z=0  p 

P 

p " E hf(z)  X (z) 

z=0  (w  0 p ) 

o/  n-l-k, 

S(w  0 p ) 


It  should  be  noticed  that  disjoint  spectral  trans- 
lation on  f(z)  produces  only  a permutation  on  S(w). 
Following  the  steps  of  the  proof  it  may  be  seen 
that  this  is  achieved  because  of  the  chosen  cha- 
racter. As  shown  in  lemma  5,  the  image  of  a logic- 
al variable  in  the  unit  circle  is  in  this  case  a 
Chrestenson  function. 


=h(-l)p  Ehf(z)X^  (z) 

Z-U 


= h(-l)  S[(p-l)®w] 

Th  .12 : (Adapted  from  [3]) 

= ^w©JLJ)<=^^  (21) 

Proof : Let  [a]^  denote  A^  from  the  p-ary  expansion 


of  a. 

n-1 

Let  g : 

E 

s=0 

W [L©z]  , 

s n-l-s 

Then,  after 

Defs . 

4 and  5,  u®  = X (L®z) 
w 

n-1 

But  [L0z] 

n- 

-1-s 

1 L Z , 

q=0 

n-1 

n-1 

Then  g : 

E W 
s=0  ® 

EL  Z , r 

q=0 

n-1 

n-1 

n-1 

= E Z^  . E W L = E Z , [w0JL]  , 
q=0  s=0  ® q=0  n-l-q 

n-1 

= E Z , [W0JLJ] 
q=0  ‘1 

eq.  (21)  follows  directly. 

Th.l3:  Let  f'(z)  represent  F(Z  . . . .Z.  . . .Z  . Z_ ) 

n-1  k 10 

Then  f(z)  S(w) 


^w0JL^J)(P  ) S(w0JL^J)  (22) 

Proof;  = (p-1)  © (l©Zj^)  = (p-1)  ©Zj^  © (p-1) 
then  f'(z)  = f(z©  (p-2)  0Zj^p*'0p'') 

= f(z020Zj^0p''0p’') 


Lemma  10:  Permutation  on  the  value  of  f(z). 

f(z)  S(w)  =>  f(z)  © a •*-*■  h(a)S(w)  (19) 
where  a e V. 

Proof:  Let  f(z)  © a ■*->  S'(w) 

P 

S'(w)  = p""  E h(f(z)  © a)  X (z) 
z=0  ^ 

P 

= p " E h(a)hf(z)  X (z)  = h(a)S(w) 
z=0  “ 

Th.ll:  Complementation  of  f(z). 

f(z)-<-+S(w)  f (z) h(-l)S[  (p-1 ) © w]  (20) 

Proof:  Let  f(z)  S'(w) 

P 

S'(w)  = p'"  E h(p-l-f(z))  X (z) 
z=0  ” 

P 

= p""  E h(-l)h[-f(z)]  X (z) 
z=0  " 


Let  L,  be  an  n-square  matrix  with  elements  Z . . such 
k 13 

that : 

^ij  (i=j=n-l-k)  then  (p-1)  else 

if  (i=j^n-l-k)  then  1 else  0 
It  follows  that: 


"k  = ^ 


-1 


and  f’(z)  = f(L,  0z0p  ) 


Let  f'(z)  ♦-*■  S'(w) 


then  S'(w)  = p E hf(I.  ®z0p  ) X (z)  = 
z=0  “ 


p*"  E hf(L|^0z0p'')  X^(L|^'^0L|^®z) 
2=0 


= p-yfd^szep'') 

(This  last  step  is  an  application  of  Th.  12) 

Eq.  ^22)  follows  directly  from  Th.  7 and  Lemma  3. 
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Lemma  14 : F(Z)  *-*  S(vj) 


(27) 


==o  F(Z)  X (P/2)  S[(p-l)8w]  (23) 

— w 

Proof : Let  f'(z)  represent  F(^).  Then, 

n-1  , , 

f'(z)  : f(z  © [(p-2)®Z.  gp'^ep  :) 

k=0 

From  Th.  13  now  L^^  = (n-square  unity  matrix), 

Lj^  = Lj^  ^ and  (w  ® JLj,  J ) = (p-1)  0 w.  It  follows  that: 

^ VTr^T^)  st(P-i)0w: 

Eq.  (23)  is  obtained  after  Lemma  3. 

Lemma  15 : F(^)  *->■  S(w)  ==> 

=>  F(Z)  ->-►  h(-l)X  (P/2)^)  (24) 

■“  w 

Proof  follows  directly  from  Lemma  14  and  Th.  11. 

Symmetric  representation  of  odd-valued  functions 

D8  : Let  = {- [p/zj  , . . . ,-l  ,0 ,1 [p/Zj  ) 

(p  odd). 

Y e is  a symmetric  odd-valued  variable. 

Y^  is  an  n-tuple  and  y is  its  coding,  i.e.. 


Th . 17 : f(y)  ->-►  S(w)  f(y)  *->■  S(-w) 

Proof:  f(y)  = -f(y)  ; hf(y)  = h(-f(y))  = hf(y) 

Let  f(y)  S'(w)  and  let  R = Lp/2J  ; then: 

B 

S’(w)  - p'"  I hf(y)  X (y) 
y=-B  ” 

B 

S'(w)  = p~"  E hf(y)  X (y)  = S(-w) 
y=-B  ■” 

S’(w)  : S(-w) 

Comparing  eqs.  (27)  and  (20)  it  may  be  seen  that 
for  the  symmetric  case,  complementation  of  the  lo- 
gical function  produces  only  a mirror  permutation 
and  complex  conjugation  of  the  spectral  elements 
without  complex  scaling  as  required  in  the  non 
syTtimetric  case . 

Moreover,  in  the  symmetric  case,  complementa- 
tion of  arguments  may  be  handled  as  linear  trans- 
formation of  the  arguments  (Th.  8),  by  assigning 
-1  entries  to  those  places  of  the  main  diagonal  of 
L which  correspond  to  the  variables  to  be  comple- 
mented, 1 entries  to  the  remaining  elements  of  the 
main  diagonal  and  0 elsewhere.  If  all  arguments 
are  complemented,  L=-I  and  JLJ=-I,  so  that: 

f(-y)  S(-w)  (28) 


y = 


n-1 

E 

i=0 


is  the  p-ary  expansion  of  y and  f(y)  is  a 
stepping  function  representing  F(]f ) , where  now 

F:  v"  ->•  V . 
s s 


D 9 : Symmetric  Chrestenson  Functions. 

For  w and  y such  that  - |_P/2j  < w,y  < 1_P/2J  , 

where  w and  y have  p-ary  expansions  V<,  Tf  e V'’  res- 
pectively, define:  ® 


n-1 

Ch(w,y)  = F W Y 


n-1 
= F W 


q=0 


(25) 


X (y)  = 
w 

It  is  easy  to  see  that  under  multiplication, 
these  symmetric  Chrestenson  functions  are  isomor- 
phic to  those  in  D5.  They  also  form  a complete 
orthogonal  system. 


Considering  that  for  the  symmetric  odd-valued 
algebra  operations  © and  ® continue  to  be  modulo  p 
addition  and  product  respectively,  only  that  now 
the  corresponding  residues  have  values  from  V^,  it 

is  simple  to  show  that  all  previously  stated  theo- 
rems, except  for  Th.  11  and  Th.  13  may  be  directly 
extended  to  the  symmetric  case  without  other  change 
than  the  range  of  the  subscripts  and  residues. 

Because  of  the  fact  that  in  the  symmetric  case 
Y = -Y,  it  is  easy  to  show  that: 

X^^(-y)  = >^)  and  X_^(y)  = (26) 

which  will  be  used  in  the  following  theorem: 


and  then, 

f(-y)  -*•  S(  w)  (29) 

which  proves  the  following 

Corollary : Self  dual  functions  have  a real  Spectrum. 


Classif ica'i'icn  of  2-place  ternary  functions 
and  Multiple-valued  Logic  Design. 

By  full  induction  it  has  been  possible  to  prove 
that  using  all  previous  theorems,  except  Th.  7 and 
Th.  10,  the  same  partition  of  the  19,683  2-place 
ternary  functions  in  25  (75)  families  as  presented 
in  [2]  is  obtained,  but  adding  uniqueness  to  the 
relation  between  a logical  function  and  its  spec- 
trum. It  is  also  shown  that  without  using  Th.  6 
but  including  Th.  7 and  Th.  10,  a partition  in 
only  12  classes  is  obtained.  10  from  these  classes 
contain  one  or  more  threshold  functions  and  the 
other  two  classes,  which  comprise  only  243  func- 
tions, contain  one  or  more  functions  with  simple 
Bilinear  Separability  [7]. 

From  the  logic  design  point  of  view,  spectral 
logic  may  be  considered  as  an  alternative  for  in- 
troducing diversity  on  a very  small  set  of  connec- 
tives, reduce  diversity  on  a very  large  set  of 
connectives,  but,  more  important,  as  an  alternati- 
ve for  reducing  complexity  of  realizations.  In  [31 
very  interesting  autocorrelation  techniques  are 
presented  for  the  optimization  of  binary  and  mul- 
tiple-valued logic  design.  The  author  would  rather 
take  here  a different  approach,  because  he  feels 
that  still  very  little  is  known  on  complexity  of 
realizations  of  multiple-valued  digital  systems. 
Moreover,  using  autocorrelation  techniques  for  op- 
timization of  multiple- valued  logic  design  would 
require  restricting  p to  be  a prime  in  order  that 


(V,  ©,  0)  be  a field.  At  the  present  stage  of  de- 
velopment in  multiple-valued  logic  design,  setting 
p to  be  a prime  seems  to  be  loo  severe  a restric- 
tion: it  would  rule  out  4 and  8 valued  logics, 
which  exhibit  a high  degree  of  compatibility  with 
binary  circuitry,  as  well  as  10-valued  logic, 
which  might  lead  to  the  realization  of  decimal  ma- 
chines. On  the  other  hand  optimization  using  corre- 
lation with  linear  functions  has  been  investigated 
with  encouraging  results  [8,9]  and  optimization  by 
heuristic  computer  search  seems  still  to  be  ade- 
quate. More  studies  on  complexity  of  realization 
and  functional  decomposition  of  multiple-valued 
functions  are  indeed  needed  in  order  to  make  better 
use  of  spectral  logic  possibilities. 

The  rather  limitted  experience  with  multiple- 
valued threshold  functions  allow  however  to  claim 
that,  in  general,  they  provide  low  complexity 
realizations . The  earlier  mentioned  partition  of 
the  2-place  ternary  functions  proves  that  almost 
all  of  them  are  realizable  by  a threshold  "core" 
and  spectral  transformations.  For  binary  systems 
it  has  been  shown  [1]  that  such  is  the  case  at 
least  up  to  4-place  functions.  This  gives  hopes 
that  for  higher  bases  and  larger  argument  dimen- 
sions a similar  situation  might  be  found. 

Example : Let  F(Y)  be  a 2-place  ternary  function  in 
symmetric  notation.  Let  F(]f)  be  described  by  the 
row  vector  [f ( -4)  ,f ( -3)  , . . . ,f (0)  , . . . ,f (3)  ,f (4)]  = 
[-1 ,1 ,1 ,0 ,0,1 ,-l ,-l ,-l] . A simple  realization  for 
F(Y)  is  looked  for. 

a)  direct  realization  using  as  basic  connectives 
MIN,  MAX  and  all  monotonic  unary  functions. 

Following  [10]  the  logic  design  whose  diagram 
is  shown  below  may  be  obtained,  where  the  rectan- 
gular boxes  represent  gates  which  realize  unary 
functions  and  their  label  indicates  the  correspond- 
ing output  when  the  input  is  respectively  -1,  0 or 
1. 


y 

Y 


F(Y) 


b)  realization  by  spectral  logic. 

Let  the  spectral  elements  be  coded  by  a three 
digits  number  noninj  , meaning  that  the  complex 
value  for  that  element  is  (no  + ni/120°  + na/2404) 
divided  by  9.  Introducing  Def.  8 and  Def.  9 in 
Th.  4 and  summing  over  y from  -4  to  4,  the  follow- 
ing is  obtained: 

F(p-^->-(201  -101  204  720  -101  120  201  420  120) 

(where  S(0)  is  underlined). 

Assume  that  a simple  realization  on  a thresh- 
old core  is  desired.  From  Table  2,  which  is  a 
short  summary  of  the  12  classes  partition,  it  is 
found  that  there  exists  a threshold  function  H(Y) 
whose  spectrum  is  a permutation  of  that  from  F(^): 

H(Y)-<-»(201  -101  204  -101  12£  720  120  201  420) 


To  modify  S(0)  a disjoint  spectral  translation 
is  required  (Th.9).  It  may  easily  be  shown  that: 

H(Y)  © Yi  -*-► 

•<->•(204  201  -101  720  -101  120  420  120  201) 


To  permute  other  spectral  elements  without 
changing  S(0),  a linear  transformation  of  the  ar- 
gument is  needed  (Th.8).  It  may  be  shown  that  if: 


Yo  -<•  Yo  ® Yi  i.e.  L = “J  ; 

H(Yi  , Yo  © Y,)  © Yi  •<- 
•<->•(201  -101  204  720  -101  120  201 


(Fee  Table  3) 


420  120) 


which  is  the  required  spectrum.  It  follows  that: 


F(Y)  r H(Yi,  Yo  © Y,!  © Yi 


From  Table  2,  H(Y)r[-l ,-l ,0,0,0,1 ,1 ,1 ,1] , which 
using  the  same  type  of  aor.  as  for  F(Y)  in 

a),  has  the  following  real?  .tion: 


H(Y) 


and,  of  course,  also  a direct  threshold  realiza- 
tion with  weights  (1,  2)  and  thresholds  (0.5,  -1.5) 
This  leads  to  the  following  final  realization  of 
F(Y): 


Y 

o 


F(Y) 


Spectral  logic  design  assumes  that  complexity 
criteria  for  multiple-valued  hardware  are  known 
and  that  algorithms  for  finding  low  complexity 
functions  are  available , which  at  the  present 
seems  to  be  an  open  problem  with  some  empirical 
answers.  In  the  example  above  discussed,  threshold 
core  realizability  was  chosen  to  be  an  acceptable 
low  complexity  criterion;  moreover,  means  of  re- 
cognizing ternary  threshold  functions  do  exist 
[11].  Spectral  logic  design  also  assumes  that  there 
is  a simple  and  reliable  realization  both  for  the 
core  gate(s)  and  the  modulo  adders,  which  for  the 
case  of  a threshold  core  as  well  as  for  the  modulo 
adders  seems  to  be  a reasonable  assumption  in 
terms  of  I^L  technology.  Finally,  spectral  logic 
design  methods  lend  theirselves  usually  more  to 
computational  work  rather  than  to  hand-work, 
specially  when  recognizability  of  some  spectra  be- 
longing to  a same  spectral  class  becomes  difficult 
as  after  argument  translation  (Th.7)  or  complemen- 
tation of  some  arguments  in  the  non  symmetric  case 
(Th.l3). 
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Concluding  remarks  and  future  work 

Spectral  logic  seems  to  be  an  attractive  al- 
ternative for  multiple-valued  logic  design.  It  is 
not  restricted  to  use  only  the  Chrestenson  func- 
tions: any  set  of  functions  which  constitute  a 
complete  orthogonal  system  will  allow  a spectral 
expansion  of  multiple-valued  logical  functions  and 
might  well  have  quite  different  properties  than 
those  discussed  in  this  paper.  Haar  functions  [12] 
for  instance,  are  studied  in  [3]  and  it  is  shown 
that  they  might  well  be  used  to  analyse  local 
perturbations  in  logical  functions.  In  this  paper, 
spectral  expansion  of  a character  of  a multiple- 
valued logical  function  by  means  of  the  Chresten- 
son functions  is  shown  to  have  interesting  proper- 
ties for  low  complexity  multiple-valued  logic 
design. 

As  stated  before , more  studies  on  complexity 
of  multiple-valued  logical  functions  and  functional 
decomposition  seem  to  be  needed  in  order  to  be  able 
to  use  in  full  extend  the  possibilities  that  the 
still  not  completely  explored  set  of  spectral 
logics  may  offer. 
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Table  1:  Chrestenson  functions  for  p=3  and  n=2 
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Table  2:  Summary  of  the  partition  of  the  set  of  2-place  ternary  functions. 

Table  lists  representative  threshold  functions  in  each  class  and  their 

corresponding  spectra.  Spectral  elements  are  given  as  a three  digits 

number  nonin2  meaning  that  the  value  of  that  element  is  (no  + ni/120°  + n2/240°)/9 


Function  f(y) 


1 -1-1-1 

1 -1-1-1 

0 0 0 0 

1 0 0 1 


Spectrum  S(vi) 


-100  -100 


-1-1  0 -1-1  0 


12 

211 

11 

121 

,0 

-111 

.0 

211 

1C2 

-11 

201 

-10 

210 

10 

210 

21 

0 1 

1 -1 
2 8 

02  -110  -1 


-101  120  201  -220  207  204  120  201  -101 

102  -110  210  -202  -205  402  -110  210  102 

201  -101  120  204  720  420  -101  120  201 

210  102  -110  240  402  702  -110  210  102 

-101  -101  -101  -220  -220  720  120  120  120 

201  -101  204  -101  120  720  120  201  420 


000  000  000  -300  008  303  030  300  003 

000  000  000  -300  -300  600  300  300  300 


000  000  000  -330  306  306  000  000  000 

000  000  000  360  603  603  000  COO  000 

000  000  000  -330  -330  630  000  000  000 


210  102  -110  -410  105  405  -110  210  102 

120  120  120  150  504  504  201  201  201 

201  -101  120  -401  -104  504  -101  120  201 

-110  -110  -110  -140  405  405  102  102  102 

-110  -110  -110  -410  -410  510  210  210  210 


•330 

030 

000 

030 

306 

303 

000 

303 

003 

003 

-300 

000 

-300 

-303 

300 

000 

300 

303 

330 

000 

030 

030 

303 

603 

000 

300 

303 

000 

-300 

030 

-300 

003 

603 

003 

000 

303 

-110 

-110 

-110 

-110 

105 

402 

-110 

402 

105 

-110 

-202 

102 

-110 

-140 

510 

-110 

210 

240 

120 

-101 

-220 

-220 

204 

504 

-101 

201 

204 

102 

-202 

-110 

-410 

-202 

402 

102 

210 

402 

000 

000 

000 

000 

000 

900 

000 

000 

000 

540 

-110 

-110 

-110 

402 

402 

-110 

402 

402 

300 

030 

030 

003 

300 

300 

003 

300 

300 

1 

330 

-300 

-300 

-300 

303 

303 

-300 

303 

303 

* Class  contains  also  functions  MAX  and  MIN 
**  Listed  function  is  bilinear  separable 
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f<y) 


f(y) 

f(y)  e Yi 

f(y)  9 Yo 

f(y)  e Yi 

f(y)  e Yo 

f(y)  9 Yo  9 Yi 

f(y)  9 Yo  e Yi 

f(y)  0 Yo  9 Yi 

f(y)  e Yo  0 Yi 


-4  -3  -2  -1  0 1 2 3 4 

-2-4-31-10423 

2 3 4 -4  -3  -2  -1  0 1 

-3-2-4  0 1-1  3 4 2 

-1  0 1 2 3 4 -4  -3  -2 

4 2 3 -2  -4  -3  1-1  0 

3 4 2 -3  -2  -4  0 1-1 

1-1  0 4 2 3 -2  -4  -3 

0 1-1  3 4 2 -3  -2  -4 
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Abstract  — It  is  proposed  that  a particular  infi- 
nite-valued propositional  calculus  be  used  to  de- 
fine a retrieval  function  for  a docur.ent  retrieval 
syster.  in  which  queries  are  well-forr.ed  fomulas  of 
the  propositior.al  calculus.  With  this  approach, 
’Veighted"  queries  nay  be  processed  in  a sinple, 
straightforward  nanner;  queries  nay  be  represented 
as  highly  sparse  vectors,  and  this  representation 
nay  be  transformed  easily  into  the  more  convention- 
al truth-table  representation,  and  conversely; 
feedback  techniques  may  be  used;  and  a means  is 
provided  for  circumventing  the  "independence  as- 
stmption"  with  regard  to  subject  identifiers. 

Document  Retrieval  Systems , 

Local  and  Nonlocal  Models 

Consider  a library  consisting  of  a collection 
of  documents.  A person  availing  himself  of  the 
services  of  the  library  is  usually  interested  in 
only  a subset  of  the  collection.  That  is,  the  li- 
brary user  wishes  to  read  those  and  only  those  doc- 
uments belonging  to  this  subset.  It  is  the  job  of 
a document  retrieval  system  to  determine  as  pre- 
cisely as  possible  just  what  this  subset  is.  Re- 
gardless of  whether  the  docxar-ent  retrieval  system 
consists  of  a group  of  human  beings  or  a piece  of 
electrcir.echanical  hardware  or  a canputer  program 
(or  a combination  of  all  of  these),  the  fundamental 
operations  comprising  the  retrieval  process  are  the 
same:  The  library  user,  employing  some  suitable 
language,  describes  his  interest.  This  description 
is  called  the  query . Each  document  in  the  library 
is  characterized  by  a dociment  description  in  a 
data  base  accessible  to  the  document  retrieval  sys- 
tem. The  system  searches  the  data  base  to  deter- 
mine which  doctnnents  satisfy  the  query.  A part  of 
the  system  called  the  retrieval  function  (also 
known  as  the  "matching"  or  "correlation"  function) 
makes  this  determination. 

The  basic  structure  of  a document  retrieval 
system  may  be  represented  by  an  abstract  model 
in  which  mathematical  objects  play  the  roles  of 
queries,  the  document  descriptions,  the  retrieval 
function,  and  the  documents  themselves.  Suppose 

*This  work  was  supported  in  i>art  by  Naval  Elec- 
tronics  Systems  Command  Contract  N00039-71-C-0255 
and  by  National  Science  Foundation  Grant  GK-IO656 
while  the  author  was  a graduate  student  in  the 
Electrical  Engineering  and  Computer  Sciences  De- 
partment, University  of  California,  Berkeley. 


the  library  collection  coi.sists  of  m.  distinct  docu- 
ments. Let  a one-to-one  correspondence  te  esta; - 
lished  between  the  set  of  docum.ents  and  th.e  se'  of 
integers  Q .2 , . . . jhI  . The  docur.er.t  associated  with 
the  integer  j (where  Isjirr. ) shall  be  called  the  jth 
docu-ment.  T!ie  jth  docicr.ent  is  characterized  by  the 
docimr.ent  description  D[j].  (Following  the  Algol 
convention,  square  brackets  denote  subscripts.^ 

Thus  the  data  base  is  represented  by  fD[lj,D[2], 
...,D[m.j].  The  tiser's  query  is  denoted  by  Q,  and 
the  retrieval  function  is  denoted  by  f. 

The  document  retrieval  model  is  either  local 
or  norilocal  depending:  on  how  the  domain  and  range 
of  f are  defined.  Let  Q denote  the  set  of  all  per- 
missible (gramatically  correct)  queries,  G. 
(Throughout  this  paper,  underlined  symbols  will  be 
used  to  denote  sets.)  Let  D represent  the  set  of 
all  possible  data  bases.  That  is,  members  of  D are 
sets  of  the  form  {D[l' ,D[2l , . . . ,D[m]] , whose  mem- 
bers are  grammatically  correct  document  descrip- 
tions. Finally,  let  R denote  the  set  of  all  sub- 
sets of  fl,2,.,.,m).  The  nonlocal  m.odel  is  ob- 
tained if  f is  defined  to  be  a mapping  of  the  form 
f:GxD-R.  The  value  of  f(G.(D[l]  ,D[2]  , . . . ,D[m])  ) 
represents  the  set  of  retrieved  documents  appropri- 
ate to  the  given  query  Q and  data  base  {D[1],D[2], 
...,D[m]).  The  word  "r.orJ.ocal"  is  used  in  this 
case  because  the  decision  of  whether  or  not  to  re- 
trieve a particular  document  is  based  vipon  a con- 
sideration of  the  descriptions  of  all  docum.ents. 

W.  S.  Cooper®  presents  a persuasive  argument  that 
in  order  to  do  document  retrieval  correctly,  one 
should  use  the  nonlocal  m.odel.  Unfortunately,  how- 
ever, with  our  present  state  of  knowledge,  it  ap- 
pears difficult  and  costly  to  implement  a document 
retrieval  system  which  is  an  instance  of  the  non- 
local model.  Consequently,  one  is  usually  forced 
to  use  the  local  model,  which  is  less  general.  The 
local  model  is  obtained  if  f is  defined  to  be  a 
mapping  of  the  form  f :Q x {D[l] ,D[2] , . . . ,D[m]} - 
{0,1}.  The  value  of  fTQ,D[j])  is  1 if  the  jth  doc- 
ument should  be  retrieved,  0 otherwise.  The  word 
"local"  is  used  in  this  case  because  the  decision 
of  whether  or  not  to  retrieve  a particular  document 
is  based  upon  a consideration  of  the  description  of 
that  document  alone . For  a given  query  Q,  the  re- 
trieval function  f is  in  effect  the  characteristic 
function  of  the  set  of  retrieved  documents.  C.  C. 
Chang L.  A.  Zadeh,’'*  S.  Vtotanabe,''®  and  others  have 
considered  generalizing  the  characteristic  function 
of  a set  by  replacing  the  two-element  range  (0,1) 
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with  the  closed  Xir.i*  ir.'er  al  I^=fx|x  ir  a r^'al  r.~- 
ier,  and  Csxsll.  T!.e  rftair.drr  of  this  repcr 
will  nse  t'.e  local  r.odel  wi'h  this  .'cneraliratior  . 
■'i-der  this  ir.'errre'a*  icr  . *he  ■.•alne  of  f.'G, 
ra;.  ra:t,-e  cor.*  inuassl;.  fror  C thj-ot;/-'h  1 — the  lar- 
rcr  the  '.Tilue,  'he  E*ror..'er  the  ir.dicaticr.  *tat  t;.e 
.'th  docttren*  shc'tld  le  rfriet'ed.  The  se*  of  re- 
trieved doc'srer.ts  ray  ie  the  set  of  all  doc'jrer.t  s 
wt-.ose  re*rie-.al  r'nr.c’ior  values  exceed  sore  speci- 
fied threshold,  or  i*  ray  te  thf-  set  of  ,,  docur.er.ts 
■;a\-dr.i-  the  . hi--hest  retrieval  fut.ction  values, 
wt’.ere  is  a specified  ir.terer  less  fra:  cr  ecal 
*o  r.  F.>arples  of  docur.er.t  re*rieval  systers  which 
operate  ir.  this  fash.ioi.  are  S’-'AFT.'  developed  a" 
■iar-.'ard  and  Cornell,  and  TArGEAF'T- .®  developed  at 
the  Tr.iversity  of  Califort.ia,  ier.eeley. 

An  liatar.ee  of  the  iocal  "odel 
Vsinr  a Particular  Infinite-Valued 
Iroposltioral  Calculus 


it  :y  wri*ir.r  crl;.  t e wcrl  cr  p;:rase  wt'.icr.  fill - 
*he  larJe.  The  a:  eve  cuer  '-ceres : air  pcUu- 

•ic:  . vtoel)  a — cil.  T-rvs.  'or  exarple,  'he 
phrase  "air  pcUutic:.”  is  a su:  , ect  iier.ti:'ler  r<  r- 
resentirw  the  sentence,  ”“*-.e  doc'sr.en'  is  aVou'  air 
pcU-ut  ic:  . " let  there  :e  a fini'e  vocat-ular> 

,Sl2^  , . . . .1 ' 1 , fror  -w.ich  sul  rcc*  i !er'i:i- 
ers  ra;  he  c’r.cser . T!at  is, 

(suh.  ect  iier.tifier'' : :=f'  | f'l ' | . . . ! 3'  i 

Vith  respec*  tc  the  . th  doc-sr.er.t  . let  i'  .'-  ; e 

‘r-f*:.  value  of  the  ser.ter.ce  rt presented  iy  3'^,. 

In  o'her  words.  is  the  trith  -.alue  of  *hc 

sentence.  "The  yth  doc‘jr.cr.t  is  a'- out  a:, 

infini* e-valued  propcsit  ioral  calcul'us  “ is  t eir  ,- 
■tsed.  d"  '.'I  -:1.  “Jie  -.alue  1 denotes  "‘rte:"  0 ,le- 
rotes  ":‘alse : ar.d  ir.terrediate  values  indicate 
truth  values  scr.ewiiere  het-weer.  absolute  truth  and 
a:  sol-jte  t'alsity. 


A pop'ular  choice  for  a cuerj  la:.,'ua.-e  is  the 
lar.,-ua,-e  of  -well-forr.cd  I’orr.ulas  of  the  proposi- 
tio:al  calculus.  Ttie  B!!'  .-rarrar  below  describes 
such  a lan  -uai'e. 

(query : :=<cor.lunctior.>  | (query >v(con,  uiiction) 

(con.'unction'J  ; :=(i.eration)  | (cor.  'unction)A.r.e  a'  ion) 

(neration)  : :="*  (ne.ation)  | (eler.er.'al  sentence) 

(eler.ental  sentence)  : : = ((qu.r;. ) ) 

I (subject  identifier) 

I (constant) 

A (subject  identifier)  is  a strir,,-  represent- 
in' a sentence  of  the  forr. : "The  docur.ent  is  abo'ut 

, " where  the  lar.h  ( ) contains  a word 

or  plirase  nair.inn  a particular  subject  area.  The 
corrective  v r.eans  "inclusive  or."  The  coru'.ective 
r.eans  "ar.d."  The  modifier  ~ means  "not."  A 
(constant)  is  a strir.g  of  digits  ar.d  a decimal 
point  representing  a nrrmber  in  the  closed  unit  in- 
terval In  effect  a constant  stands  for  a sen- 
tence whose  tnrth  value  is  the  r.umt  er  sj-mbclized  by 
the  constant.  The  idea  of  including  constants  was 
suggested  by  the  lAESEARCH  system  at  Berkeley.  In 
that  document  retrieval  system,  users  may  "multi- 
ply" subject  identifiers  and  subexpressions  by 
"weights"  to  reduce  the  effect  of  parts  of  the 
query  considered  to  be  of  lesser  importance?  The 
use  of  a (constant),  usually  with  the  A connective, 
is  a more  general  way  of  accomplishing  the  same 
thing. 


let  D[j  .,  the  doc’jr.ei'.t  iescriptior.  ebaracter- 
iz'iri,-  the  jth  docur.er.t  be  defined  as  follows  : 

]=(d[  J .1] 'd-f  .2] d[j.r.]).  T[j]  is  ar  r.-cor- 

ponent  vector,  each  ccrpor.ent  of  wi.ich  is  ir.  the 
closed  unit  interval  Tills  method  of  describin.- 
a doc'jment  has  i een  suggested  by  biarcr.  and  Kuluvs  as 
a consequence  of  probability  tiieory  and  by  Tahs.r.i 
as  a consequence  of  fuzzy  set  fneory.^^  The  "docu- 
ment concept  vector"  used  ir.  the  3?-AKT  doc-ument  re- 
trieval system,  is  i asicall;.  this  kind  of  represen- 
tation?® 

A propcsitioral  calculus  provides  a meai.s  for 
assimirg  a trut':.  value  to  a well-formed  formula. 
The  form.ula  and  the  truth  values  of  its  elemental 
constituents  are  mapped  into  a truth  -.alue  for  the 
wiiole  form.ula.  Tiiis  mappir.g  ray  be  effected  by  the 
retrieval  tlinction  f :Q  x { D[l]  ,D[2] , . . . ,D[m]}  - I^. 

Ir.  this  cast  the  propositional  calculus  is  infi- 
nite -valued  because  the  truth  values  of  the  elc~er.- 
tal  constituents  (the  cccpor.ents  of  a given  D[j]) 
and  the  truth  value  of  the  -whole  form.ula  are  per- 
mitted to  be  in  tlie  closed  inter-val  rather  than 
being  restricted  to  the  two-elc.-nent  set  {0,ll. 

Tiiere  are  many  acceptable  candidates  for  f.^®  The 
one  -wtiich  will  be  presented  below  has  a nur.ber  of 
desirable  properties  for  document  retrieval. 

If  G e Q , the  set  of  all  well-forr.ed  formulas 
consistent  with  the  FItF  grammar  presented  above, 
and  if  D[ j] e {D[1] ,D[2] , . . . ,D[m]l , the  set  of  docu- 
m.ent  descriptions  for  the  entire  library  collec- 
tion, then  let  the  retrieval  fvmction  be  defined  as 
follows ; 


Let  Q be  the  set  of  all  strings  consistent 
with  the  above  grammar,  and  consider  a query  QeQ. 
The  query  G is  really  an  abbre-viation  for  the  sen- 
tence : "l  am  interested  in  any  dociment  such  that 
Q."  For  example,  suppose  a library  user  is  inter- 
ested in  documents  concerning  air  pollution  or  coal 
but  wishes  to  exclude  those  docinnents  which  are 
also  about  oil.  He  might  word  his  query  as  fol- 
lows : "I  am  interested  in  any  document  such  that : 
('The  document  is  about  air  pollution. 'v 'The  docu- 
ment is  about  coal. ' )a~' The  document  is  about 
oil.'"  Instead  of  writing  the  entire  sentence, 

"The  doctnnent  is  about  ,"  one  may  abbreviate 


f(G,D[j])  = g(G)'h(D[j]) 

where  the  dot  ( • ) denotes  the  vector  dot  ( inner ) 
product,  and  g and  h are  vector-valued  functions 
defined  below.  In  the  definitions  below,  raising 
to  a power  is  denoted  by  t,  and  multiplication  of 
two  scalars  is  denoted  by  ■» . 

h(D[j])  = E[j]  = (e[j,0],e[j,l],...,e[j,(2tn)-l]) 
n 

where  e[j,i]  = n(d[j,k]tb[k-l,i] ) 
k=l 
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and  where  b[k,i]  is  the  kth  bit  (ccsuntln^-  l>ar. 
ripht  to  left,  beptirjiirw?:  with  C)  in  the  binarj'  rep- 
resentation of  the  integer  i . That  is  (using  the 
definition  xtO=l  for  anj-  nirnber  x),  b[k,i]  = 
(i-^(2tk))  modulo  2,  where  denotes  division  in 
which  the  fractional  part  of  the  quotient  is  dis- 
carded. Let  E[j]  be  called  the  "expanded  document 
description"for  the  jth  document.  For  example, 

E[j3=(e[j,0],e[  j,l],e[j,2],e[j,3],e[j,l4], 
e[d,5],e[J,6],e[ j,"], . . . ) 

=(l,d[j,l],d[j,2],d[j,l]M[j,2],drj,3], 

(i[  j ,1>  d[  3 , 3] , d[  0 ,2 ]■» d[  j , 3]  , 
d[j,l]*d[j,2]*d[J,3],...) 

Let  P and  0 be  queries.  Tliat  is,  PcQ  and  Q e Q. 

The  function  g is  defined  recursively : 

g(PAQ)  = g(P)  Og(Q) 

g{PvQ)  = g(P)  + g(Q)  - g(P)0g(Q) 

g(~e)  = (w[0],wri],...,wi;(2Tn)-l])  - g(G) 

[ 1 if  i=0 

where  w[i]  = ( 

I 0 if  i^O 


g((G))  = g(0) 

g(S[k])  = (w[0],vr[l],...,w[(2tn)-l]) 

’ 1 if  i =2f  (k-l) 

where  w[i]  = ' 

0 if  i^2t(k-l) 


g(<constant>  ) = (wfO]  ,wi;i] , . . . ,w[  (2Tn  )-l]  ) 

[ c if  i=0 

where  w[i]  = ( 

[ 0 if  i;^0 

where  c is  the  number  represented  by  (constant) . 

The  operator  0 denotes  a new  kind  of  vector  product 
which  shall  be  named  the  "diamond  product."  It  is 
defined  by  the  following  Algol  60  procedure. 

procedure  Diamond  (u,v,w,n); 
real  array  u,v,w;  integer  n; 

ccnment  This  procedure  computes  the  diamond  product 
of  the  real  vectors  v and  w.  The  result  is  stored 
in  the  real  vector  u.  The  integer  parameter  n spe- 
cifies the  ntmiber  of  components  in  these  vectors 
according  to  the  array  declaration  real  array  u,v, 
wC0:(2tn)-l].  The  only  parameter  whose  contents 
are  altered  by  the  execution  of  this  procedure  is 
u.  This  procedure  assumes  the  existence  of  an  in- 
teger-valued function  bitor(i,j),  which  has  as  its 
value  that  integer  whose  binary  representation  is 
the  bit-by-bit  logical  "or"  of  the  binary  represen- 
tations of  the  integer  arguments  i and  j . That  is , 
each  bit  in  the  binary  representation  of  the  value 
of  bitor(i,j)  is  the  logical  "or"  of  the  coires- 
ponding  bits  in  the  binary  representations  of  i and 
j (for  example,  bitor(l,l)  returns  a value  of  1, 
bitor(0,l)  returns  a value  of  1,  bltor(l,2)  returns 
a value  of  3,  bltor(5,3)  returns  a value  of  7); 


be.-ln 

inte.-er  i,’, rax. lambda: 
max  :=  (2tr.Vl: 

for  1 :=  C step  1 until  rax  ^ u[i]  :=  C.C: 
for  i :=  0 sfep  1 until  rax  do 
I egir. 

for  0 :=  C step  1 until  rax  do 
begin 

larb  da  : = : itor  ( i , J ) : 

u[lam!da]  :=v3i3*w'3g]  + u[  lambda] 

end 

end 

end  riar.ond 


The  effect  of  tb.is  procedure  is  as  follows: 


u[0] 

u[l] 

u[2l 

u[3] 

u[U] 

uCS] 

u[6] 

u[7] 


= vro]*wi;c] : 

= v[0]'*w[l] 

= v[Cl*w[2] 

= v[0]*-w(3] 

+ vi2]-‘w[l] 

+ v[3]"*w{l] 


+ v^ll-^w*"  D] 

+ v[2]-w!;c] 

+ v[l]*v]2] 
+ v[2]‘wC3] 

+ v[3]*w[2l 


+ v[l]*wi;i] ; 
+ v[2]*w{2] ; 

+ v[l]*w[3] 

+ v[3]'’w[C] 

+ v[  3]  : 


:=  v[0]*w[it]  + v[!4]*w(0]  + vrit]*w[l>]; 


;=  v[C]-’wr5] 
+ v[i*]*wfl] 
+ vCSl^wfl] 

:=  v[0]'»wC6] 
+ v[l<]*w[2] 
+ v[6]*w[2] 

:=  v[0]-»wr7] 
+ v[2]-*w[5] 
+ v[3i*wt5] 
+ v[li]«wC3] 
+ v[5]'*'wf3] 

+ v[6]-’'w(l] 
+ v[6]*w[7] 
+ v[7]'*wr2] 
+ v[7]*wt5] 


+ v[l]*w{lj] 
+ v[i:]*w(5] 
+ v[5>w{l4] 

+ v[2]*w[l:] 
+ v[l<]*w[6i 
+ v[6]*wti*] 


v[l]*wC6] 
v[2]'*wr  7] 
■v[3]'*'w{6] 


vfl^]^ 

v[5]' 

v[6]^ 

yill 


w[7] 

w[6] 

^w[3] 

<C] 


vr7]-w[3] 

v[7]*wr6] 


+ v[l]*w[5] 

+ vC5]*w[C] 

+ v]5]*w[5] ; 

+ v]2l  “w(()] 

+ vi6l*wrc] 

+ v[6i*wf 6] ; 

v[l]*w[7] 
v[3]'*'w[M 
v[3>w[7] 
v[5>wi;2] 
v[5]*w[7] 
v[6]*-wt5] 
vCTi-'wfl] 
v[7]«wf  1*] 
vC7]«w!;7]; 


and  so  on  for  u[8],  u[9],  u[10]. 


u[(2tn)-l]. 


The  retrieval  function  f which  has  been  de- 
fined above  is  related  to  the  "relevance"  calcula- 
tion procedure  which  Maron  and  Kuhns  derived  using 
probability  theory,®  to  the  infinite-valued  proposi- 
tional calculus  "E  II"  described  by  Tsichritzis,^® 
and  to  a scheme  developed  by  Cziffra?  However  it 
is  not  identical  to  any  of  these. 


An  Example  of  the  Evaluation 
of  the  Retrieval  Ptmction 

Let  Q = (.7A  S[l]  v~S[2]  )a  S[3],  which  means 
that  the  user  is  interested  in  any  doctnnent  which 
is  about  S[3]  and  is  either  about  3[l]  or  not  about 
S[2],  where  the  property  of  "being  about  S[l]"  is 
considered  only  .7  as  important  as  "not  being  about 
S[2]."  Without  loss  of  generality,  one  may  let  n=3 
because,  for  this  particular  Q,  all  conponents  of 
g(Q)  with  index  higher  than  7 ^11  be  0.  The  func- 
tion g(Q)  is  evaluated  as  follows: 
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g((,7AS[l]v~S[2])AS[3]) 

=g({.7A  S[l]  v~S[2]))  0g(S[3]) 

=g(.7A  S[l]v~S[2])  0(0,0, 0,0,1, 0,0,0) 

=(g(  .V  A S[l]  )^(  ~S[2]  )-g(  .7  A S[l]  ) 0g(  ~S[2]  )) 
0(0, 0,0, 0,1, 0,0,0) 

= (g(.7)  Og(S[l]  )+((!, 0,0, 0,0,0,0,0)-g(S[2])) 

-g(.7)  Og(S[l]  ) O((l,0,0,0,0,0,0,0)-g(s[2]  ))) 

0(0, 0,0, 0,1, 0,0,0) 

=((.7, 0,0, 0,0, 0,0,0)  0(0,1, 0,0, 0,0, 0,0) 

+( (1, 0, 0, 0,0, 0,0,0)-(0, 0,1, 0,0, 0,0,0)) 

-(.7, 0,0,0, 0,0, 0,0) 0(0,1, 0,0,0, 0,0,0) 

0 ( (1, 0,0, 0,0, 0,0,0)-(0, 0,1, 0,0, 0,0,0))) 

0(0,0, 0,0,1, 0,0,0) 

=((.7, 0,0, 0,0,0, 0,0) 0(0,1, 0,0, 0,0, 0,0) 
+(1,0,-1,0,0,0,0,0) 

-(.7, 0,0,0, 0,0,0, 0)0  (0,1, 0,0, 0,0, 0,0) 

0(1, 0,-1, 0,0,0, 0,0))  0(0, 0,0, 0,1, 0,0,0) 

=((0,.7,0,0,0,0,0,0)+(l, 0,-1, 0,0, 0,0,0) 

-(0,. 7, 0,0, 0,0,0, 0)0(1, 0,-1, 0,0, 0,0,0)) 

0(0, 0,0,1, 0,0, 0,0) 

=( (0,. 7, 0,0,0,0,0,0)+(l, 0,-1, 0,0,0, 0,0) 

-(0,. 7,0, -.7, 0,0,0, 0)) 

0(0,0, 0,0,1, 0,0,0) 

=(1, 0,-1,. 7, 0,0, 0,0) 0(0, 0,0, 0,1, 0,0,0) 

=(0,0, 0,0,1, 0,-1, ,7) 

Therefore, 

f((,7A  S[l]v~S[2])AS[3],D[j]) 

=g((.7A  S[l]  V~S[2]  ) A S[3]  )-h(D[o]  ) 
=(0,0,0,0,l,0,-l,.7)-(l,d[j,l],d[j,2], 

d[j,l]*d[j,2],d[j,3],d[o,l]*d[o,3],d[j,2]*d[j,3], 

d[o,l]*d[d,2]*d[j,3]) 

=d[0,3]  - d[j,2]»d[a,3]  + .7M[j,l]*d[j,2]*d[o,3] 

For  example,  if  the  document  description  of  the  jth 
document  is  D[3]=(d[ j ,1] ,d[ 0,2] ,d[ j ,3] )=( .5, .3, .9), 
then  the  retrieval  function  value  for  the  '3th  docu- 
ment with  respect  to  the  given  query  is 

f((.7AS[l]v~S[2])AS[3],(.5,.3,.9)) 

=.9  - .3*. 9 +.7*. 5*. 3*. 9 
=.72‘*5 

Some  Properties  of  this  Retrieval  Scheme 

One  property  of  the  retrie'val  function  defined 
above  is  that  it  is  separated  into  two  functions,  g 
and  h,  the  former  depending  only  on  Q and  the  lat- 
•ter  only  on  D[j].  Thus  the  query  Q need  be  parsed 
only  once,  and  the  res\J.tlng  vector  g(Q)  may  be 
saved  and  successively  dot  multiplied  by  the  vec- 
tors h(D[l]  ),  h(D[2]),  h(D[m] ) to  obtain  the 

retrie'val  function  values  for  each  of  the  m docu- 
ments . 

Another  property  is  that  identical  queries  are 
mapped  into  the  same  vector  by  g.  For  example, 
g(QAQ)  = g(Q).  Thus,  f(QAQ,D[o])  = f(Q,D[J]), 
provided  Q contains  no  constants. 

A third  property  is  that  g(Q)  is  usually  very 
si«rse;  that  is,  very  few  of  the  con^jonents  of  g(Q) 
are  nonzero.  Therefore  g(Q)  can  be  represented  in 
a fashion  which  consumes  very  little  storage  in  a 
conputer's  memory.  For  purposes  of  ccmparison, 
consider  the  truth  'table  of  Q,  represented  here  by 
the  vector-valued  function  T(Q),  defined  as  fol- 
lows : 

T(Q)=(t[0] ,t[l] , . . . ,t[ (2tn)-l] ) 


where  t[i]=g(C) •h( (b[0,i] ,b[l,i] , . . . ,b[n-l,i] ) ) 
Thus,  for  example, 

T((.7aS[1]v~S[2])aS[3])  = (C,C,0,0,1,1,0,.7) 

if  n=3.  Both  g(Q)  and  T(Q)  are  representations  of 
the  semantics  of  the  query  Q.  If  C contains  k dis- 
tinct subject  identifiers  (and  can  not  be  trans- 
formed into  an  identical  query  containing  fewer 
than  k distinct  subject  identifiers)  then  g(Q)  will 
have  ^ most  2tk  nonzero  components,  while  (if  Q.^0) 
the  truth  table  T(Q)  will  have  at  least  2t(n-k) 
nonzero  components.  In  a typical  medi'um  to  large 
scale  document  retrieval  system,  n,  the  size  of  the 
subject  identifier  vocabulary,  is  on  the  order  of 
1000  to  10000,  while  k is  typically  about  5. 
Therefore,  2t  (n-k)  >>2tk,  so  that  g(Q)  is  usually  a 
much  more  compact  way  of  representing  the  semantics 
of  Q than  is  T(Q).  However,  to  be  fair  to  T(Q), 
one  should  note  that  each  of  the  components  of  T(Q) 
is  restricted  to  the  closed  unit  interval  I^  whereas 
components  of  g(Q)  may  range  over  much  larger  in- 
tervals. Let  g(Q)=(w[0],w[l]  , . . . ,wC  (2tn)-l]  ). 

Then  'wCO]  e If  MO,  then  the  lower  bound  on  w[i] 
is  -2t  (n\imone(i)-l)  and  the  upper  bound  is 
2t(numone(i)-l),  where  numone(i)  is  a function 
whose  ■value  is  the  number  of  ones  in  the  binary 

representation  of  i.  That  is, 

00 

numone(i)  = T)  b[k,i] 
k=0 

Given  the  components  of  g(Q),  one  may  easily 
calculate  those  of  T(Q)  and  'vice  versa.  Define  the 
set  Y(i)  to  be  Y(i)  = [ j | bitor(i, j ) = i} . Then, 

t[i]  = Ew[j] 
jeY(i) 


wti]  = r(relpar(i,j  )*t[j]  ) 

3eY(i) 

where  relpar(i,j)  is  a function  which  computes  the 
"relative  parity"  of  i and  j . The  value  of 
relpar(i,j)  is  +1  if  the  binary  representations  of 
i and  j have  the  same  parities  (both  even  or  both 
odd)  and  is  -1  otherwise.  Specifically, 
relpar(i,j)=(l-2*((numone(i)+numone( j))  modulo  2)). 
For  example, 

t[0]  = wCO] 
t[l]  = wC0]+w[l] 
t[2]  = w[0]+wC2] 

t[3i  = ■w[0]+w[l]+w[2]+w[3] 
t[U]  = w[0]+w[l*] 
t[5]  = 'w[0]+w[l]+w[l*]+w[5] 
t[6]  = wt0]+wC2]+wCl*]+w[6] 

t[7]  = w[0]+w[l]'*w[2]+w[3]+w[l4]+w[5]'*w[6]+w[7] 

and  so  on.  Cziffra^  derived  similar  relationships. 
In  the  other  direction, 

w(0]  = t[0] 

wCl]  = -t[0]+t[l] 

wC2]  = -t[0]+t[2] 

wt3]  = t[0]-t[l]-t[2]-tt[3] 

w[l*]  = -t[0]-H:[l4] 

w[5]  = t[0]-t[l]-t[U]-K;[5] 
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wC6]  = t[0]-t[2]-t[l+]-H;[6] 

w[7]  = -t[0]-H;[l]+t[2]-t[3]+t[J*]-t[5]-t[6]+t[7] 

and  so  on.  Note  that  Y(i)  has  2t  (numoneCi ) ) ir.eir.- 
bers. 

Some  Candidates  for  Further  Investigation 

Since  g(Q)  is  a vector,  several  of  the  tech- 
niques already  developed  in  connection  with  extant 
document  retrieval  systems  (for  exariple,  SMftRT)  for 
processing  vector  queries  may  be  applied  to  queries 
that  are  well-formed  formulas  of  the  propositional 
calcul.xis.  In  particular,  feedback  from  the  user 
may  be  employed  to  effectively  modify  the  query  in 
an  atten^t  to  in^irove  the  performance  of  the  re- 
trieval system.^®  Many  of  the  concepts  of  the  theoi^ 
of  adaptive  pattern  classification*  seem  to  be  ap- 
plicable ? 

Under  the  probabilistic  interpretation  of  the 
infinite -valued  propositional  calculus,  each  sub- 
ject identifier  S[j]  is  regarded  as  an  event,  the 
probability  of  which  is  taken  to  be  the  truth  value 
of  the  sentence  which  S[o]  represents.  The  theory 
requires  that  if  ij^Jj  then  S[i]  and  S[j]  must  be 
independent,  a condition  which  may  not  always  be 
true  in  practice?  One  way  to  circumvent  this  dif- 
ficulty might  be  to  redefine  the  expanded  document 
description  E[j]  such  that,  for  example,  e[j',3] 
would  be  the  truth  value  of  S[l] A S[2]  with  respect 
to  the  jth  document;  e[j,7]  would  be  the  truth  val- 
ue of  S[l]  A S[2]  A S[3]  with  respect  to  the  j'th  doc- 
ument, and  so  forth.  The  data  base  would  consist 
of  fE[l],E[2],...,E[m]]  instead  of  fD[l],D[2] , . . . , 
D[m]}.  A heavy  price  has  to  be  paid  in  storage 
however,  since  E[j]  has  2tn  components  while  d[o] 
has  only  n.  One  way  to  reduce  the  penalty  would  be 
to  restrict  the  number  of  distinct  subject  identi- 
fiers that  may  appear  in  a query  to  seme  small  nm- 
ber  k,  for  then  any  e[j,i]  such  that  numone(i)>k 
will  never  be  \ised  and  may  be  discarded.  Further- 
more, for  any  one  particular  document,  the  majority 
of  subject  identifiers  will  have  no  applicability, 
so  that  any  e[j,i]  which  depends  on  one  or  more  of 
them  may  be  eliminated.  In  general,  if  \ is  the 
number  of  subject  identifiers  which  have  nonzero 
applicability  to  the  jth  document,  and  if  k is  the 
maximum  number  of  distinct  subject  identifiers  per- 
mitted in  a query,  then  the  number  of  components  of 
E[j]  which  need  to  be  saved  is 

min(x,k) 

E C(X,i) 
i=0 

where  C(X,i)  is  the  number  of  combinations  of  X 
things  taken  i at  a time  (Xl/((i!  )*((X-i)l  ))).  For 
exai:5)le,  if  X =10  and  k=l*,  then  storage  must  be 
provided  for  C(10,0)-t€(10,l)-K;(10,2)->c:(10,3) 
+C(10,1*)  =176  components.  This  is  not  a small  n\mi- 
ber,  but  at  least  it  is  preferable  to  2tl0=1024, 
the  nmber  of  components  which  would  be  required  if 
no  restrictions  were  placed  on  the  ntnnber  of  sub- 
ject identifiers  in  the  query. 
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MATHEMATICAL  PROPERTIES  OF  BOOLEAN  TRANSFORMATIONS* 
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ABSTRACT 

This  paper  is  concerned  with  the  study  of  spe- 
cial aspects  of  the  transformation  f(^,x)  which 
occurs  as  the  "next  state  function"  in'the  study  of 
sequential  circuits.  To  study  this  function  we 
employ  three  models,  namely  a Boolean  equation 
form,  a Boolean  matrix  form,  and  a linear  ma- 
trix form.  The  latter  is  based  upon  the  Reed- 
MuUer  expansion  of  a Boolean  function.  Our  ma- 
jor results  deal  with  the  study  of  the  interrela- 
tionships between  these  models  as  well  as  the 
computation  of  path  and  cycle  lengths  associated 
with  state  transitions. 

I.  INTRODUCTION 

A sequential  circuit  has  the  general  form 
^hown  in  Figure  1,  where  x = (Xj,  x,,  ....  x,)  is  the 
input  vector,  (zj,  z,, . . . , z J the  output  vector, 
and  (yi,  yj,  • . . , y„)  and  y = (y^,  Y,,  . . . , Y„)  are 
the  current  and  next  state  vectors  respectively. 


Figure  1.  General  structure  of  a sequential 
circuit. 

The  state  operation  of  the  circuit  is  defined  by 
the  transformation 

Y = f(jr,x). 

This  paper  deals  with  various  mathematical 
models  for  studying  the  state  transition  mapping 
(transformation)  process  which  occurs  in  finite 
state  machines.  The  major  difference  between 
the  operation  of  this  transformation  for  the  case 
of  synchronous  and  asynchronous  circuits  is  that 
for  the  former,  the  application  of  the  transform 
occurs  once  per  clock  pulse,  while  for  the  latter 
the  transformation  may  occur  several  times,  the 
* 
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exact  number  being  determined  by  the  functional 
correspondence  between  y and  _Y  itself.  That  is, 
may  change  several  times  before  thi  circuit  sta- 
bilizes,  denoted  by  the  condition  X~JL‘ 

To  study  the  characteristics  of  the  transforma- 
tion from  ^ to  y_  we  will  present  and  analyze  three 
forms  for  this  mapping,  namely 

1.  a Boolean  equation  form 

2.  a Boolean  matrix  form 
and 

3.  a linear  matrix  form  . 

Many  applications  of  these  three  forms  to  the 
generation  of  fault  detection  tests  and  synchron- 
izing sequences  are  given  in  reference  7. 

II.  MATHEMATICAL  BACKGROUND 

In  this  section  we  present  some  of  the  basic 
definitions  and  results  which  will  be  used  in  the 
subsequent  sections.  For  a more  detailed  discus- 
sion of  this  material  the  reader  is  referred  to 
references  1,  2,  and  3. 

A Galois  field  is  a field  with  a finite  number  q 
of  elements.  It  is  denoted  by  GF(q).  The  Galois 
field  GF(2)  will  be  of  special  interest  in  the  sub- 
sequent sections.  For  this  field,  addition  and 
multiplication  corresponds  to  the  exclusive-or  and 
AND  operations,  respectively.  The  exclusive-or 
operation  is  denoted  by  ©.  The  number  of  ele- 
ments of  a Galois  field  is  p'',  where  p is  prime 
and  r is  an  integer.  GF(p)  is  said  to  be  the  ground 
field  of  GF(p'')  and  GF(p")  is  an  extension  field  of 
GF(p).  The  order  e of  an  element  x of  GF(q)  is 
the  smallest  integer  for  which 


Given  a square  matrix  N,  the  elements  of 
which  belong  to  F,  the  cViaracteristic  polynomial 
of  the  matrix  is  the  determinant  of  sI-N  and  is  de- 
noted by  6(8).  For  any  square  matrix  N with  ele- 
ments in  a field  F,  6(N)  =0,  where  0 denotes  the 
zero  matrix  (Cayley-Hamilton  Theorem).  The 
eigenvalues  of  N are  the  roots  of  6(8)  = 0.  If  the 
elements  of  N are  in  GF(p),  then  the  eigenvalue 
may  be  in  any  extension  field  GF(p'>).  The  eigen- 
vector ti  corresponding  to  the  eigenvalue  \ of  N 
is  a solution  to  the  equation  Nt)^=  Xt;^.  The  mini- 
mal polynomial  u(8)  of  a square  matrix  is  the 
polynoniial  of  a minimal  degree  such  that  u(N)  = 0« 
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m.  BOOLEAN  TRANSFORMS 

The  Boolean  vector  space  of  dimension  n is  de- 
fined as  the  set  of  n-tuples  in  p”,  where  g is  the 
set  fO,  1 } of  elements  of  a switching  algebra.*  It 
is  denoted  by  (g”:  g). 

Given  a Boolean  vector  space,  a Boolean  trans- 
form between  two  vectors  ^ and  _Y  of  the  space 
( g" ; g)  is  defined  by  the  equation 

Y = f(y,x)  (1) 

where  f is  a vector  of  n Boolean  (switching)  func- 
tions and  X is  a parameter  vector  of  dimension  m. 

The  transform  can  be  denoted  by 

Y = 3(x)  (2) 

or  equivalently 

f(*.x) 

3:^ *-2.  (3) 

The  assignments  of  x are  taken  from  ( g*  : g).  The 

I -th  power  of  a transform  3 is  a transform  3^ 
which  is  equivalent  to  I successive  applications  of 
3 on  the  vector  y.  It  is  denoted  by  the  equation 

j:^  = 3'(i.)  (4) 

and  is  defined  by  the  equation 

= 3(3(3(..-(i)).--).  (5) 

Theorem  1:  Given  a vector  jr  f ( g" : g),  and  a trans- 
form 3,  then  there  exist  two  integers  p and  c,  such 
that 

= ^(y)  (6) 


Proof:  The  cycle  length  c is  given  by  the  least 
common  multiple  of  all  the  cycle  lengths  corres- 
ponding to  all  of  the  possible  assignments  of  x. 

The  contribution  of  the  individual  cycles  will  be 
maximized  by  taking  the  maximum  powers  of 
prime  numbers.  Since  the  largest  cycle  length  is 
2",  this  explains  the  restriction 

2". 

Cjj  is  the  least  upper  bound  since  the  proof  is  con- 
structive. ■ 

Example  1:  Let  us  consider  the  transform* 

Yi  =y2(x+yj) 

Y2= 

Below  we  indicate  the  different  powers  of  the  trans 
form: 


yj  =xy2+xy2+xy 

y2  = y2+*vi 

y\  = yz^^yi 

y2  = xy2+yiy2+*y2 

6 

y5  = iy2+yjy2+xy2 

7 

^1=^2 

y2  = x92+*y2 

y2  = y2+*yi 

yj  = xy2+xy2 

8 2 
yi=yi 

8 2 
^2=^2  • 

where  p and  c are  called  the  path  and  the  cycle 
lengths  respectively. 

Proof:  Suppose  we  apply  3 to  ^ an  unlimited  num- 
ber of  times.  Since  there  are  2’  possible  vectors 
in  (g":  g)  some  power  of  3 must  be  equal  to  a pre- 
viously generated  vector.  ■ 

Corollary  1;  The  least  upper  bound  for  p is  2".  ■ 

Theorem  2:  The  least  upper  bound  for  c,  denoted 

by  Cj,  is  given  by 

c^=n(Pi)-'  (7) 

where  p,  and  j are  seiected  such  that  p,  is  a prime 
number  and  j is  the  maximum  power  such  that 

(p.)^S2”.  (8) 

The  product  in  Eq.  (7)  is  taken  over  all  p,  which 
satisfy  inequality  (8). 


It  is  easy  to  verify  that  the  assignment  x = 0 pro- 
duces a cycle  of  length  2 and  the  assignment  x = 1 
produces  a cycle  of  length  3,  Finally, 

p = 2 and  c = 6 . ■ 

Theorem  3:^  For  large  n we  have 


IV.  MINTERM  VECTOR  FORM  (MVF) 

A product  term  of  the  form  y*'ya®.  • . y'"  is  said 
to  be  a minterm  over  the  variables  in  (y^,  y,,..., 
y„),  where 

Iy  if  e = 1 

. 

y if  e = 0 


We  will  represent  Boolean  transforms  by  switch- 
ing expressions. 


For  example  ie  a minterm  aad  correspocids 

to  (1,0,  1)  € (p®:  P).  Since 

S e.2“'‘=  5, 
i=l  ‘ 

we  say  that  this  minterm  corresponds  to  the  deci- 
mal 5.  The  minterm  vector  form  (MVF)  of  a vec- 
tor denoted  by  m,  is  a column  vector  consist- 
ing of  all  of  the  minterms  over  The  compo- 
nents in  m are  ordered  by  their  corresponding 
decimal  numbers. 

Example  2:  For  a vector  ^ of  dimension  3,  we 
have 

i^iyyyz-y^) 


— ^ ^2^3’ 

The  transform  between  ^ and  m is  called  the 
decoding  of  the  vector  ^ and  is  denoted  by 

m = 

This  is  a transform  of  an  n-dimentional  vector  in- 
to a vector  of  dimension  2“. 

Equati  on  1 can  be  written  as 


Yj  = for  j = 1.  2, 


Y. = a. • m (11) 

1 -3  — 

where  is  a row  vector  of  Boolean  expressions 
over  X,  and  the  dot  represents  a scalar  product. 

~ 2” 

The  actual  assignments  of  a.  belong  to  (p  : p). 

The  zero  (one)  vector,  denoted  by  0^  (_^),  of  (p  ;p) 
is  a vector  of  size  2",  the  components  of  which 
are  all  zeros  (ones). 


Theorem  4:  Given 


representation  of  the  function  with  respect  to 
the  base  m. 

The  matrix  form  < of  the  transform  3 is  defined 


^ = tm  (15) 

where  t is  of  size  nx  2°,  the  rows  of  which  are  de- 
fined by  Eq.  (11). 

Example  3:  Consider  the  transform  of  Example  1, 
namely 

Yi= 


^2=  ^2+*^! 


We  have 


Yj=0.yjy2+l.yiy2+0.yiy2+*-yiy2 

’^2= 


or  equivalently 


Yj  = (0,  1,0, x)  .m 


Y.  = a. • m 
3 -3  — 


Y2=  (1,x,  1,0)  .m  . 

Finally, 

■ 0 1 Ox' 

X ~ • m . 

.1x10. 

Equation  (15)  can  be  written  in  a symbolic  form 

X ^ * 


Y = f(jr,x) 
m = £(;y) 

and  M = .S(_Y) 

then  £7  is  the  transform  defined  as 


then  we  have 


Y. = a. . m 
3 “3  — 


Y.Y,  = (a.  A ^)  • m (13) 

j k '-j  — 

and 

Yj+ Yj^  = (^  V a^)  . m (14) 

where  a,  is  the  complement  of  a^,  and  "a"  and 
"V"  are'the  AND  and  OR  operafTons,  respectively. 
These  operations  are  carried  out  component  by 
component.  ■ 

z® 

The  vectors  of  ( p : p)  satisfy  the  postulates  of 
a Boolean  algebra  and  can  be  considered  as  the 


M = Cl(rn)  . 


Theorem  5;  M and  ni  are  related  by  the  equation 
M = Am  (17) 

where  A is  a 2"  x 2“  matrix,  the  elements  of  which 
are  Boolean  switching  expressions  over  the  com- 
ponents of  X. 

Proof;  We  have 

Y ~ 4m  = [ .4  j I ^2'  • “ • ' lin 

where  t = 2"-l  and  4,  are  the  columns  of  4*  There- 
fore 
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M = Ml)  = J<ij) . ■ 

Example  4:  Let  us  consider  the  result  of  Example 
3,  namely 


Y = 


We  have 


1 

o 

II 

' “i' 

LiJ 

■ “2- 

0 1 0 X 

1x10 


M^)  = 


o' 

“1 

“2 

1 

“1 

«2 

0 

«1 

“2 

0 

. “1 

®2  . 

^1 


Mi^)  -- 


12  = 


l1  J 


Ml^)  = 


±3  = 


M±^)  = 


connects  state  j to  state  i if  the  entry  a,j  in  A is 
non  zero.  This  edge  is  labeled  by  a,j. 

The  logical  multiplication  of  two  matrices  is 
defined  similar  to  that  of  algebraic  matrix  multi- 
plication, except  that  multiplication  and  addition  of 
scalars  are  replaced  by  AND  and  OR  operations 
respectively. 

Theorem  7;  Let  A'  and  A'  be  two  DSTM's,  and 
A"'=  A'xA'.  Then  A”  is  a DSTM.  ■ 

Theorem  8;  The  transforms  g and  d are  isomor- 
phic. 

Proof:  This  result  follows  since  there  is  a one  to 
one  correspondence  between  ^ and  m and  1 and  M. 


The  jt-th  power  of  the  transform  £7  is  the  trans- 
form which  is  equivalent  to  I successive  applica- 
tions of  £7.  It  is  denoted  by  £7^. 

We  have  that 


= £7^(m) . 

(18) 

Theorem  9:  m = £7  • m . 

(19) 

Proof:  By  induction  on  f. 

■ 

Theorem  10:  Given  a vector  m = ^y).  a 
form  £7  and  its  matrix  A,  there  exist  two 
p and  c such  that 

trans- 

integers 

aP+<==aP. 

Therefore 

■ 0 0 0 i • 

10  10 

^ 0 i 0 X • ■ 

.0  X 0 0 . 

Theorem  6:  The  sum  of  each  column  of  A is  one. 
The  product  of  two  elements  in  the  same  column 
is  zero. 


Proof:  The  proof  follows  from  Theorems  1 and  8. 

■ 

V.  REED  MULLER  FORM 

In  this  section  we  shall  study  the  implications  of 
using  the  Reed  Muller  form®  onthe  transforms  g 
and  £7  which  were  studied  in  the  previous  sections. 

The  Reed  Muller  state  vector  (RMSV)  corres- 
ponding to  a vector  (8°:B)  is  a column  vector  ^ 
of  size  2”,  where  ~ 


Proof:  The  result  follows  from  the  fact  that  each 
row  M^j)  corresponds  to  the  minterms  over 
and  the  fact  that  the  sum  of  all  minterms  is  one 
and  the  product  of  two  minterms  is  zero.  ■ 

The  class  of  matrices  defined  by  Eq.  (17)  and 
having  the  properties  described  by  Theorem  6 are 
called  deterministic  state  transition  matrices 
( DSTMJ^  The  theory  developed  here  for  DSITM's 
applies  to  the  classical  concepts  of  state  transi- 
tion matrices  and  state  diagrams  used  in  finite 
state  machine  theory.  The  vector  m is  a vector 
of  minterms  and  only  one  component  may  be  one 
at  a time. 

A specific  vector  m for  which  the  j-th  compo- 
nent is  one  is  said  to  define  state  j.  From  A we 
can  construct  a state  transition  diagram.  An  edge 


^1*^2 V ^iv  yn-i^n 

yi^r'-yn-i yzyy-ya'yiyz'-'yJ' 

Theorem  11;  m and  _r  corresponding  to  the  same 
vector  are  related  by  a linear  change  of  variables 
over  GF(2),  given  by  the  matrix  equation 

m = C£. 

Proof;  By  using  the  Reed  Muller  form,  any  ele- 
ment mj  can  be  expressed  as 

m.  = c.  • r where  c. . 6 fO,  1 1 

J -J  - ij  ' 
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aad  where  the  dot  operator  is  the  scalar  product 
over  GF(2).  I 


Example  5:  For  n = 2 we  have 


^1^2 

(i©yi)(l©y2) 

1111 

1 

(i®yi)y2 

0 0 11 

>^1 

^1^2 

»^1>^2 

yjd®  y2) 
^1^2 

0 10  1 

0 0 0 1 

^2 

^1^2 

We  also  have 


= bP 

where  p and  c are  the  same  integers  as  in  Theorem 

10.  , 

Example  6:  Using  the  results  of  Example  4,  we 
obtain 

0 0 1 $x 

0 1 0 

l©x  0 X * ■ 

X 1 0 


= C m 


1 1 
0 0 
0 1 
0 0 


Given  the  transforms  3 and  Cl, 
fine  r and  R as  follows; 


1 1 
1 1 
0 1 
0 

it  is 


m . ■ 


possible  to  de- 


In  Example  5 we  obtained 


C 


1 1 
0 0 
0 1 
0 0 


1 1 
0 1 


£=C'^m  and  R = C’^M. 


Theorem  12:  Let  B be  the  transform  relating  r 
and  R;  i.  e. , ~ 


R = 5(  r)  . 

Then  O and  B are  isomorphic. 

Proof;  Similar  to  Theorem  8. 

Theorem  13;  There  exist  a matrix  B,  the  ele- 
ments  of  which  belong  to  GF(2),  such  that 


and 


R = B£ 


B = C'^AC  or  A = CBC'^ 


Computing  B we  obtain 


B = C'*AC 


1 

0 

0 

0 

i 

1 

0 

0 

1 

1 0X 

1 

0 

1®X 

X 

• 

0 

0 

X 

X 

It  can  be  shown  that 


B‘ 


VI.  LINEAR  ANALYSIS  OF  THE  TRANSFORMS 
a AND  Is 

Jordan  decomposition  of  linear  matrices  is  a 
well-known  result  of  linear  algebra.  Given  a lin- 
ear matrix  N,  it  can  be  written  as 


where  A is  the  matrix  of  the  transform  Cl  of  The- 
orem 12. 


N = T'^JT 


Proof:  We  have 

M = Am 
C_R  = ACr 

and  hence 

R = C'^ACr  = B_r.  ■ 

Theorem  14;  Given  £ and  the  matrix  B of  the 
transform  8 as  defined  in  Theorem  12,  then 
there  exist  two  integers  p and  c such  that 

bP+^=  bP. 

Proof:  We  have  that 

b’*'=  C‘^A*^C.  (20) 

From  Theorem  10  and  Eq.(20)  we  get 


where  J is  a Jordan  form  of  N.  The  Jordan  ma 
trix  has  the  structure  shown  below 


where  the  Jj's  are  square  Jordan  submatrices. 
For  each  eigenvalue  \ of  N there  is  at  least  one 
Jordan  submatrix  J,  of  the  form 

\ 1 0 

0 X 1 
J.  = ' * 

i 0 . • 

• • • 

: 1 

_o  . . . • X 
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In  the  following  discussion  we  will  denote  a Jordan 
submatrix  by  J when  no  ambiguity  occurs. 


Since  (s+X)J  is  the  minimal  polynomial  of  J,  it  fol- 
lows that 


Theorem  15:i  Given  a Jordan  submatrix  of  size 
jxj  corresponding  to  a zero  eigenvalue,  then 


(J+Xl)j=  0. 


Therefore 


and  j is  the  smallest  integer  with  this  property.  ■ 

Theorem  16;  Given  a Jordan  submatrix  J of  size 
jxj  corresponding  to  a nonzero  eigenvalue  X. 
where  X belongs  to  the  Galois  field  GF(2'')  and  X is 
of  order  e,  then 

J"'^  I 


J®  = I . 


Theorem  17;  Given  a Jordan  submatrix  J with 
nonzero  eigenvalue  X of  order  e,  the  matrices 

0,G,G^,G^ G®■^G® 


form  a finite  field,  where 


where  m = e2  and  £ is  the  smallest  integer  such 
that 

js2^. 


Proof:  It  is  well  known  (Galois  field  theory)  that 

(s  + l)^=s^+l  forallq.  (21] 

On  the  other  hand  e is  the  smallest  integer  such 
that 

(s®+  1)  = (s+X)Pj^(s) 

where  Pj^(s)  i®  ® polynomial  of  s of  degree  e-1. 

We  have 

(s®+l)^=  (s  + X)V.(8). 


Cl  e 2* 

Obviously  (s  +1)'^  divides  (s  +1)  where  £ is  the 
smallest  integer  such  that 


js2^. 


Using  Eq.  (21) 


, e,  ,,2*  e2^^, 

(s  + 1)  =8  + 1 . 


Therefore,  (s®+l)'^  divides  s®^  +1  and  £ is  the 
smallest  integer  for  which  this  occurs. 

Finally  it  is  possible  to  write 


(s*'^  +1)  = (s®+l)Jp.(8). 


From  Eq.  (22)  we  obtain 


(s®  + 1)  = (s+X)^pi(8)Pj(s)  . 

If  we  substitute  J for  s in  Eq.  (23)  we  obtain 


(J*^+I)  = (J+Xl)V^(J)Pj(J)- 


and  £ is  defined  as  in  Theorem  16. 

Proof:  We  know  that  J satisfies  its  minimal  poly- 
nomial, namely 


(J+XI)^=  0 . 


,2^  ^ , ..,2^ 


2^,  . 2^ 


Now  (s+X)^  divides  (s+X)  and  (s  + X)  =8  +X 
where  £ is  the  smallest  integer  such  that 

£ I 

8^  +X^  = (8+X)'^Pj(s)  . (24) 

It  is  known  from  Galois  field  theory  that  X is 
one  of  the  £ -conjugates  of  \ and  has  the  same  or- 
der as  X- 

By  substituting  J for  s in  Eq.  (24)  we  have 
2^  2^ 

G = J = X I = gl  . 

The  elements  0,  g,  g®, . . . , g»-i,  1 form  a field  of 
e+1  elements.  So  will  the  different  powers  of  G 
and  the  zero  matrix. 

Note  that  Theorem  16  is  actually  a corollary  to 
Theorem  17  since 

G - g I = I.  ■ 


Theorem  18:  Given  a Jordan  matrix 


the  elements  of  which  belong  to  GF(q'')  then  there 
exist  two  integers  p and  c such  that 

jP+‘=  = jP 

and  p,  c are  defined  as  follows: 
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1.  p is  the  size  of  the  largest  submatrix  which 
has  zero  eigenvalues. 

2.  c is  the  least  common  multiple  of  m^,  m^, 
....  m,  where 

m. 

J.  ‘ = I . 


Proof:  The  result  follows  from  the  fact  that 

.1 


“o 

1 

0 

0~ 

"o 

0 

1 

0~ 

1 

1 

1 

0 

= 

1 

0 

0 

0 

= 

1 

0 

0 

0 

1 

1 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

and 


J^  = 


1 


O 


O 


0 


= T BT  = 


110  0 
0 10  0 
0 0 0 1 
0 0 0 0 


Therefore 


and  from  Theorems  15  and  16.  ■ 

Given  a matrix  A or  B as  defined  in  Sections  IV 
and  V,  then  the  integers  p and  c of  Theorems  10 
and  14  can  be  obtained  as  described  next. 

Procedure  1:  Calculation  of  p and  c using  ma- 
trices A or  B. 

Step  1.  For  each  binary  assignment  of  x,  per- 
form the  Jordan  decomposition  of  the  correspond- 
ing matrix  A or  B. 

Step  2.  Compute  j,  and  m^j  such  that 

m. 


1 1 
0 0 


. J‘*o. 


For  the  assignment  x = 1 we  obtain 


1^=0 

I 


and  = 1 


according  to  Theorems  15  and  16. 

Step  3.  p is  the  largest  j,  obtained  in  Step  2.  c is 
the  least  common  multiple  of  all  of  the  m^  ob- 
tained in  Step  2.  ■ 

The  validity  of  this  procedure  follows  from  Theor- 
em 18. 

Example  7:  Let  us  consider  the  matrix 


1 

0 0 

0 

0 

0 1 

0 

B(l)  = 

1 

0 0 

1 

i 

• 

0 

0 1 

1 

1 

The  characteristic  polynomial  of  B(l) 

is 

s{s  + l )(s*+ s + 1 ) and 

its 

eigenvalues 

i are  0, 

1, 

a and  1 

b.  Now 

0 

1 0 

0 

1 

1 

1 

1 

1 

0 1 

1 

T"^  = 

1 

0 

0 

0 

T = 

0 

0 a 

b 

b 

0 

a 

b 

• 

0 

1 b 

a 

a 

0 

b 

a 

Therefore 

1 

0 

0 

0 

^3 

0 

0 

0 

0 

0 

0 

1 

1®  X 

= T"^BT  = 

0 

1 

0 

0 

1 

0 

lex 

• J = 

4 

0 

X 

O ‘^5 

0 

a 

0 

0 

0 

X 

X 

"^6 

0 

0 

0 

b 



For  the  assignment  x = 0,  we  obtain 

0 


B(0)  = 


0 0 
0 1 1 
0 1 0 
0 0 0 


where 


and 


J3=0 


j5=o 


J4=l 


jj=0 


J5=a 


J6=b 


The  characteristic  polynomial  of  B(0)  is 
s*(s  + l)^  and  the  eigenvalues  are  0 and  1. 

We  have 


The  result  from  this  computation  is 
p = 2 c = 6 

as  we  found  previously.  ■ 

It  is  important  to  notice  that  Procedure  1 ap- 
plies to  the  matrix  B of  Section  V as  well  as  to  the 
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matrix  A of  Section  IV,  which  are  both  derived 
from  the  transform  3 of  Section  III. 

VII.  CONCLUSION 

We  have  defined  a Boolean  transform  3 by 
Y = f(i;.x) 

and  derived  the  isomorphic  transforms  Ct  and  8 
defined  by  the  matrices  A and  B given  in  Sections 
IV  and  V.  3 is  a relation  between  two  binary  n- 
dimensional  vectors,  d is  the  relation  between 
the  two  MVF's  corresponding  to  the  two  previous 
vectors,  and  8 is  the  relation  between  the  two 
corresponding  RMS  Vs. 

The  complete  relationship  between  d,  8,  and  3 
is  given  in  Figure  2. 


Figure  2.  Relationship  between  d>  8 and  3. 

The  transforms  ^ and  C are  reversible,  i.  e. , 
given  any  one  of  the  three  vectors,  jr,  m,  or 
we  can  compute  the  other  two. 

The  transforms  3,  dt  and  8 are  not  necessar- 
ily reversible.  Whenever  one  transform  is  re- 
versible, so  are  the  other  two,  and  both  matrices 
A and  B will  be  non-singular.  Singularity  of  A 
and  B means  irreversibility  of  the  transforms. 

There  are  two  basic  schools  of  research  which 
employ  multi-valued  logic  to  digital  circuits.  One 
school  deals  with  the  realization  and  related  de- 
sign algorithms  for  multi-valued  logic  devices. 
The  second  school  deals  with  the  use  of  multi- 
valued algebras  in  the  analysis  of  classical  two 
valued  logic  hardware.  Our  work  falls  into  this 
second  category.  We  have  carried  out  some  of 
our  analysis  using  Galois  field  theory.  From  this 
we  are  able  to  study  certain  of  the  cyclic  state 
transition  properties  of  sequential  machines. 
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SUMMARY 

One  studies  the  possibility  of  evaluating  the 
local  values  of  a multivalued  function  by  means 
of  a specific  type  of  algorithm  called  multiva- 
lued decision  algorithm.  The  reason  for  this 
choice  is  its  wide  range  of  applications  that 
encompasses  both  hardware  and  software  problems. 
Possible  applications  of  the  multivalued  deci- 
sion algorithm  are  : combinatorial  synthesis 
of  discrete  fimctions  by  means  of  multiplexers, 
sequential  synthesis  of  discrete  functions  using 
multi veilued  ROM's  and  multiplexers,  transforma- 
tion and  optimization  of  microprograms. 


GENERAL  DEFINITIONS  AND  NOTATIONS. 

Let  x=( x^_^ , . . . ,x^ ,Xq)  ; a discrete  function 
fix)  is  a mapping  f:  S"  -*•  S with  : 

f : {0,1 m-1}"  ->-{0,1 m-1} 

The  lattice  exponentiation  is  defined  as  follows: 
(C.) 

x.  = m-1  iff  X.  ^ C.  with 
1 11 

C {*0,1,..., m-1}  = S 
= 0 otherwise. 

The  following  operation  sytdbols  are  used  : 

V or  V stands  for  the  disjunction,  i.e. 
a V b ° max( a,b) ; a,b  € s ; 

A or  absence  of  symbol  stands  for  the  conjunc- 
tion, i.e.  : aAb  = min(a,b)  ; 

A cube  function  is  a discrete  function  of  the 
form  : 


n-1  (C.) 

th  A X.  ,£e{0,1 m-1},C.  £SVi 

i=0  ^ ^ 

An  implicant  of  a discrete  function  f is  a cube 
function  smaller  than  f ; a prime  implicant  of  f 
is  an  ii^jlicant  which  is  not  smaller  than  any 
other  implicant. 

1.  INTRODUCTION. 


We  consider  first  a discrete  function 
of  n VELriables  f(x^_^ ,. . . ,x^  ,Xq}  or,  in  short, 

fix).  Various  classical  methods  are  available  for 
realizing  such  a function  by  a combinational  cir- 
cuit : one  could  e.g.  use  a two-level  circuit  of 
AND-OR  gates,  HAND  gates  ...  etc. 

The  synthesis  goad  generally  consists  in 
obtaining  an  acceptable  compromi  se  bet  ween,  design 
parameters  such  as  e.g.  the  hardware  cost  and  the 
response  time.  The  essential  features  of  the  combi- 
national synthesis  are  high  speed  and  high  cost 
and,  for  specific  applications,  this  compromise 
may  happen  to  be  unacceptable.  Hence  the  need  to 
investigate  alternatives  to  the  combinational 
approach. 

In  the  present  paper,  we  study  the  possi- 
bility of  evaluating  the  local  values  of  a discrete 
function  by  means  of  a specific  type  of  algorithm, 
to  be  defined  formally  below,  and  called  multiva- 
lued decision  algorithm.  The  reason  of  this  choi- 
ce is  its  wide  range  of  applications,  that  encom- 
passes both  hardware  and  software  problems.  This 
point  will  be  discussed  with  more  details  in 
what  follows . 

Definition  1 . A multivalued  decision  algorithm  is 
a loop  free  algorithm  containing  only  a finite 
number  of  labelled  instructions  of  the  following 
type  : 

Let  be  a discrete  variable  with  values  in 

(0,1 m-1}  ; the  instruction  labelled  N.  con- 

J 

tains  m statements  labelled  e.g.  from  0 to  m-1 
and  one  variable  x^  e x.  It  is  defined  as  follows: 

N.  : If  the  variable  x.  takes  the  value  k.  go  to 
0 

the  statement  of  N.  labelled  k.  where  : 

J ^ 

(a)  k^  e {0,1 ,. . . ,m-1} 
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(b)  the  involved  m statements  are  : 

either  "go  to  label  Nj^"  or  "the  value  of 

the  function  f is  h"  with  h6{0,l,...,ni-l}. 
The  latter  statements  are  called  terrrinal 
statements. 

The  above  kind  of  instruction  corresponds  to  the 
SWITCH  instruction  in  Algol  and  to  the  CASE  ins- 
truction in  Pasf  1 respectively  ; moreover  if 

is  a binary  variable  these  instructions  reduce  to 
the  instruction  if  - then  - else,  i.e.  ; 

N.  : if  (condition  x. ) then  (statement  0 for 
J ^ 


else  (statement  1 for  x^=l). 

If  one  has  to  evaluate  a Boolean  function,  the 
multivalued  decision  algorithm  will  be  called 
binary  decision  algorithm. 

We  furthermore  require  the  existence  of  a unique 
initial  instruction  that  we  denote  N^.  In  what  fol- 
lows, the  instructions  of  the  type  (1)  will  be 
unambiguously  represented  by  the  (m+2)-tuple  : 


( j; 


(2) 


where  j is  the  label,  x^  is  the  discrete  variable 

whose  value  is  to  be  tested  and  where  Sq,s^,..., 

s , are  the  m statements. 
m-1 

A multivalued  decision  algorithm  is 
displayed  as  a labelled  graph  : we  associate  a 
node  marked  (j,x^)  with  each  instruction  (2)  and 

anode  marked  h(h  6 (0, 1 , . . . ,m-1 } ) with  each  ter- 
minal statement.  From  a node  (j,x^)  corresponding 

to  the  instruction  (2)  we  draw  (at  most)  m edges 
marked  0,1,..., m-1  to  the  nodes  corresponding  to 
the  statements  Sq,s^,...,  respectively,  if 

these  statements  are  such  that  e.g.  Sj^=S£=  ...  = 

s^  we  draw  from  (j,x^)  an  edge  labelled  k, £,..., m 

to  the  node  corresponding  to  the  statement  Sj^. 

The  in-degree  of  a node  is  the  num- 
ber of  edges  drawed  to  it  ; a multivalued  decision 
algorithm  will  be  called  a multi-valued  decision 
tree  if  the  in-degree  of  all  its  nodes  (j,x^)  is 

at  roost  1 . 

Example  1.  The  multivalued  decision  algorithm. 


is  represented  graphically  in  figure  1.  An  easy 
computation  shows  that  this  algorithm  defines  the 
discrete  function  f(Xg,x^,XQ)  : 


f : (0,1  ,2}^  ^ (0,1  ,2} 

the  Karnaugh  map  of  which  is  given  in  figure  2. 

It  is  clear  from  the  above  example  that 
every  multivalued  decision  algorithm  cocgjletelj' 
defines  a unique  discrete  function.  Conversely, 
given  a discrete  function,  there  exist  numbers  of 
multivalued  decision  algorithms  that  compute  that 
function.  That  observation  immediately  raises  va- 
rious optimization  problems.  In  order  to  define 
appropriate  optimization  criteria,  we  first  brief- 
ly review  some  possible  applications  of  the  problem 
at  hand. 

a)  Combinatorial  synthesis  of  a discrete  function. 

The  general  problem  is  to  synthesize 
a discrete  function  with  a minimum  number  of 
combinational  multiplexers.  Let  us  recall  that  a 
multiplexer  is  a combinationEil  network  made  up 
of  m data  inputs  a^  and  one  control  input  x rea- 
lizing the  following  output  function  z : 

m-1  / . . 

z = V a.  X ^ (3) 

i=0  ^ 

It  is  clear  that  to  each  multivalued  decision  al- 
gorithm we  may  associate  a combinational  logic 
circuit  made  up  of  multiplexers.  This  point  is 
illustrated  in  figure  3 for  the  function  in  exam- 
ple 1.  In  this  application,  the  hardware  cost  is 
proportional  to  the  number  of  multiplexers,  i.e. 
to  the  number  of  instructions  in  the  multivalued 
decision  algorithm,  while  the  response  time  is 
proportional  to  the  logical  depth,  i.e.  to  the 
maximum  number  of  multiplexers  encovmtered  when 
passing  from  one  input  to  the  output.  In  the 
graph  model,  the  logical  depth  is  represented  by 
the  maximum  distance  between  the  initial  node 
and  the  terminal  node. 

b)  Sequential  synthesis  of  discrete  functions. 

The  problem  of  investigating  binary 
decision  algorithms  seems  to  have  first  been  ta- 
ckled by  C.  Lee^  . More  recently  R.  Boute^  ob- 
served that,  as  any  algorithm,  a binary  decision 
algorithm  may  be  implemented  as  a sequential  ma- 
chine and,  more  precisely  by  microprogrammed-li- 
ke architectures.  In  particular  as  the  automaton 
associated  with  a binary  decision  is  a condition 
automaton,  in  the  sense  of  Ito^  , it  is  obviously 
possible  to  subdivide  the  control  store  word  in 
four  fields  : a variable  identification  field 
(V.I.F. ),  two  address  fields  and  an  output  field 
(see  for  instance  Davio  and  Thayse**  ).  The  genera- 
lization of  this  synthesis  method  to  the  case  of 
multivEdued  decision  algorithms  is  straightfor- 
ward. Let  illustrate  the  method  by  the  function 
of  example  1.  First,  let  us  slightly  modify  the 
algorithm  in  order  to  a-void  the  presence  of  two 
different  types  of  statements  : 
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X 


0.\ 


? • .A 

f * ■ * S:* 


? 

3 

I4 

3 

6 

7 


0 

0 

0 

1 

1 


The  presence  cf  a ”1"  in  the  ccl'jcr.  O.A  (Output 
Available)  indicates  that  the  ccryutation  is  cca- 
pleted  and  that  the  val'je  taXen  by  f at  p>cir.t 
(x^,x^,x^)  is  available  in  coluar.  O.V  (Output  Va- 
I're).  The  iitplementat ion  of  this  algorithm  by  means 
of  ternary  ROM's  address  decoders,  multiplexers 
and  registers  is  only  a matter  or  encoding  of  the 

labels  N.,  j*1  to  7.  The  following  encoding  has 
1 

been  chosen  in  figure  I*  : 


^ ^'6  ”7 

00  01  02  10  20  21  22 


The  working  of  the  circuit  cay  be 
briefly  explained  : 

- the  address  presently  contained  in  the  Instruc- 
tion Address  Register  selects  one  of  the  rows 
of  the  Control  ROM  by  means  of  the  Address  De- 
coder. 

- The  Variable  Identification  Field  (V.I.F.  ) of 
the  selected  row  selects  one  of  the  inputs 
Xq,  x^  and  x.,  by  means  of  the  multiplexer  2. 

- The  value  of  the  selected  input  variable  selects 
one  of  the  three  address  fields  and  determines 
the  next  instruction  address  by  means  of  the  mul- 
tiplexers b and  c ; this  new  address  is  stored 

in  the  Instruction  Address  Register. 

- Once  the  computation  is  completed,  a "1"  appears 
on  the  Output  Avaiuable  wire  and  fiXg.x^.XQ) 

is  available  on  the  Output  Value  wire. 

(Notice  that  the  bars  stand  for  don't  care  condi- 
tions ) . 

^n  the  general  case  of  a multivalued 
decision  algorithm  conqjuting  a n-variable  m-valued 
function  in  p steps,  a row  of  the  control  memory 
must  contain  the  following  informations  : 


V.I.F.  Address  1 Address  m O.A  QV 

1 out  of  n)  (1  out  of  p)  (1  out  of  p) 


w*  jie  • »-ary  ROM  for  storing  those  informa- 
, '*)•  r anter  of  cells  per  row  is 

n"l  ♦ a f” P"*  • 

jster  jf  cells  in  the  control 
' < •••-r  ' lan  ir  equal  to 


The  r.vciber  p cf  -.r.s*. r uc • ; r.."  -.s  aga.r.  •.hr  mi'S'  .s- 
p.-r'v.b  far*  ;r  in  * he  harivar"  ■ ?*  rvalua' ; r. . 

At.  imp>'r*.ar.*  fea"  f ‘r;-  "ype 

"yr'hesis  is  *ha*  *he  respcr.se  hire  is  ia'a  icier.- 
ien*  . I"  becraes  -h  is  1 r.here s* ; r.c  • ha'.T  a.*  es'i- 
mahi.r.  f rhe  r.vrij,'.-  p.™  vsjJt'rj;  : . if  ■ r.  .'ur 
rirr.ir.g  exarple,  we  ass'ime  •ha*  all  'he  '.anabies 
•ake  hb.e  values  0,’  a.-,  i v,*h  pr  babil  *.e.5  e.j  .al 
t ..  ■/',  *.he  average  processing  • ime  expresses  ir. 

clock  pericisu  t*  sl«<e  '.  cf  ‘he  2“  cases  are  p: — 
cessed  ir.  3 time  units  and  13  in  2 time  ’units. 

c Application  tc  micrcpr  gr.arrx-d  systea:. 

It  has  alreaSy'  been  menticned  tr.a*. 
binary  decision  algcritins  re  iuce  t:  -cn.ii'icn 
automata.  Clearly  enough,  the  prctler.  o."  cltaining 
a binary  decision  algorithm  f r ccmp.'ing  a Boo- 
lean function  plays  an  essential  r le  in  tra.-.sf  r- 
ming  an  arbitrary  mi c rep rcgr am  'gith  the  various 
consequence  this  fact  may  imply  on  the  architectu- 
re of  the  control  part  of  the  system,  (see  e.g. 
Davio^  ).  The  sequential  evaluation  of  discrete 
functions  thus  app"ars  as  a typical  case  of  pro- 
cess sequentialicatior.  and  thus  of  discussion  of 
cost  vers'us  tine  tradeoffs. 

Ir.  concl’usion  to  the  above  discussion, 
we  note  that  three  possible  optimization  criteria 
have  been  defined  : 

(a)  the  n’ur.ber  of  instr’uctions  in  a multi val’ued 
decision  algorithm  P( f ) ; 

(b)  the  maxim-urn  processing  tine  t^lf)  ; 

(c)  the  average  processing  time  T(f)  . 

The  problem  of  minimizing  the  average  processing 
time  (of  Boolean  functions)  has  recently  been  ta- 
ckled by  Breitbart  and  Reiter^  (unate  functions) 
and  Perl  and  Breitbart^  . Note  that  the  optimiza- 
tion of  binary  decision  algorithms  is  related  to 
that  of  transforming  decision  tables  into  computer 
programs  and  to  the  problem  of  organizing  files 
as  binary  search  trees.  Survey  paper  on  these  to- 
pics have  been  presented  by  Pooch®  and  Nievergelt'^ 
respectively. 

The  present  paper  attempts  to  present 
for  the  first  time  results  and  applications  for  the 
multivalued  decision  algorithm  (it  is  understood 
that  all  the  results  in  the  literature  quoted 
hereabove  are  exclusively  concerned  with  binary 
decision  algorithm).  Moreover  these  results  give 
rise  to  new  and  very  competitive  methods  for 
Boolean  functions. 

The  algorithms  presented  in  this  paper 
are  based  on  the  concepts  of  Twin-term  and  bf 
weighted  Twin-term  which  are  introduced  in  sections 
2 and  3 respectively.  Further  on  these  concepts  will 
be  referred  to  as  T-term  and  as  weighted  T-term 
respectively.  The  concept  of  T-term  is  used  in  sec- 
tion 2 fOi  the  minimization  of  the  maximum  proces- 
sing time  in  multivalued  trees.  The  concept  of 
weighted  T-terms  is  used  in  section  3 for  the  mi- 
nimization of  the  average  processing  time  and  of 
the  number  of  instructions  in  a multivalued  deci- 
sion tree.  Finally  section  U presents  a method 
for  reducing  the  number  of  instructions  in  multi- 
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1 


vaJued  decision  algcrithas. 


2.  THE  T-TERME  AIJD  THE  OPTIMIZATICS  CF  THE 
MA.XIML'v  PROCESSING  TIMfe  IK  DECISION  TREES. 


We  first  define  a generalized  ver- 
sion of  the  consensus  operation. 


Definition  2. 

n-1  (C.) 

Let  C = A X. 


and  C 


a' 


1=0 


(C|) 


be  two 


cubes.  The  consensus  of  C and  C with  respect  to 
the  variable  Xj^  or  k-th  consensus  of  C and  C 

is  the  cube  denoted  C • C and  defined  by  ; 
k 


C * C 
k 


= \ 


(C^uc-) 


A 

i#k 


'OCp 


(M 


It  could  easily  be  verified  (see  Davio  and  Bicul'') 
that  the  k-th  consensus  is  a commutative  and  asso- 
ciative operation  on  the  set  of  cubes  and  that  any 
consensus  of  two  cubes  is  included  in  their  dis- 
junction. 

Definition  3. 

(a)  The  T-terms  of  order  0 or  T^-tenss  of  the  dis- 
crete function  fix)  will  be  denoted  T9(f)  with  i 

a counting  index  ; they  are  all  the  cubes  covering 
the  subdomains  where  the  function  f takes  uniformly 
the  same  value  h(h  € (0, 1 , . . . ,m-l } ) . 

(b)  The  T-terms  of  order  q(q.  > 1 ) or  T'^-terms  of 
the  discrete  function  f(x)  will  be  denoted 

T?(f)  and  are  defined  as  follows  : 

T^{f)=T|'''(f)*  T^°(f)*  T^\f)*...*  T^^'^f)  , 

^ k 0 k 1 k k s-1 


at  most  m cubes  , p^  < q- 1 , 0 < e < m- 1 


is  a T'^-term  if  : ^ 

(a)  The  s+1  exponents  C^(0  < e < s+ 1 < m)  of  Xj^  ^ 

that  appear  in  the  s+1  cubes  T(f)  of  the  right 
member  of  the  above  relation  constitute  a partition 
of  the  set  {0, 1 , . . . ,m-1 } . 

(b)  T|(f)  T^(f)  Vr  < q-1  and  V £ . 

Stated  otherwise,  the  consensus  between  a t'^  ^-term 
Pe 

and  at  mosttm-ljT  -terms  (p^  < q-1  f e)  produces 

a T'^-term  iff  (a)  the  result  of  the  consensus  ope- 
ration is  independent  of  Xj^  and  (b)  the  result  is 

not  a T^-term  (r  < q-1). 

Definition  U. 

A T-term  of  order  q will  said  to  be 
a prime  T^-term  iff  it  is  not  contained  in  another 

T‘^-term. 


Example  1 (Continued' 


Consider  again  the  example  1 together  with  the 
table  I ; the  prime  T'^-terms  cf  the  f'ur.ctior.  of 
fig'ure  2 are  r.-imbered  from  1 to  8.  Its  prime 

1.2  _3 
T -terms,  prime  T -terms  and  prime  T^-terms  are 

numbered  from  9 to  l”,  from  l8  to  23  and  from  21 
to  26  respectively.  The  following  information  is 
gathered  in  the  col'umr.  "consensus  operation"  : 
e.g.  for  the  term  numbered  i?  one  has  : {x^:6,5,2) 
which  means  that  the  term  1?  nas  been  obtained 
by  performing  the  consensus  operation  between  the 
terms  numbered  6,5  and  2 with  respect  to  the  varia- 
ble x^.  The  letters  Xq^^\  and  are  pre- 

sent in  the  terms  6,5  and  2 respectively.  In  the 
same  way  the  information  (x^:  1^* , 1 1 , 1** ) for  the 


term  21  means  that  this  last  has  been  obtained  by 
consensus  operation  between  the  terms  11  and  ll 


and  with  respect  to  the  variable  x„ 


the  letters 


(0,2) 


and  X. 


(1) 


are  present  in  the  terms  lU  and 


11  respectively. 


1 

— 

N 

1 T’-terms 

Consensus 

operation 

1 Weights 

0 

1 

1 

X 

o 

ro 

X 

o 

- 

0,0 

1 

! ° 

2 

;2}  ;r 

^0  ’‘b 

- 

0,0 

0 

L j 

3 

1 2 

- 

0,0 

j 

i 0 

k 

0 1 

- 

0 

0 

! 0 

5 

„(l)„(l)x(0,l) 
Xg  x^  x^ 

0,0 

. 

0 

6 

^(0)  (0,1) 

''o  '‘l 

0 

0 

0 

7 

^(1.2)^(0,2) 

X,  x^ 

- 

0 

0 

0 

1 

8 

^(0)  (0,2^ 

Xq  Xj 

- 

0,0 

1 

1 

9 

x'°^ 

*1 

Xq  : 6,!i,1 

1,1  ! 

1 

10 

*0  ^1 

Xp  I T *2 ,7 

1.1 

1 

1 1 

0 2 

X.  ■■  5,5,3 

1,1 

1 

12 

Xq  x^ 

x,  : 6,6,3 
* 

! 

1.1  1 

1 

13 

x(2) 

*1 

X2  • T *3 jT 

1,1  : 

1 

m 

,(1)„(0,2) 

*0  2 

X,  : 1*,7,7 

1.1 

1 

15 

Xq  Xg 

X,  : 5,5,3 

1.1 

1 

16 

*1 

Xp  : 7,5,7 

1.1 
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... 


17 

(0,1)  (1) 

*1  *2 

6,5,2 

1.1 

2 

18 

(1) 

’'1 

x. 

7 1T  7 

' » • i 

2.^ 

2 

19 

8,12,8 

2 

1 

20 

^1 

1,10,10 

C 

2 — 

2 

21 

l4,ll,ll 

3,  2 

2 

22 

^(0,2) 

2 

=^1 

9,^,^ 

2 

23 

x«’^ 

^2 

1 

IT, 17,3 

2, 4 

3 

. 

2h 

ni~  1 

^1 

CD 

00 

5 — 

9 

3 

25 

m- 1 

19,21 ,20 

8 ^ 

8,  j 

3 

26 

m- 1 

^2 

22,23,22 

5 ^ 

^ ’ 9 

Table  I. 

The  algorithm,  for  optimizing  the  ma- 
ximum processing  time  in  decision  trees,  that  will 


Based  or.  the  abo'.™  observations  the 
following  algorit'rcr.  ma:.-  now  be  stated. 

Algori thm  ' . 

Starting  from  the  prime  T -terms,  compute  the  pri- 
me T^-terms  until  a level  r '.as  been  .'fained  such 

that  at  least  one  T^-term  is  equal  tc  m-1.  To  this 

T^-term  corresponds  a rn'cltivalued  decision  tree 
having  a maximum  processing  time  of  value  q ; this 

value  is  minimal  since  the  T^-term  is  prime. 

Example  1 (Coi.tinued) 

Consider  the  table  I ; to  the  prime  T^-terms 
25  and  26  correspond  the  optimal  decision  trees  of 
figures  5(b),  (a)  and  (c)  respectively.  They  have 
all  a maximal  processing  time  of  3. 

3.  THE  •e'EIlHTED  T-TERKE  A.\D  THE  OPTIMLIATION  OF 
THE  :rj>{5ER  OF  INSTRUCTIONS  A.NT  OF  THE  ATCRA- 
lE  PBOCESSIHG  TIME 

It  has  been  seen  that  the  concept  of 
prime  T-term  was  the  adequate  mathematical  tool 
for  the  optimization  of  maximal  processing  times 
in  multivalued  decision  trees.  The  concept  of 
weighted  T-term  that  will  be  introduced  herebelow 
will  be  used  in  the  optimization  of  the  number  of 
instructions  and  of  the  average  processing  time  in 
multivalued  decision  trees. 


be  developed  in  grounded  on  the  following  observa- 

(Ci) 

tion  : to  each  T'^-term  A x.  that  has  been  ob- 

1 

1 

tained  by  the  consensus  operation  (see  the  nota- 
tion of  table  I ) ; ( X,  : N . , N . , . . . ,N  . ) can 

^ J 1 J 2 

be  associated  a multivalued  decision  tree  having  a 
maximum  processing  time  of  q,  starting  with  x^^  as 

decision  variable  and  describing  that  part  of  f 
limited  to  the  subdomain  characterized  by  the 
equation  ; 

(e.) 

A x^  = m-l  (5) 


Definition  5. 

A weighted  T-tem  is  a pair 
{a,  c(x)} 

where  a is  a nonnegative  rational  number  called 
the  weight  of  the  T-term  and  where  c(2c)  is  a cube. 
The  weighted  T-terms  of  the  discrete  function 
f(x)  are  defined  iteratively  as  follows  : 

(a)  The  weighted  T-term  of  order  0 or  weighted 

T*^-terms  of  the  discrete  function  f(jc)  are  the 
pairs 

{mQ,‘5°(f)}  = {0,  T?(f)}  (6) 


Indeed,  consider  this  T'^-term  as  the  root-node  of 
the  decision  tree  ; from  this  node  are  issued  at 
most  m branches  (according  to  the  number  of  the 
different  N.  's)  associated  to  the  values  0,1,..., 


m-1  of  the  decision  variable  Xj^  6ind  leading  to  the 


nodes  numbered  N . 

J 


H. 


respectively.  The- 


se nodes  are  in  turn  each  associated  with  T -terms 


(e  < m,  0 < p^  < q-1  Ve);  these  T -terms  are  each 

considered  as  nodes  of  the  multivalued  decision 
tree  and  the  process  is  continxied  iteratively  until 
arriving  to  the  terminal  nodes  which  correspond  to 

the  T^^-terms.  Clearly  the  multivalued  decision  tree 
so  constructed  has  a maximum  processing  time  q and 
con^jutes  that  part  of  f corresponding  to  the  domain 
characterized  by  the  equation  (5). 


(b)  The  weighted  T-terms  of  order  q or  weighted 

T'^-terms  of  the  discrete  function  f(^)  are  the 
pairs 

{m^,'8?(f)}  . 


They  are  defined  as  follows  : let 


■ S 1 / 


0 0 


s-1 


s-1 


< q-1  V e , s < m-1 
be  at  most  m weighted  T-terms.  Then 
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'I  " '!■’  ^0  %-l 


^ k 0 k k s-1 


(with  i a function  to  be  define  further  on)  is  a 
weighted  T'^tern  if  : 

(a)  The  condition  (a)  of  definition  3 is  satisfied; 

(b)  either S ?( f )# f ) , r ^ q-1  and  V t 


or 

and 


■S’ £(  f )=??£(  f)  for  some  r< 

m > E for  the  weighted 
r q 


q-1  and  seme 


rr-r  ^ 

i -term 


t 


Definition  6. 

A prime  weighted  'fi-term,  is  a weighted  T'^-term 
{m,c(x)}  such  that  for  any  other  weighted  T'^-term 
{m' , c'(.x)}  one  has  either 


and  compute  the  number  of  instructions  and 

the  average  processing  time  of  the  considered  mul- 
tivalued decision  tree  respectively. 

Algorithm  2. 

Cocqjute  the  prime  weighted  T-terms  of  the  function 
f ; from  the  list  of  prime  weighted  T-tenns  equal 
to  m-1  select  those  having  a minimal  weight  ny, 

(resp.  m^).  To  those  weighted  T-terms  correspond 

multivalued  decision  trees  having  a minimum  number 
of  Ej^  instructions  (resp.  a minimum  average  proces- 
sing time  of  value  m^). 

Example  1 (continued) 

Consider  the  multivalued  decision  trees  correspon- 
ding to  the  T^-terms  2k,  25  and  26  of  table  I ; 
they  have  a number  of  instructions  of  5,8  and  5 
respectively  and  an  average  processing  time  of  19/9, 
8/3  and  22/9  respectively.  This  can  also  be  veri- 
fied by  considering  the  three  networks  of  figure 
5. 


1*.  REDUCTION  OF  THE  NUMBER  OF  INSTRUCTIONS  IN 
MULTIVALUED  DECISION  ALGORITHMS 


c(x)  £ c'  (x) 

or  if  c{x)  £ c’ {x)  than  m < m' . 

Two  types  of  functions 

^(m  _ , ,...,  m»  ) will  now  be  defined  : 

9 ' ■'-n  ■''=-1 


*0^V 

1,m£^,.. 

...+m£ 

s- 

+ 1 

1 

(8) 

1>\-- 

s-1 

,*v 

.+m£ 

s- 

)+i 

1 

(9) 


Example  1 ( continued) 

The  weights  of  the  T‘^-terms  of  table  I and  with 
respect  to  the  laws  and  have  been  gathered 

in  the  column  "weight". 

The  algorithm  quoted  in  this  section 
is  grounded  on  the  following  observation  ; to  each 

weighted  T -term  A with  weights  Eq  and  m^ 

i 

(with  respect  to  the  laws  and  t ^ respectively) 

can  be  eissociated  a multivalued  decision  tree  ha- 
ving a maximum  processing  time  q,  a number  m^  of 

instructions,  an  average  processing  time  m^  and 

describing  that  part  of  f limited  to  the  subdomain 
characterized  by  the  equation 


Until  now  we  have  only  considered 
minimization  problems  in  the  restricted  frame  of 
multivalued  decision  trees.  Ilinimizing  the  number 
of  instructions  in  multivalued  decision  algorithms 
is  a much  more  coii5)lex  problem. 

We  have  seen  in  the  preceding  sections 
that  minimization  problems  in  decision  trees  may 
be  solved  (at  least  formally)  by  using  the  concept 
of  t9— term  possibly  associated  with  a weight;  each 

T'^-term  covers  a subdomain  of  the  function  domain 
as  characterized  by  the  equation  (5).  If  one  wants 
to  deeil  with  the  minimization  of  the  number  of  ins- 
tructions in  decision  algorithms  .one  has  act  only  to 
consider  the  function  subdomains  but  also  the  sub- 
functions that  are  realized  in  these  subdomains  : 
indeed,  the  minimization  of  the  number  of  instruc- 
tions requests  that  instructions  should  be  merged, 
i.e.  that  identical  subfunctions  shoiild  be  recog- 
nized. This  will  appear  more  clearly  in  the  course 
of  exan^jle  1 that  will  be  continued  further  on  in 
this  section. 

To  each  T'^-term  will  be  associated 
a discrete  function  in  the  following  way. 

Definition  7. 

0 ^®i^ 

(a)  To  a T -term  : A x.  which  covers  a subdo- 
i 

main  where  f takes  uniformly  the  value  h will  be 
associated  the  function  h . The  pairs  {T®-term, 
associated  function)  will  be  written 

(e  ) 

{ A x^  , h) 


(e.) 

A x^  = m-1 
i 

Indeed,  it  c»n  easily  be  verified  that  the  laws 


(b)  Let  {T?  ^(f),  g.},  {T£  (f),g^  ), 


{T^^  \f),  g£  } be  the  T-terms  with  their 
s-1  s-1 
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associated  function  ; if  : 

P P 

T?(f)=  T^'^f)*  T,°(f)  • ...  • T»®“’(f) 

^ ^ k ^0  k k s-1 

(C.) 

is  a T -term  and  if  one  assumes  that  x,  is  pre- 
a-1  (C  ) ^ Pe 

sent  in  (f)  and  ® is  present  in  ( f ) 

y e,  the  function  associated  to  T?(f)  is  : 

(C.) 


The  reduction  of  the  number  of  instructions  in 
multivalued  decision  algorithms  will  be  obtained 
by  merging  some  instructions  in  these  trees  ; 
the  merging  of  instructions  will  be  defined  as 
follows . 

Consider  two  instructions  with  their  associated 
function,  i.e.  : 


instruction  N.  : {T|(f),  g,} 
J u «3 

instruction  N.  : {T?(f),  g. } 
J 1 1 


Definition  6 

Two  instructions  N.  and  M.  may  be  merged  if  and 
J ^ 

only  if  g-=g.  ; the  merged  instructions  N. . is 
J 1 1 J 

then  : 

I instruction  N. . : {T‘^(f)vT?(f)  ,g. ) (11) 

I ij  J 1 1 

The  merging  of  more  than  two  instructions  may  be 
performed  iteratively.  The  following  theorem  cons- 
titutes a quite  straightforward  consequence  of  the 
above  definition  8. 

Theorem. 

In  a multivalued  decision  algorithm,  the  merging 
of  instructions  transforms  the  primitive  algorithm 
in  an  equivalent  one  (that  is  an  algorithm  coiqpu- 
ting  the  same  discrete  function)  having  a smaller 
number  of  instructions. 

It  should  also  be  noted  that  the 

merged  instruction  N.  . represented  in  (ll)  des- 
t J 

cribes  that  part  of  f limited  to  the  subdomain 
characterized  by  the  equation 

T'^(f)  V T?(f)  = m-1  ( 12) 

J t 

It  could  evidently  be  possible  to 
build  straightforward  algorithms  for  the  mini- 
mization of  the  number  of  instructions  in  multi- 
valued decision  algorithm  by  using  instead  of 

T‘^-terms  or  of  weighted  T'^-terms,  the  pair 

{T’^-term,  associated  discrete  function)  . Prime 
poire  could  then  be  defined  in  the  same  way  as 
prime  T^-terms  and  as  prime  weighted  I^terms. 
However,  the  number  of  pairs  that  must  be  taken 
, into  account  renders  algorithms  similar  as  those 

developed  in  sections  2 and  3 practically  unusa- 


ble. Another  approach  that  mig-ht  be  used  to  reduce 
(but  not  to  minimize)  the  r.-umter  of  instructions 
in  decision  algorithns  is  e.g.  to  evaluate  syste- 
matically all  the  discrete  functions  associated 
with  prime  T^-tems  or  with  prime  weighted  T'l-terms. 
Either  the  algorithm  of  section  2,  or  the  algo- 
rithm of  section  3 is  then  used  for  satisfying  the 
corresponding  minimization  criterion  and  the  asso- 
ciated discrete  functions  are  then  used  in  ai;  "a 
posteriori"  treatment  in  order  to  reduce  the  num- 
ber of  instructions.  It  can  easily  be  verified  that 
the  merging  of  instructions  does  not  affect  the 
minimal  character  of  the  maximal  processing  tine 
or  of  the  average  processing  tine. 

Example  1 (continued) 

Consider  the  functions  associated  with  the  prime 

T'^-terms  ; Since  the  functions  associated  with  the 
instructions  9 and  17  are  the  same,  these  instruc- 
tions may  be  merged  and  the  network  of  figure 
5(c)  (with  five  multiplexers)  is  transformed  into 
that  of  figure  3 having  only  four  multiplexers. 
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Abstract 

The  decomposition  of  a multi-valued  sequential 
machine  into  an  interconnection  of  two  submachines 
with  all  feedback  paths  internal  to  the  submachines 
is  discussed.  Different  models  for  the  inter- 
connection of  component  machines  along  with  the 
necessary  and  sufficient  conditions  for  both  serial 
and  parallel  decompositions  are  defined.  Uni- 
covered  state  assignment  is  also  defined.  Examples 
are  given  to  illustrate  the  decomposition  pro- 
cedures. 


I.  Introduction 

One  problem  which  has  received  considerable 
attention,  at  least  in  the  binary  case,  is  that  of 
decomposing  a sequential  machine  into  an  inter- 
connection of  two  or  more  submachines  with  all 
feedback  paths  internal  to  the  submachines.  The 
engineering  advantages  of  breaking  down  the  over- 
all specification  of  a large  machine  into  several 
small  machines  are  rather  obvious:  They  may  lead 
to  circuits  that  are  easier  to  understand,  diagnose, 
maintain,  and  manufacture;  and  the  overall 
component  count  is  also  likely  to  be  reduced 
because  in  several  types  of  decomposition,  the 
number  of  states  in  the  large  machine  is  the  pro- 
duct of  the  numbers  of  states  of  the  small 
machines.  In  the  binary  case,  Hartmanis  and 
Stearns  U-4)  developed  the  basic  analysis  for 
decomposition.  Tan,  Menon,  and  Friedman  (5) 
extended  the  theories  of  reduced  dependence  and 
structural  decomposition  developed  by  Hartmanis 
and  Stearns  for  synchronous  sequential  machines  to 
asynchronous  sequential  machines.  There  are  other 
reports  on  decomposition  (6-12).  Since  the  rapidly 
growing  interest  in  multi-valued  switching  func- 
tions, it  is  important  to  study  the  decomposition 
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of  multi-valued  switching  functions.  Miller  and 
Muzio  (13-15)  presented  a technique  for  two-place 
decomposition  of  multi-valued  coflibinational 
functions,  ihis  study  is  basically  concerned  with 
extending  present  methods  for  decomposing  binary 
sequential  machines,  both  synchronous  and  asynch- 
ronous, to  methods  for  decomposition  multi-valued 
sequential  .xiachines.  Several  procedures  for 
defining  and  analyzing  models  for  the  interconnec- 
tion of  multi-valued  sequential  machines  and  for 
determining  when  and  how  a multi-valued  sequential 
machine  can  be  decomposed  into  a series  or 
parallel  connection  of  submachines  are  defined. 
Ternary  machines  are  used  in  the  examples  only 
because  they  are,  by  far,  the  simplest  to  under- 
stand, All  the  methods  to  be  presented  are 
directly  applicable  (with  no  modification  or  just 
straiohtforward  extensions)  to  arbitrary  multi- 
valued systems. 

II.  Basic  Concepts  of  Machine  Structure  Theory 

A partition  on  a set  of  states  of  a machine 
is  a grouping  of  the  states  into  disjoint  subsets, 
called  blocks,  such  that  every  state  belongs  to 
exactly  one  block.  By  S2»S2(n),  we  mean  that 

Sj  and  $2  are  in  the  same  block  of  partition  n. 

The  trivial  partition  with  just  one  state  in  each 
block  is  called  the  ♦-partition;  whereas  the 
partition  with  all  states  in  one  block  is  called 
the  [-partition. 

The  ordered  pair  of  partitions  (nj,n2)defined 
on  the  set  of  states  S is  a partition  pair  for  the 
machine  M,  denoted  by  P(n^,  n2),  iff  for  each 
block  B.  of  n,  and  each  input  I,  there  exists  a 
block  Bj  of  Rp  such  that  N(B^,  I|^)_  Bj,  where  N 

represents  the  next  state  function.  A partition 
n defined  on  S is  said  to  have  the  substitution 
property,  denoted  by  SP(n),  if  and  only  P(n, 
n),  Tra  partition  has  the  substitution  property, 
then  it  is  called  a SP  partition. 

Let  us  denote  the  R logic  values  in  a R- 
valued  system  as  0,  1,  2,  .....  r-1.  Let  n>  (B^, 

B2,...,B^)  be  an  n-block  partition  on  S.  A 
R-valued  y-variable  covers  n,  denoted  by  x^,  if  y 
is  assigned  the  values  0,1, 2,..., a.  for  states  in 


B,  ; a.  +1,  +2,. ...a.  for  states  in  B. 

a.  +1,  a<  +2,....,  r-1  for  states  In  B,  , 

’n-1  ’n-1  ’n 

where  0<^a^  <r-l  for  l5_i^in-l  and  B^  Is  a block 
j”  ^ j 

in  (6^,62 .B^)  for  l^ij<_n. 

Since  each  state  in  S appears  in  one  and  only  one 
block  of  the  partition,  the  partition  is  said  to 
be  uni  covered  by  a y-variable.  If  every  y- 
variable  'in  a state  assignment  covers  a partition, 
then  the  assignment  is  called  a unicovered  state 
assignment.  A unicovered  state  assignment  7n 

variables  yj»y2« y^  of’  S is  val id  if 

If  a valid  unicovered  state  assignment  is 

also  a single  transition  time  (STT)  assignment, 
that  is,  all  the  state  variables  are  allowed  to 
change  simultaneously  without  critical  races,  then 
it  is  called  a unicovered  single  transition  time 
assignment. 

Based  on  Ungers'  (16)  theorem  in  the  binary 
systems  and  Sheafor's  (17)  extension  of  that 
theorem  to  the  multi-valued  cases,  we  obtain  the 
following  theorem: 

Theorem:  A row  assignment  is  a valid  uni- 

covered  STT  assignment  iff,  for  every  pair  of 

transitions  s^-^s^  and  s„-^„  that  appear  in  the 
1 J m n 

same  column  and  such  that  s.(*s  , the  associated 

J n 

dichotomy  (s<s.,  s_s_)  is  covered  by  at  least  one 
ij  mn 

y-variable  of  that  assignment. 

In  general,  a valid  unicovered  state 
assignment  does  not  always  exist  for  an  arbitrary 
machine;  it  is  therefore  necessary  to  extend  the 
concept  of  the  partition  to  the  concept  of  a set 
system.  A set  system  n on  a set  of  states,  S,  is 
a collection  of  subsets  Bj,B2 ,B^  of  S such 

that  U^B^=S  and  B^^Bj  for  i#j.  A partition  is  a 

special  case  of  a set  system.  The  properties  of 
set  systems  are  basically  similar  to  that  of  parti- 
tions. A state  assignment  obtained  from  a set 
system  is  called  a multi-covered  state  assignment. 
Refer  to  (10)  for  a detailed  discussion. 

In  this  study  we  assume  that  delay  elements 
are  used  as  memory  in  the  sequential  machines.  We 
also  assume  that  we  are  not  directly  concerned 
with  the  output  of  the  machine,  but  are  primarily 
interested  in  the  properties  of  the  state  transi- 
tions. Therefore,  a sequential  (state)  machine  is 
defined  as  M«(S,I,N)  where  S,  I,  N represent  a set 
of  states,  a set  of  inputs,  and  the  next  state  (or 
transition)  function,  respectively. 

Proofs  of  the  theorems  are  not  given  in  this 
paper.  Interested  readers  can  refer  to  (18)  for 
details.  In  the  following  sections,  we  shall  show 
how  these  concepts  can  be  used  to  obtain  a 
decomposition  of  a sequential  machine.  It  is 
obvious  that  we  are  only  interested  in  nontrivial 


decomposition,  that  is,  a decomposition  in  which 
all  submachines  have  fewer  states  than  the 
original  machine.  It  should  be  pointed  out  again 
that  all  decomposition  procedures  to  be  discussed 
are  applicable  to  arbitrary  R-valued  sequential 
machines. 


III.  Parallel  Decomposition 

Figure  1 shows  a parallel  decomposition  of  a 
machine  M into  component  machines  and  M2.  In 

this  type  of  decomposition  the  next  state  of  each 
machine  depends  only  on  the  input  and  its  own 
present  state.  The  output  of  the  component  machine 
M will  usually  depend  on  the  input  and  the  present 
states  of  both  Mj  and  M2. 

Definition  A decomposition  of  a sequential 
state  machine,  denoted  by  M=(S,I,N),  into 
component  sequential  state  machines,  denoted  by 
Mj«(Si,Ij,Ni)  and  M2=(S2,l2tN2),  is  a paral lei 
decomposition  if 

a)  S = X $2 

b)  I = Ij  X I2 

c)  N C(s^,S2),  (ij.i2)XNj(Sj,i^.), 

^2(^2 • ^ 2 ^ ^ 

where 

s^  £ ^2*  ®2  ^ ^2*  ^ ^ ^2* 


III. a Parallel  Decomposition  of 
Synchronous  Machines 

It  follows  from  the  previous  definitions  that 
the  set  system  (partition)  on  the  set  of  states, 

S,  of  machine  M has  the  substitution  property  if 
and  only  if  each  input  maps  blocks  of  into 

blocks  of  n^.  Since  the  operation  of  M determines 

unique  block  to  block  transformations  on  a SP  set 
system  n^,  we  can  think  of  these  blocks  as  the 

states  of  a new  state  machine  M^^j  defined  by  Rj 

and  M.  We  can  think  of  Mj^^  as  a machine  which  does 

only  part  of  the  computation  performed  by  M,  since 
it  only  keeps  track  of  which  block  of  contains 

the  state  of  M. 

To  obtain  an  intuitive  view  of  how  these 
concepts  can  be  used  for  machine  decomposition, 
let  us  consider  that  we  have  two  such  machines, 
and  Mjj2,  operating  side  by  side.  Operating 

separately,  each  machine  does  only  part  of  the 
operation  performed  by  H,  since  it  only  determines 
the  block  of  or  n2  which  contains  the  state  of 

M.  Operating  jointly,  Mj^  and  Mjj2  could  determine 
the  exact  state  of  M if  every  block  of  has  one 
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and  only  one  state  of  M In  comnon  with  every  block 
of  n2.  Thus,  the  states  of  Mjjj  and  uniquely 

determine  a state  of  M,  and  hence  when  operating  in 
parallel,  these  two  machines  compute  the  state 
transitions  of  H.  These  ideas  are  made  precise  in 
the  following  theorem  which  is  essentially 
identical  to  that  in  the  binary  case  (4,  19): 

Theorem  3.1  A synchronous  sequential  machine 
M has  a nontrivial  parallel  decomposition  if  and 
only  if  there  exists  two  nontrivial  SP  set  systems 
iTj  and  and  112  on  the  set  of  states  S of  M such 

that  nj.n2=0. 

The  state  tables  of  the  component  machine 
and  H2  of  a parallel  decomposition  can  be 

derived  directly  from  n^,  112  and  M.  The  number  of 
states  in  is  equal  to  the  number  of  blocks  of 
ilj.  The  number  of  states  in  M2  is  equal  to  the 
number  of  blocks  of  112.  The  next  state  entries  of 
Mj,  j=l,2,  are  derived  as  follows:  If  a block 
of  ilj  consists  of  states  s^,  S2,...,Sp  of  M,  then 
Nj(B.  is  the  set  of  states  iNj(s^,I|^), 
Nj(s2,I^)....,Nj(Sp,I|^)}.  Since  has  the 
substitution  property,  all  the  states  in  Nj(B^,I^) 
will  be  in  the  same  block  B^^  of  n^.  Thus,  if  block 
B^  of  Hj  is  represented  by  state  Sj  and  B^  by  Sj 

of  Mj.  then  Nj(sj^.  g.Sj^. 

Example  1.  Figure  2 gives  the  state  table  of  M. 
Consider  the  set  systems  with  SP,  nj=(12,34,56)  and 
n2=(135,246).  Since  n^. 112=0,  these  two  partitions 

can  be  used  to  define  a parallel  decomposition  of 
M into  M^,  as  defined  by  variable  =nj),  and 

M2,  as  defined  by  variable 

Mj  has  three  states,  A,B,  and  C,  corresponding  to 
the  three  blocks  of  n^,  12,34,  and  56,  respectively, 
and  the  three  inputs  Iq,  I^,  and  I2  of  M.  Let  us 

illustrate  the  procedure  for  obtaining  the  next 
state  entries  of  M^  by  deriving  one  entry,  say 

Nj  (B,Ij).  Since  Nj  (B,Ij)»Nj  (34,Ij)»12cA, 

Nj  (B,Ij)»A.  M2  can  be  constructed  in  a similar 

way.  The  state  tables  of  M^  and  M2  are  shown  in 

Figures  3 and  4 respectively.  Note  that  every 
state  in  M^  and  every  state  in  M2  will  uniquely 

identify  a state  in  M.  For  example,  A of  M^  and  b 
of  M2  Identify  state  2 of  M because  Afib  » (12)0 
(246)  ■ 2. 


lll.b.  Parallel  Decomposition  of 
Asynchronous  Machines 

In  this  section,  our  attention  is  restricted 
to  asynchronous  machines  operating  in  the  funda- 
mental mode,  that  is,  the  time  between  input 
changes  is  sufficient  for  the  machine  to  reach  the 
proper  stable  state.  It  is  also  assumed  that  only 
single  input  changes  can  occur,  although  these 
changes  may  be  multiple-value  changes.  The 
conditions  in  multi-valued  flow  tables  in  which 
multi  pie- value  input  changes  are  allowed  aro  based 
on  the  work  done  by  Shea  for  (17). 

The  conditions  for  the  parallel  decomposition 
of  an  asynchronous  sequential  machine  are  the  same 
as  those  for  the  synchronous  case.  The  following 
theorem  is  based  on  a similar  result  in  the 
binary  case  (4,19): 

Theorem  3.2  An  asynchronous  sequential 
machine  H has  a nontrivial  parallel  decomposition 
if  and  only  if  there  exists  two  nontrivial  SP 
partitions  and  112  on  the  set  of  states  S of 

M such  that  n^.n2=0. 

The  flow  tables  of  the  component  machines 

and  M2  can  be  directly  derived  from  Hj,  n2,  and 

and  M by  using  an  approach  similar  to  the  one 
defined  for  the  parallel  decomposition  of  synch- 
ronous sequential  machines.  It  should  be  noted 
that  each  of  the  component  machines  in  the 
parallel  decomposition  must  be  realized  with  a 
valid  asynchronous  state  assignment.  The  assign- 
ment to  be  discussed  in  this  section  is  the 
single  transition  time  state  assignment,  that  is, 
all  variables  change  simultaneously,  and  the  order 
in  which  the  variables  change  is  irrelevant  to 
the  operation.  It  is  obvious  that  if  M^  and  M2 

are  to  be  single  transition  time  machines,  then 
the  machine  M,  formed  by  the  parallel  connection  of 
Mj  and  M2,  is  also  a single  transition  time 

machine. 

Example  2.  The  flow  table  of  machine  M is  shown 
in  Figure  5.  Let  us  consider  nj»(123,456)  and 

n2=(14,25,36).  Since  n^.  n2  • a,  these  two  SP 

partitions  can  be  used  to  d-'ine  a parallel 
decomposition  of  M into  ,,.j  M2  as  shown  in 

Figures  6 and  7 respectively.  Now,  both  Mj  and 
M2  must  be  realized  with  valid  asynchronous  state 

assignments.  Sheafor  (17)  designed  a method, 
which  is  an  extension  of  Tracey's  STT  assignment 
approach  for  the  binary  case,  to  generate  a 
valid  STT  assignment  for  any  multi-valued  flow 
table.  His  method  is  applied  to  generate  the 
state  assignments  for  Mj  and  M2  as  shown. 

The  parallel  decomposition  theorem  is  valid 
for  a multicovered  assignment  if  partitions  in 
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Theorem  3,2  are  generalized  to  set  systems.  An 
example  is  given  in  (18). 

IV.  Serial  Decomposition 

Figure  8 shows  a serial  decomposition  of  a 
machine  M into  component  machines  and  M2.  In 

this  type  of  decomposition,  all  feedback  paths  are 
restricted  to  be  internal  to  the  component  machines 
just  as  in  the  case  of  parallel  decomposition.  The 
next  state  of  Mj  is  independent  of  the  state  of  M2, 

but  the  next  state  of  M2  depends  on  the  present 

states  of  both  M^  and  M2.  The  output  depends  on 

the  input  and  the  states  of  both  machines. 

Definition  A decomposition  of  a sequential  state 
machine  M={S,I,t't)  into  component  sequential  state 
machines,  denoted  by  head  machines  M^=(S^,I^,N^) 

and  tailjtjadjnne  M2=( 82,12 ,112^ » ® serial 

decomposition  if 

a)  S = Sj  X $2 

b)  1^=  I 

c)  l2=  Sj  X Ij 

d)  N C(Sj,S2),  13=  (Nj(Sj,i),N2(s2,  (Sj,i))) 

where 

^1*  ^2^  ^2  ^ ^ ^1 

IV. a Serial  Decomposition  of 
Synchronous  Machines 

Similar  to  the  parallel  case,  serial  decom- 
position of  synchronous  machines  is  based  on  the 
concepts  of  the  substitution  property  and  reduced 
dependency  of  the  set  of  states.  The  following 
theorem  is  based  on  a similar  result  for  the  binary 
case  (4,19): 

Theorem  4.1  A synchronous  sequential  machine 
M has  a nontrivial  serial  decomposition  if  and  only 
if  there  exists  a nontrivial  SP  set  system  on 

the  set  of  states  S of  M. 

Similar  to  the  construction  of  M^  and  M2  in 

the  parallel  decomposition,  the  head  machine  M^  in 

the  serial  decomposition  can  be  constructed  accord- 
ing to  iij.  The  tail  machine  M2  can  be  constructed 

as  follows:  We  assume  that  has  i blocks  and  the 

largest  block  has  k states.  Let  02  be  a k-block 

set  system  on  S such  that  iij.  112  = 0.  Such  a 112 

can  be  constructed  by  labeling  the  states  of  each 
of  by  1,2,. . . ,N^  ,N^^k,  and  then  placing  all 

states  with  the  same  label  in  one  block  of  112.  For 

example,  if  nj*(1234,567,89),  then  the  labeling  can 

be  done  as  follows: 


Rj  = (1234,  567,  89) 
label  1234  123  12 

Now  if  states  with  the  same  label  are  grouped  in  a 
block,  we  can  get  n2=(158,269,37,4).  The  basic 

idea  is  that  M^  computes  the  block  of  which 
contains  the  state  of  M,  and  M2  computes  the 
corresoonding  block  of  n2.  Since  nj.n2=0,  the 
serial  connection  of  Mj  and  M2  computes  the  state 
of  M.  The  state  table  of  M2  is  derived  directly 
from  n2,  Mj  and  M in  the  following  manner. 

1.  The  states  of  M2  correspond  to  blocks  of  n2. 

2.  The  inputs  to  M2  are  the  external  inputs  and 
the  states  of  Mj. 

3.  For  a state  S2^  of  M2  and  inputs  (Ij^,s^j), 

where  I cl  and  s,  ■ is  a state  M, , the  next 
m I j 1 

state  entry,  ^2^^2i*(  I^,s^j)  ) is  defined  as 

follows:  s^j  represents  a block  of  iij, 

and  S2^-  represents  a block  62^-  of  n2.  Since 

®lj*^®2i’*p 

3a.  If  B^jnB2^=0,  then  combined  state  represents 
a don't  care  condition. 

3b.  If  Bij'^B2^=Sp,  the  combined  state  of  M^  and 
M2  renresents  a unique  present  state  of  M,  and 
the  combined  next  states  of  M^  and  M2  must 

uniquely  represent  the  next  state  of  M.  If 

the  state  s_  is  contained  in  a single  block 
P 

B2p  of  n2,  then  N2(s2^.(In,.s^j)  )=S2p  which 

is  the  state  representing  the  block  B2p  of  112. 

If  the  states  s_  is  contained  in  more  than  one 
P 

block  of  112,  then  the  next  state  for  this  entry 
can  be  any  state  of  M2  which  represents  Sp, 

since  the  combined  next  state  for  any  of  these 
possibilities  will  correctly  represent  Sp. 

Example  3.  For  the  state  table  shown  in  Figure  9, 
SP(nj)=(14,25,36)  and  n2=(123,456).  These  two  set 

systems  are  used  to  obtain  a serial  decomposition 
of  M.  Mj  is  defined  by  as  shown  in  Figure  10; 

M2  is  defined  by  112  as  shown  in  Figure  11.  As  an 

example,  let  us  consider  the  next  state  entry 
N2(a,BlQ).  Since  a'(123)  and  B=(25),  anB*2.  In 

the  state  table  of  M,  N(2,1q)=5.  Since  5 c b,  we 

define  N2(a,BlQ)*b. 

If  set  systems  are  used  to  represent  a multi - 
covered  state  assiqnment,  that  is  there  is  at  least 
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one  state  which  appears  in  more  than  one  but  not 
all  blocks  In  a set  system,  then  the  set  systems 
iTj,  which  define  a serial  decomposition  need 

not  satisfy  the  condition  Hj. 112=0.  Refer  to  (18) 
for  further  discussion. 

IV. b.  Serial  Decomposition  of 
Asynchronous  Machines 

As  in  the  case  of  the  serial  decomposition 
of  synchronous  machines,  a necessary  condition  for 
the  serial  decomposition  of  an  asynchronous 
machine  M is  that  there  exists  a nontrivial  SP 
set  system  on  the  set  of  states  of  M.  The  main 

difference  between  the  serial  decomposition  of 
synchronous  and  asynchronous  machines  is  in  the 
tail  machine  M2. 

Definition;  A decomposition  is  a single 
transitioiT  time  decomposition  if  the  proper 
operation  of  the  connection  of  the  comoonent 
machines  is  not  dependent  on  the  order  in  which 
the  component  machines  change  state. 

Definition;  A decomposition  is  a multiple 
transition*  time  decomposition  if  the  proper 
operation  of  the  connection  of  the  comoonent 
machines  is  dependent  on  the  order  in  which  the 
component  machines  change  state,  and  that  order 
should  be  fixed  by  the  insertion  of  suitable 
delays. 

We  first  consider  the  single  -ansition  time 
decomposition.  In  order  to  obtain  a single 
transition  time  serial  decomposition,  it  is 
necessary  that  every  pair  of  transitions  s^->Sj 

and  s -»5_  that  appear  in  the  same  column  and  such 

that  Sj  # s^,  the  associated  dichotomy  (s^.Sj ,S|^s^) 

is  covered  by  at  least  one  state  variable  (17). 
Therefore,  in  the  construction  of  the  single 
transition  time  decomposition,  we  first  make  an 
STT  state  assignment  for  Mj,  and  then  use  this 

state  assignment  as  part  of  the  assignment  of  M, 
and  then  assign  additional  state  variables  to 
cover  the  dichotomies  of  M not  covered  by  the 
state  variable  of  M^.  The  additional  state 

variables  obtained  may  be  considered  as  the  state 
variables  of  M2.  A flow  table  for  M2  can  then  be 

found  by  forming  a table  whose  rows  correspond  to 
the  blocks  of  where  a is  the  set  of 

state  variables  of  1^2  and  iiy^  is  the  corresponding 
set  system  of  variable  y^.  The  columns  of  the 
flow  table  for  M2  are  the  states  of  and  the 

external  inputs  of  M.  Since  the  serial  connection 
of  Mj  and  M2  has  the  property  that  all  variables 

that  are  reguired  to  change  in  a transition  may 
be  allowed  to  change  simultaneously,  the  entries 
of  the  flow  table  of  M2  must  be  filled  in  so  that 

M2-state  changes  can  occur  before  or  after  Mj- 

state  changes.  It  is  obvious  that  no  nontrivial 


STT  serial  decomposition  exists  if  the  state 
variables  of  Mj  do  not  cover  any  of  the  dichotomies 

of  M.  The  following  example  will  illustrate  these 
concepts. 

Example  4.  Let  us  consider  the  flow  table  of  M as 
shown  in  Figure  12,  and  the  SP  set  system 
nj=(12,34,567).  The  flow  table  of  Mj  can  be 

readily  constructed  as  shown  in  Figure  13.  The  set 
of  dichotomies,  Dj^,  that  must  be  covered  for  a 

valid  STT  state  assignment  for  Mj  is;  Dj*((A,BC) 

(AB,C)}.  A ternary  state  variable  y^  is  used  to 

cover  Dj  by  assigning  values  0,1,  and  2 to  states 

A,  B,  and  C,  respectively.  Now  let  us  consider  M. 
The  set  of  dichotomies,  D,  that  must  be  covered 
for  a valid  STT  state  assignment  for  M is:  In 
column  Ig  - (12,35),  (12,37),  (12,46),  (35,46)  and 

(37,46);  In  column  1 j-(l4, 23) , (14,5) , (14,6) , (14,7) , 
(23,5),  (23,6),  (23,7),  (5,6),  (5,7^  and  (6,7); 

In  column  I2  - (13,56),  (l3,57),  (23,56),  (23,57), 

(34,56),  and  (34,57).  All  the  dichotomies  in  M 
are  covered  by  the  state  variable  of  M^  except 

the  following:  (35,46),  (37,46),  (14,23),  (5,6), 
(5,7),  (6.7).  These  dichotomies  can  be  combined 
to  form  the  three  dichotomies;  (357,46),  (14,23) 
and  (5,7).  A ternary  state  variable  V2  can  be  used 

to  cover  them  by  assigning  values  0,  1,  and  2 for 
groups  of  states  146,  27,  and  35,  respectively. 

Since  r.y  =(146,27,35),  M,  has  three  states 
2 ^ 

a,b,  and  c,  corresponding  to  the  three  blocks  of 
ily  , 146,  27,  and  35,  respectively.  Now,  let  us 
2 

fill  in  the  next  state  entries  in  the  flow  of  table 
of  M2.  As  an  example,  let  us  start  with  M in 

(1,lj).  Mj  is  in  (A,Ij)  and  M2  must  be  in  (a,IjA). 

If  the  input  now  changes  from  I^  to  I2,  N2(a,l2A) 

* c because  the  final  stable  state  according  to  M 
is  3,  3 E c in  M2,  and  therefore,  N2(c,l2A)=c. 

Now  consider  Mj.  Since  Nj  (A,l2)=B  and  M2  may  see 
the  Mj-state  change  first,  in  order  to  make  sure 
that  the  final  stable  state  in  M2  is  c,N2(a,l2B)=N2 
(c,l2B)=c.  The  complete  flow  table  of  M2  is  shown 
in  Figure  14.  Based  on  iiy  =(12,34,567)  and  iiy  = 

’1  '^2 

(146,27,35),  the  state  assignment  for  M is  obtained 
as  shown  in  Figure  12. 

Now  let  us  consider  the  use  of  a multiple 
transition  time  decomposition.  By  fixing  the  order 
in  which  the  component  machines  are  allowed  to 
change  state,  that  is,  by  inserting  delays  into 
the  component  machines,  it  is  possible  to  obtain 
simpler  flow  tables  at  the  expense  of  speed.  There 
are  several  models  in  which  the  order  of  operations 
on  Mj  and  M2  can  be  fixed  (12).  The  model  to  be 

used  in  this  section  is  to  insert  delays  between 
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Mj  and  M2,  as  shown  1n  Figure  15,  and  make  certain 
that  the  delays  are  large  enough  to  assume  that  M2 

will  first  see  the  change  in  the  external  input, 
will  have  time  to  stabilize  before  it  sees  a change 
of  state  in  Mj,  and  will  then  stay  in  the  stabi- 
lized state. 

The  flow  table  of  the  head  machine,  M^,  can 
be  constructed  from  a SP  set  system  as  defined 

previously.  The  following  steps  define  a pro- 
cedure to  obtain  the  flow  table  of  M2. 

1.  Construct  a flow  table  such  that 

l.A.  M^  has  a column  corresoonding  to  every 

combination  of  external  input  and 
internal  state  of  Mj. 

1.6.  M^  has  a row  corresponding  to  every 

internal  state  of  M. 

l.C.  The  next  state  entries  in  the  flow  table 
can  be  determined  as  follows: 

l.C. a.  Let  the  column  I|^  of  M contain  a 
transition  s^-»Sj  and  let  and  Bj  be  the 
state  in  M^  corresponding  to  the  blocks 
of  that  contain  the  states  s^  and  Sj, 
respectively.  is  constructed  such 
that  N^(s.,(I^,B^)  )=N'(Sj,(I^,Bj)  )=H^ 
(Sj,(I,^,Bj)  )=Sj,  and  N^(s^,(I^,Bj)  ) is 
left  unspecified  because  M2  changes  be- 
fore Mj.  These  entries  are  shown  in 
Figure  16. 

l.C.b.  Repeat  step  l.C. a.  until  no 
further  transitions  exist.  The  remaining 
entries  in  M^  are  left  unspecified. 

2.  Reduce  H^.  Any  pair  of  states  which  are  in  the 
same  block  of  cannot  be  merged  because  the 
combined  states  of  M^  and  M2  should  uniquely 

identify  a state  in  M.  The  reduced  flow  table 
Mj  is  the  flow  table  of  the  tail  machine,  M2. 

Note  that  in  the  above  procedure,  if  M^  cannot 
be  reduced,  then  M2  and  M have  the  same  number  of 
states  and  the  SP  set  system  yields  a trivial 

serial  decomposition.  The  following  example  will 
illustrate  these  concepts. 

Example  5.  Let  us  consider  the  flow  table  of  the 
machine  M shown  in  Figure  12.  Since  SP(n^)  » 

(12,34,567),  the  flov/  table  of  M^  can  be  con- 
structed as  shown  in  Figure  13.  Now  let  us 
construct  the  flow  table  M^.  As  an  example,  let  us 

start  with  M in  total  state  (l,Ij),  Mj  is  in  total 


state  (A,Ij)  and  M2  must  be  ii.  total  state  (l,IjA). 
If  the  input  now  changes  from  to  I2,  the  final 
stable  total  state  in  M is  {3,12).  Since  3 e B 
and  the  corresponding  stable  total  state  in  Mj  is 
(B,l2).  N'(l,l2A)=N^(3,l2A)=N^(3,l2B)=3,  and 
N2(l,l2B)  is  left  unspecified.  The  complete  flow 
table  M^  is  shown  in  Figure  17.  The  reduction  can 

be  done  by  usino  the  concept  of  the  nair  chart  (16) 
by  crossing  out  those  pairs  that  are  in  the  same 
block  of  Pj.  The  result  so  obtained  is  (146,235,7) 

and  the  reduced  flow  table  for  M2  is  shown  in 
Figure  18. 

V.  Conclusion 

This  oaoer  has  presented  a number  of 
systematic  procedures  for  the  parallel  and  serial 
decomnositions  of  multi-valued  synchronous  and 
asynchronous  sequential  machines.  Different  models 
for  the  interconnection  of  component  machines  along 
with  the  necessary  and  sufficient  conditions  for 
various  kinds  of  decomoosi tions  have  been  defined. 
Both  single  transition  time  operation  and  multiple 
transition  time  ooeration  were  considered  for  the 
serial  decomposition  case.  A number  of  examoles  to 
illustrate  these  decomposition  procedures  have  also 
been  presented.  One  of  the  most  imoortant  concepts 
develooed  in  this  study  is  the  realization  of  the 
analogy  between  binary  and  multi-valued  sequential 
machines.  As  proved  in  this  study,  many  of  the 
decomposition  algorithms  defined  for  the  binary 
sequential  machines  were  extendable  to  multi-valued 
sequential  machines. 

In  the  binary  case,  complex  decompositions, 
that  is,  decomposing  a sequential  machine  into 
three  or  more  component  machines,  can  often  be 
decided  uoon  in  advance  by  a study  of  the  SP 
lattice  (4),  that  is,  a structure  that  reveals  all 
of  SP  nartitions  or  set  systems  of  a given  table. 

It  anpears  that  a similar  result  can  be  expected 
for  multi-valued  cases.  Since  only  the  state  be- 
havior of  a machine  was  considered  in  this  work, 
further  study  is  needed  to  consider  the  effect  on 
the  outDuts  due  to  decomnosition. 
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Modern  large-scale-integrated  (LSI)  digital  cir- 
cuit design  philosophy  is  approaching  a technolog- 
ical crossroad.  Improvements  in  photomasking  and 
surface  processing  technologies  have  significantly 
improved  the  yield  on  very  large  {>40,000  miK, 
>5,000  devices)  chips.  But  even  with  these  con-  y 
tributions,  a majority  of  LSI  chip  designs  are  lim- 
ited in  their  complexity  by  the  number  of  metal  sig- 
nal lines  that  must  be  interconnected  on  the  semi- 
conductor surface,  not  by  the  number  of  devices. 

Will  intensive  efforts  in  device  minimization  and 
processing  techniques  provide  significant  returns 
in  terms  of  increased  circuit  complexity?  Or  should 
alternatives  in  the  coding  and  processing  of  digi- 
tal electrical  signals  be  explored?  Much  theoret- 
ical work  has  been  done  on  multivalued  threshold 
logic  (e.g.  [1-4]),  and  until  recently  few  LSI  cir- 
cuit oriented  realizations  of  these  ideas  have  been 
reported  [5-8].  Multivalued  logic  provides  the 
attractive  feature  of  an  additional  one,  two  or  more 
logical  values  that  each  switching  variable  may 
assume.  Standard  binary  signals  assume  only  logical 
values  ZERO  and  ONE,  while  four-valued  logic  may 
assume  values  ZERO,  ONE  TWO  or  THREE.  Thus,  use  of 
four-valued  logic  may  double  the  amount  of  infor- 
mation carried  by  each  signal  line.  In  a metal  lim- 
ited design,  this  savings  could  be  extremely  impor- 
tant. Four-valued  threshold  logic  circuits  can 
provide  a 50%  reduction  in  the  device  count  in  some 
digital  signal  processing  applications. 

Four-valued  threshold  logic  circuit  realizations 
are  most  easily  accomplished  in  either  a current- 
steering logic  similar  to  emitter-coupled  logic 
(ECL)  or  with  the  current  steering  capabilities  of 
integrated  injection  logic  (I^L).  Logical  vari- 
ables are  developed  as  integer  multiples  of  an 
easily  duplicated  reference  amount  of  current. 

These  currents  are  summed,  differences,  and  dupli- 
cated to  produce  the  desired  logical  results.  In 
the  ECL  related  technique,  ECL  compatible  outputs 
are  generated,  while  TTL  compatible  outputs  can  be 
generated  in  the  I2l  approach. 

One  important  signal  processing  application  for 
four-valued  threshold  logic  is  in  digital  counters 
and  adders.  A binary  parallel  counter  is  a mul- 
tiple input  circuit  that  counts  the  number  of  its 
inputs  that  are  in  a given  state.  This  function 
can  be  performed  with  four-valued  threshold  logic 
full  adder  (QFA)  circuits.  A QFA  accepts  two  base- 
four  inputs  A and  B,  and  a binary  carry  input  C.,- 
and  produces  a two-quaternary-digit,  base-four,  out- 
put word  CS,  where  C is  the  most  significant  digit. 
The  table  below  summarizes  implementations  of  bi- 
nary parallel  counters  with  binary  full  adders  and 
QFA's.  In  general,  50%  fewer  intermediate  signal 
lines  (excludes  binary  inputs  and  outputs)  and  50% 
fewer  transistors  and  resistors  are  required. 

Most  applications  of  parallel  counters  arewithin 
the  framework  of  another  function;  e.g.  parallel 


multipliers.  A parallel  counter  is  important  in 
the  development  of  an  LSI  digital  output  correlator, 
e.g.  [9].  This  correlator  compared  bit-by-bit  two 
binary  words  and  produces  a binary  count  of  the 
number  of  bits  in  agreement.  Use  of  a QFA  parallel 
counter  in  this  application  would  reduce  the  total 
device  count  and  chip  area  by  about  14%  and  13%, 
respectively. 
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ABSTRACT 

The  realization  of  multivalued  combinational 
functions  and  sequential  machines  by  using  arrays 
of  one  type  of  cells  is  considered.  The  algebra 
used  for  the  multivalued  logic  system  has  two 
binary  operations  and  a set  of  unary  operations. 
Each  of  these  operations  is  realized  by  a 
cellular  array.  The  cells  are  combinational 
and  implemented  by  using  binary  logic  gates. 

The  cells  are  also  designed  so  that  all 
unrestricted  multiple  faults  in  arrays  of  these 
cells  are  detectable.  Multivalued  combinational 
functions,  storage  elements  and  sequential 
machines  are  realized  by  interconnecting  the 
arrays  realizing  the  operations. 


Index  Terms 

Multivalued  logic,  +gate,  "gate,  U gates, 
cell,  cellular  array,  general  fault,  multiple 
faults.  Fault  detection. 

I Motivation 

The  recent  developments  [l,2]  in  the 
processing  technology  of  large  scale  Integrated 
circuit  (LSI)  chips  such  as  16K  and  64  K RAM 
chips,  64K  and  256K  CCD  chips,  and  micropro- 
cessors have  created  a flurry  of  activities  in 
realizing  multivalued  logic  systems  and  micro- 
processors based  on  multivalued  logic.  Some  of 
the  major  factors  contributing  to  the  above 
activities  are  the  high  circuit  density  per  unit 
area  of  silicon,  limitation  on  the  number  of 
pinouts,  and  the  need  for  faster,  powerful  and 
economical  computers.  The  success  of  RAM  chips 
in  memory  systems  have  also  shown  that  regularity 
in  circuit  structure  and  interconnection 
increases  the  yield  of  the  fabrication  process 
and  also  improves  the  dlagnosablllty  of  the  RAM 
chips  [3].  It  has  also  been  observed  that  LSI 
and  very  large  scale  Integrated  circuits  (VLSI) 
are  almost  Impossible  to  test  economically 
unless  diagnostics  is  considered  during  the 
design  phases  of  the  chips  [4]. 

The  wide  spread  use  of  RAM  chips,  which 
consist  of  identical  cells,  has  aroused  Interest 
in  the  design  and  fabrication  of  microprocessors 
based  on  cellular  structures.  If  the  individual 


cells  are  designed  to  be  dlagnosable  [s],  then 
testing  an  array  of  these  cells  and  consequently 
testing  the  entire  microprocessor  might  be 
economically  feasible. 

An  iterative  realization  of  multivalued 
logic  combinational  functions  and  storage 
elements  using  cells  of  just  one  type,  which  are 
Implemented  by  binary  logic  circuits  based  on 
existing  and  proven  technologies  such  as  TTL, 

I^L,  or  ECL,  is  shown.  The  functionally  com- 
plete multivalued  algebra  of  Allen  [o]  is  used 
for  realizing  the  combinational  functions  and 
storage  elements.  Each  operation  of  the 
algebra  is  realized  by  a cellular  array.  By 
suitably  Interconnecting  the  arrays  realizing 
the  operations  the  multivalued  logic  functions 
are  realized. 

If  the  number  of  logic  levels,  N,  in  the 
algebra  is  restricted  to  be  a power  of  2,  then 
the  N-valued  clocked  storage  element  of  Sintonen 
[7]  can  be  realized  in  a straightforward  manner. 
This  restriction  also  allows  straightforward 
encoding  to  pinouts  and  decoding  from  pins. 

Several  algebras  have  been  proposed  for 
representing  multivalued  logic  functions  [8-13] 
and  several  realizations  for  combinational 
functions  and  N-valued  storage  elements  using 
binary  logic  circuits  [8-9]  and  non-binary  logic 
circuits  [10-12,  14]  have  been  developed. 

Three  of  these  approaches  [9-ll]  are  Interesting. 
The  vector  Boolean  algebra  approach  of  Lee  [9] 
is  an  extension  of  two  valued  Boolean  algebra 
into  a functionally  complete  multivalued  algebra. 
The  operations  n-vector  AND,  n-vector  OR,  gen- 
eralized complement,  and  rotation  form  a 
functionally  complete  set  and  each  is  realized 
by  using  binary  logic  circuits.  Three  canononl- 
cal  forms  for  representing  multivalued  combina- 
tional functions  have  been  developed  and  the 
forms  are  realized  by  using  gates  corresponding 
to  the  operations.  But  the  test  generation 
for  multiple  faults  is  quite  involved.  The 
N-valued  Boolean  algebra  of  Dussault  [ 10  ] with 
additional  operations  for  functional  completeness 
has  two  forms  for  representation.  The  realiza- 
tions of  the  forms  utilizes  a decoder,  binary 
circuits  for  realizing  tables  of  subfunctions 
and  an  encoder  to  pinouts.  The  realizations  are 
non-iterative,  the  encoder  is  quite  complex,  and 
there  is  no  provision  in  the  design  for 


dlagnosablllty.  Cellular  realization  of  multi- 
valued logic  functions  using  multivalued 
q-functlons  is  discussed  by  Kodandapanl  [ll]. 
Three  different  types  of  cells  are  used  in  the 
realization  and  the  cell  design  does  ot  include 
features  which  might  be  helpful  in  diagnosing. 

The  algebra  to  be  used  in  this  work  is 
described  in  Section  II.  The  basic  cell  to  be 
used  for  realizing  the  operations  is  shown  in 
Section  III.  The  realization  of  combinational 
functions,  N-valued  storage  elements  and  sequen- 
tial machines  are  described  in  Section  IV.  The 
testability  of  the  cell  is  considered.  Multiple 
fault  detection  in  an  array  of  these  cells  under 
general  fault  assumption  is  discussed  in  Section 
V. 

II  Algebraic  System 

The  multivalued  algebraic  system  considered 
in  this  discussion  is  the  one  developed  by  Allen 
[&].  Let  L = {0, 1,2, 3. . . (N-1) } be  the  set  of 
N logic  values  and  k Is  the  smallest  Integer 
such  that  N £ 2^.  Each  element,  x,  of  L is 
represented  by  a k-tuple  of  zeros  and  ones  such 
that  the  decimal  value  is  x.  Let  + be  a binary 
operator  such  that  x + y = maximum  (x,y)  and  • 
be  a binary  operator  such  that  x-y  (or  xy)  = 
minimum  (x,y),  where  x,y  e L. 

Let  U be  a set  of  unary  operators  ^ X such 
that 

N-1  when  a logical  value  of  X b 
a X “ I 0 when  logical  value  of  X < a or 
logical  value  of  X > b, 

a,b  c L and  a ^ b. 

The  system  (L,  +,  • , U)  is  a functionally 
complete  multivalued  algebra.  The  binary 
operations  are  associative  and  commutative. 

Ill  Realizing  the  Operations 

The  two  binary  operations  and  the  set  of 
unary  operations  are  realized  by  using  cellular 
arrays.  The  basic  cell  [is]  is  combinational 
and  implemented  by  using  binary  logic  circuits. 
The  description  of  the  cell  is  included  for  the 
sake  of  completeness. 

The  cell  has  three  kinds  of  Inputs.  One 
input  is  from  the  external  world,  called  primary 
input  (xj^  p.  The  second  input  is  from  the  left, 
called  left  pinout  (S^S2)  and  the  third  input 
is  from  the  top,  called  top  input  (y^^  p.  The 
cell  has  two  outputs:  one  to  the  rlgAt>  called 
right  output  (P1P2)  and  the  second  to  the 
bottom,  called  bottom  output  (zj^^j).  All  input 
and  output  lines  are  binary.  We  assume  that 
the  complement  of  (zl,j)  is  also  available 

as  bottom  output.  A typical  cell  along  with 
the  truth  table  realized  by  it  is  shown  in 
Figure  1. 


+ gate:  This  gate  Implements  the  + operation. 

It  consists  of  a one-dimensional  array  of  k 
ceils  with  the  interconnetion  pattern  shown 
in  Figure  2.  If  x^  = (xj  ’'i,k) 

and  yi  = (yi^l,  yi,2.---.  yi,k) 
are  two  multivalued  logic  variables,  then 
Xi  + y^  can  be  computed  by  using  yj  as  the  top 
input,  xj  as  the  primary  input  and  00  as  the 
left  input  to  the  array  of  k cells. 

The  array  operates  in  the  following  manner. 
Starting  from  the  leftmost  cell,  the  values  of 
x^  . and  y^  j , 1 < j < k are  compared.  If 

Xj^  j = 1 and  yi^j  =0  then 
Xj^=(xj^  1»  ’'i  2’  • • • » Xj^  j^)  is  the  maximum  and 
the  value  of  Xj^  is  given  as  output 
<^i,l«  ^i,2*  ••••Zi,k)-  If  =‘i,j  = 0 and  yj^j  = 1 

then  yj^  = (y^^  yi^2 yi,k^  I®  '■'’a  maximum 

and  the  value  of  is  given  as  output 
(^1,1*  ^1,2*  ••••  ai.k)-  If  Xi,J  = I (0)  and 
yj^j  = 1 (0)  then  it  is  not  possible  to  decide 
which  is  maximum  from  the  first  j cells  in  the 
array.  The  outputs  1 k ^ j are  11s  (Cfs)  . 

Subsequent  cells  are  to  be  compared  until  either 
one  of  the  two  cases  mentioned  above  happens 
or  all  cells  are  compared. 

• gate:  This  gate  implements  • operation.  It 
is  similar  to  + gate  except  that  the  left  input 
is  1 1. 

Since  the  binary  operations  are  associative, 
(xj^  + X2  + ...  + Xn)  can  be  computed  by  a two- 
dimensional  array  of  (n-1)  cells  and  k columns 
with  the  left  boundary  set  to  a sequence  of  Cfs 
and  (x]^  X2  ...x^)  can  be  realized  by  the  above 
array  if  the  left  boundary  is  set  to  a sequence 
of  I's . 

Ugates:  Each  elements,  ^ X I",  in  the  set  U of 

unary  operations  is  realized  by  a two-dimensional 
array  of  Figure  3.  The  left  half  of  the  first 
row  compares  the  logic  value  of  the  variable  X 
and  a.  If  a is  less  than  or  equal  to  the  logic 
value  of  X then  the  output  of  the  right  half  of 
the  row  is  (N-1).  Otherwise  the  output  is  0. 

The  output  of  the  left  half  of  the  row  is  the 
maximum  of  a and  X and  this  is  compared  to  b 
in  the  left  half  of  the  second  row.  If  the  logic 
value  of  X is  less  than  or  equal  to  b then  the 
output  of  the  right  half  of  the  second  row  is 
the  output  of  the  right  half  of  the  first  row. 
Otherwise  the  output  is  0.  The  output  of  the 
left  half  of  the  second  row  is  Ignored. 

IV  Realizing  Logic  Systems 

The  realization  of  combinational  functions 
of  multivalued  logic  is  first  discussed.  Let 
Xj^,  X2,  ...,  Xjj  be  the  input  variables  that  can 
take  values  from  the  set  L and  let  F be  the 
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output  variable.  Let  a denot  the  n-tuple  of 
logic  values  associated  with  input  variables 
and  the  output  be  F (a)  e L.  Then,  a table  with 
Nf  rows  and  (n+1)  columns  can  be  used  to  specify 
the  combinational  function.  The  function  can  be 
represented  by  the  form: 


F=F(ai)  “1.1  “1.2x2  “1.2  •••• 

“l.Hx/l."  + F(a2)  “2.1,^  “2.1  «2,2  _ _ 

“2.n^^“2.n  p(e,^)  “l.l^^“i.l  “i.2^^“i.2 

....  “i.n  “i.n  + ...  + K(a  ) “^".Ix, 

^n  i 

“Nn,2  “n",2  “Nn.n  “Nn,n 


where  = (“1,1.  “i  2’ 


a 


i.n 


). 


Realizing  multivalued  logic  sequential 
machines  is  now  considered.  This  requires  the 
availability  of  an  N-state  storage  element  in 
addition  to  the  combinational  circuits  for 
realizing  next  state  and  output  functions.  Let 
the  complement  of  a multivalued  logic  variable 
X be  denoted  by  55  whose  value  is  equal  to  (N-1) 
minus  the  logic  value  of  X.  Let  N=2*‘.  Then, 
the  clocked  N-state  storage  element  of  Slntonen 
[7]  can  be  realized  by  using  two  • gates  with 

two  Inputs,  one  (N”7)x(^~^^  gate,  one  (N-l)jj(N-l) 
gate  and  one  + gate  with  two  Inputs.  The 
realization  of  (N-l)x(N-l)  is  similar  to  the 
realization  of  the  gate  (N-l)x(N-l)  which  is  in 
the  set  of  U gates,  except  that  the  output  is 
from  the  complement  side  of  (l.e.  zi^j). 

The  interconnection  of  gates  realizing  the 
N-valued  storage  element  is  shown  in  Figure  5. 


ai,j  EL,  1 < i < n",  1 < j < n, 

such  that  the  N-ary  value  of  the  n-tuple  is 
(i-1) . The  number  of  terms  in  the  above  form 
can  be  reduced  by  using  the  minimization 
algorithm  of  Allen  [&]. 

The  above  form  can  be  realized  by  using 
+gates,  • gates,  U gates,  and  the  logical 
constants  of  L. 

A combinational  function  for  a 3 valued 
system  is  shown  in  Table  1 [b]. 


Table  1 


Xj^  X2  F 


0 

0 

2 

0 

1 

2 

0 

2 

0 

1 

0 

1 

1 

1 

2 

1 

2 

2 

2 

0 

0 

2 

1 

2 

2 

2 

2 

F - 2 0x^°  °X2°  + 2 °xi“  ^X2^  + 1 ^x^^  0x2°  + 

2 + 2 Ix^^  2^^2  + 2 2x^2  IX2I  + 


The  next  state  function  of  the  storage 
element  is 

Q(t+1)  = (N-l)x^(N-l)  ^2  + (N-l)x^(N-l)  Q(t), 

where  X2,X2  e L. 

The  clocking  state  is  (N-1)  and  Xj^  is  the 
clocking  input. 

The  realization  of  sequential  machines  is 
illustrated  by  a synchronous  mod  N^  counter, 
where  N = 4.  The  state  table  is  shown  in  [?] 
and  excitation  functions  are: 


Qi:  xj  = 3 

X2  = l°Qi°  + 2 + 3 2q^2 

°2=  ’‘l  ” °1 

X2  - 1 °Q2°  + 2 IQ2I  + 3 2(^2. 

The  block  diagram  for  realizing  the 
synchronous  mod  n2  counter  is  shown  in  Figure  6. 


V Fault  Detection 

A cell  is  considered  faulty  if  the  behavior 
of  the  cell  changes  to  any  combination  function 
other  than  the  one  shown  in  Figure  1.  This 
assumption  is  known  as  general  fault  assumption 
[I6,  17].  The  detection  of  faults  in  one  and 
two-dimensional  arrays  when  one  or  more  cells 
have  failed  is  considered. 

The  following  conditions  are  necessary  and 
sufficient  for  an  array  to  be  testable  [I6,  17]: 


After  minimizing, 

F « 2 °X2^  + 1 ^X]^^  + 2 ^xj^2  1x22. 

A realization  of  the  above  form  is  shown  in 
Figure  4. 


a)  It  should  be  possible  to  apply  to  the 
input  terminals  of  any  cell,  a complete 
set  of  tests  for  detecting  all  faults 

in  the  cell.  Independent  of  the  position 
of  the  cell  in  the  array. 

b)  For  each  such  test,  it  should  be 
possible  to  propagate  the  effect  of  the 
fault  to  an  observable  output. 
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Based  on  the  above  conditions  Prasad  [s]  had 
developed  a simple  design  criterion  for  multiple 
fault  detection  under  general  fault  assumption. 
Let  a cell  be  characterized  by  a function  g: 

X X Y -*•  X,  where  X is  the  set  of  left  inputs 
and  Y is  the  set  of  top  Inputs.  Let  there  exist 
an  element  "b"  belonging  to  Y such  that  g(s,b)  = 
U(s)  for  some  permutation  p on  X,  where  s e X. 
Then  the  test  for  one-dimensional  array  is  [S], 


T*^  = {(s,y, 


l.l’^l,2"-yi,J’' 


^l.k^  I 


Let  there  exist  a e X,  b e Y such  that 
g(s,b)  = (U(s),b)  and  g(a,c)  * (a,  v{c)),  where 
c e Y and  for  some  arbitrary  permutations  v on  X 
and  V on  Y.  Then  the  test  for  a two-dimensional 
array  is  [s]. 


TP*'‘  » ^(®1,1*®2,1>  •••  ®i,i>  •••  ®p,l» 

^1,1’  ^1,2’  •••  ^l.j’  y l.k^  I 


for  some  i and  j , 


s 


q.i 


a,  q # i. 


yi 


,m 


s 


X,  y 


1,1  ■ ^1.2 


yi.(j-i)  -yi.(j+i) 


= b,  m ^ j , s . , e X,  y,  . e y} 

^ f -L  -1-  » J 


= • • • = Yl.J  E Y for  some  J ) . 


We  note  from  Figure  1 that  for  b = 0,  g(s,0) 
= (s,0)  when  x^^  , = 0,  and  for  b = 1,  g(s,l) 

= (s,l)  when  x. = 1,  with  h the  identity 
^ * J 

permutations  on  X. 


Therefore  one-dimensional  array  of  cells  shown  in 
Figure  2 is  testable. 

The  test  for  x.  , « 0 when  k = 2 is 
^ » J 

00112233012  3" 
000000001111 
010101010000 


T = Xl.l 
^1.2 


and  the  test  for  x.  , * 1 is 
J 


T2  = y 


1,1 

^1.2 


001122330123 

111111110000 

010101011111 


We  note  from  Figure  1 that  for  a = 2,  b = 0, 
g(s,0)  = (s,0)  and  g(2,c)  = (2,c)  when 

X.  , = 0,  and  for  a = 2,  b = 1,  g(s,l)  = 

^ > J 

(s,l)  and  g(2,c)  = (2,c)  when  j = 1 with  p 

the  identity  permutation  on  X and  v the  identity 
permutation  on  Y.  Therefore  two-dimensional 
arrays  of  cells  are  testable.  The  test  set 
when  p = 2 and  k = 2 is  shown  below. 


VI  Remarks 

Realizing  multivalued  logic  systems  by  using 
gates  constructed  from  arrays  of  cells  has  been 
discussed.  A cellular  array  can  be  tested  for 
multiple  unrestriced  faults  by  a test  set 
consisting  of  2 [ 8pk  - 6(pk  - p-k)  - 4k  - 2p 
+ (p-l)(k-l)]  elements,  calculated  by  using  [5], 
where  p is  the  number  of  rows  and  k the  number 
of  columns  in  the  array.  This  non-exhaustive 
testing  of  arrays  of  cells  reduces  the  test 
time  for  LSI  chips  using  lasers  [l8]  at  the 
production  stage  and  thus  removing  one  of 
the  major  obstructions  to  the  production  of  low 
cost  LSI. 


The  test  set  for  x^^j  = 0 when  p = 2 and  k = 2 is, 

222222222222001133013 
001122330123222222222 
000000001111000000111 
010101010000010101000 


r2,2  = 


®1,1 

®2,1 


yi.i 

yi,2 


and  the  test  set  for  x.  . * 1 is, 
^ » J 


.2,2 


“1.1 

=2,1 

yi.i 

^1,2 


222222222222001133013 

001122330123222222222 

111111110000111111000 

010101011111010101111 
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Usually  the  number  of  truth-values  and  the 
meanings  of  operators  in  a given  axiom  set  for 
many-valued  logic  are  not  defined  explicitly  but 
done  implicitly  by  many  formulas  derived  from  the 
set.  However,  it  is  very  laborious  to  determine 
them.  In  this  paper,  axioms  and  undefined  operators 
are  treated  as  logical  equations  and  unknown 
logical  functions  respectively.  General  solutions 
of  those  equations  give  general  truth  tables  for 
undefined  operators,  ^or  example,  M.  Wajsberg's 
axiom  set  is  solved  by  a computer.  The  fittest 
number  of  truth-values  are  determined  in  relation 
to  the  construction  of  the  canonical  form  of  logical 
functions . 

1  Introduction 


2  General  Construction  of  Axioms 

Axioms  are  assumed  to  have  the  form  AdB. 

The  logical  expressions  A and  B consist  of  any 
variables  X,  Y,  Z,  ...  of  a finite  number  and 
their  connectives  ( ),  d and  u or  y , of  a 

finite  number,  where  ( ) are  parenthesis  and d 

and  U are  two-term  operators,  while  7 is  a 
single-term  operator.  Of  course,  if  necessary, 
we  can  add  other  undefined  operators  and  other 
auxiliary  operators  are  to  be  defined  in  terms  of 
those  undefined  ones  as  the  following  examples: 
AUBS(A3B)  DB,AnB  = 7(7Au  7 B)  ,(2,1) 
where  U and  n are  "Three-valued  disjunction  and 
conjunction",  3 and  7 being  "Three-valued 
implication  and  negation". 


Usually  the  number  of  truth-values  and  the 
meanings  of  operators  in  a given  axiom  set  for 
mathematical  logic  are  not  defined  explicitly  but 
done  implicitly  by  many  formulas  derived  from  the 
set.  However,  especially  for  a many-valued  axiom 
set,  it  is  very  laborious  to  derive  the  truth 
tables  for  those  undefined  operators  and  their 
fittest  number  of  truth-values. 

In  the  preceding  paper^,  undefined  operators 
were  treated  as  unknown  logical  functions  and 
axioms  were  treated  as  logical  equations.  General 
solutions  3,4  of  those  equations  led  us  to  the 
general  truth  tables  for  undefined  operators  by  a 
computer  and  independence  and  consistency  of  the 
axiom  set  were  proved  as  the  byproducts  of  the 
derivation  of  the  general  solution. 

In  this  paper,  as  effective  applications  of 
the  above-mentioned  method,  canonical  forms  of 
logical  functions  which  satisfy  the  general 
solutions  of  the  truth  tables  for  a given  axiom 
set  are  derived,  where  the  fittest  number  of  truth- 
values  are  also  determined  in  relation  to  the 
construction  of  the  canonical  forms. 

Since  an  axiom  set  for  many-valued  logic  has 
the  general  solutions  of  the  truth  tables  which 
consist  of  several  subsets  for  the  undefined 
operators,  if  we  add  any  other  independent  axiom, 
some  subsets  of  solutions  may  be  cancelled.  Then 
the  general  solutions  are  con^jletely  cancelled  only 
by  adding  an  axiom  which  has  no  subset  in  common 
with  the  original  general  solutions.®  Such 
results  mean  that  the  definition  of  the  strong 
completeness  in  the  classical  two-valued  logic  is 
inadequate  to  many-valued  logic. 

It  is  necessary  for  explanation  to  repeat  the 
first  part  of  the  preceding  paper ,5  but  the 
FORTRAN  program  to  solve  the  logical  equations  is 
omitted  in  this  paper. 


3  Truth-Value 

A,  B,  X,  Y,  Z,  ...  take  only  one  of  the  truth- 
values  1,  2,  ...,  Nq,  where  1 is  designated  as 
"Truth". 

"X  takes  the  truth-value  x"  is  represented  by 

X=x  (3.1) 

and  simply  by  the  two-valued  expression  X^. 

Then 

X''  = (X  = X).  (3.2) 

4 Connectives  for  Classical  Two-Valued  Logic 

Negation 'X  or^A.  Disjunction  A V B. 
Conjunction  A • B.  Implication  A B. 
Equivalence  AOB. 

Identical  equivalence  ASB, 
which  means  "A  and  B are  equivalent  for  every  truth- 
value  of  the  constituents  X,  Y,  Z,  ...". 

5 Representation  of  the  Undefined  Operators 

Using  the  form  (3.2),  Ng-valued  implication 
with  the  truth-value  is  expressed  as  the  follow- 
ing two-valued  expression 

(A3B)*SIMP  (A,B)*=yj  Vj  . aTb".  (S.l) 
Similarly  for  N^-valued  disjunction, 

. s ^0  ^ , 

(AuB)SdISJ  (A,B)=  V V Df„.A"'.B".  (S.2) 

m=l  n=l 

For  Ng-valued  negation. 
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( 7A)‘=  NEC  (A)*S  v” 

m=l 


(5.3) 


6 Example  of  Axiom  Set  for  Three-Volued  Logic 

In  this  paper,  for  a typical  example,  the 
three-valued  axiom  set  is  treated.  Similarly  we 
can  treat  a two-valued  axiom  set  and  a four-valued 
one. 


A^*  (AdB)^->B^=1, 

(6.0) 

[xd(y;3X)]^=1, 

(6.1) 

[(XDY)  D((Y  DZ)  3(X3Z))]^=1, 

(6.2) 

[(7Y  37X)  D(X^Y)]^=1, 

(6.3) 

[(X  ^7X)3X)dx]^=i, 

(6.4) 

where  Eqs.  (6.1)''^(b.4)  represent  two-valued 
expressions  of  M.  Wajsberg's  axioms  for  three- 
valued logic  and  Eq.  (6.0)  corresponds  to  "modus 
ponens",  which  means  "If  the  truth-values  of  A and 
A OB  are  1,  then  that  of  B is  1". 

7 Transformation  of  the  Axioms  by  IMP  and  MEG 

Eqs.  (6.0)~(6.4)  are  transformed  to  Eqs. 
(7.0)  (7.4)  by  means  of  IMP  and  NEC  in  Eqs. 


(S.l)  and  (5.3). 

aWiMP  (A,  BrVB^Hl.  (7.0) 

IMP  (X,  IMP  (Y,X))^=1,  (7.1) 

IMP  (IMP(X,Y),  IMP(IMP(Y.Z),  IMP  (X,Z)  ) ) ^ =1,  (7 .2) 
IMP  (IMP  (NEC  (Y),  NEG(X)),  IMP(X,Y))^=  1,  (7.3) 

IMP  (IMP  (IMP  (X,  NEG(X)),  X),  X)^H1.  (7.4) 

8 Expression  of  the  Axioms  in  terms  of 

the  Coefficients  I®  and  N* 
nm m 


Replacing  IMP  and  NEG  in  Eqs.  (7.0)'^(7.4) 

by  I®  and  i"  ERS-  (S.1)~(5.3),  the  following 
Eqs.  (8.0)<s/(8,4)  are  easily  obtained  for  any 
truth-values  X,Y,Z. 


where  x,y,z  mean  the  truth-values  of  independent 

variables  x,y,z  and  j,k,f,m  mean  those  of  terms 

IMP  and  NEG.  As  shown  in  Eqs.  (8.1)~(8.4),  the 

order  of  the  positions  of  the  factors  I*  and  N® 

^ ran  m 

is  always  the  same  as  that  of  the  coresponding 
IMP  (M,N)*  and  NEG  (M)*  . 

Then  Eqs . (7 .1)~  (7.4)  are  formally  transformed  to 
Eqs.  (8.1)~(8.4)  without  any  calculation.  Eqs. 
(8.0)~(8.4)  have  24  unknown  variables  which 
satisfy  3®  conditions. 


9 Solutions  of  Eqs.  (8 .0)'v^(8 .4)  by  a Computer 


Simultaneous  logical  Eqs.  (8.0)~(8.4)  are 
easily  solved  using  FORTRAN  by  a computer.  In 
FORTRAN,  in  place  of  "x,y,z,...,"  we  use 
corresponding  capital  letters.  For  example, 

f y 

and  Ny  may  be  expressed  in  FORTRAN  as  follows : 


I(P.  IBC).  (9.1) 

IBC  = 9*J+3*Y+X  (9.2) 

N(P,  NA),  (9.3) 

NA  = 9*L+3*Y.  (9.4) 

For  any  one  set  of  X,Y,Z  in  a certain  axiom, 

P means  the  ordinal  number  of  any  one  of  the 

subsets  of  the  solutions  of  I^'  , N*  for 

ran  m 


(£=  1,2;  m = 1,2,3;  n=l,2,3)  such  as  P = 1,  2,  ..j 

R,  where  I^  , N^  are  obtained  by  I^  = I^  .1^  , 
mn  ’ m mn  mn  mn  ’ 


3 12 

N"*  » N .N 
m mm 


According  to  Eq.  (8.0),  the  following  initial 
values  should  be  given  , 


I 

(P, 

14)  = I 

(P. 

15)  = 0 

> 

(9.5) 

I 

(P. 

IBC)  = 2 

for  IBC  ^ 

14,  15, 

(9.6) 

N 

(P. 

NA)  = 2, 

(9.7) 

where  " 

14"  and  " 

15" 

in  Eq. 

(9.5)  mean 

9 

* 1 

+ 3*1  + 

2 = 

14,  9 * 

1 + 3 * 

1 + 

3 = 15, 

(9.8) 

according  to  Eq. 

(8 

.0),  and 

"2"  in 

Eqs. 

(9.6)  — 

(9.7)  means  "Indeterminate". 

At  first,  Eq.  (8.1)  is  to  be  solved  as  shown 
in  Table  9.1,  for  XYZJKU1...B=  1101000.. .0, 
where  "11010... 0"  means  X=Y=J=1  and  O's  mean 
"Z,K,L,M, . . . ,B  are  nothing",  and 
"100222222  222222"  means  that 


'ilvifj .-.  i;^  = ijj  = 0 


3 3 ,1  J , 

A=i  iM 


(8.0) 

(8.1) 


xAl  -1  'S'‘-''xy'Jn,-V^-'xz=^-(8.2) 

x.^1  j.'^«.m=l  ^jk-^tm-Ny-^-^xy  (8.3) 


‘11 


1,  111  ^ ^12  ^ ^13 


(9.9) 


other  I's  and  N's  being  2. 

Let  us  call  such  solutions  "Particular  solutions" 
which  are  expressed  as  II  (PI,  IBC)  and  N1  (P1,NA), 
where  PI  indicates : the  ordinal  number  of  the 
subset  of  particular  solutions. 

The  solution  lj,=l  is  derived  from  I^.=l  for 
11  xj 

x=j  = l i.e.  x=j  = l.  Next,  I^  =1  for  X=Y=J=1 
j ’ yx 

gives  the  same  solution  which  yields  no 

contradiction  to  I^.. 

XJ 
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For  other  truth-values  of  J,K,L,H  there  are 
contradictions  among 


0. 


1. 


In  any  subset  of  particular  solutions,  if  any 
contradiction  would  be  found  between  a preceding 
solution  and  a succeding  one,  then  that  subset 
should  be  cancelled  automatically  by  a computer. 

In  this  example,  the  first  set  of  provisional 
solutions  I(P,  IBC)  and  N{P,  NA)  is  the  r 'e  one 
as  II  and  N1 . 


Next  for  XYZJK..B  = 12010... 0,  I^^  = 1 and  then 


‘21 


0. 


These  new  particular  solutions  are  different  from 
I^j^  = 2 and  1^^  = 2 in  the  first  set  of  the 


provisional  solution  I and  N,  but  not  contradictory. 
Then  the  combination  of  the  first  set  of  the 
provisional  solutions  and  this  new  subset  of 
particular  solutions  lead  us  to  the  set  of  the 
provisional  solutions  which  is  the  same  as  the 
new  particular  solutions. 

For  the  above-mentioned  combinations,  the 
following  special  four-valued  logic  may  be  used. 
Truth-value:  0,  1,  2. 

means  "Contradiction". 

"0"  and  "1"  mean  "Truth-values  in  the  classical 
two-valued  logic". 

"2"  means  "Indeterminate". 

Conjunction:  = ^-0  = 4-1  = (^•2  = (|, 

0-0  = 0,  0-1  = 0-2  = 0, 

1-1  = 1*2  = 1,  2-2  = 2 (9.10) 

Disjunction:  4v(  = = 0.  = 1 . 4"^  = 2, 

OVO  =0,  OVl  = 2,  0V2  = 2, 

IVl  = 1,  1V2  = 2,  2V/2  = 2.  (9.11) 

For  the  above-mentioned  four-valued  operations, 
the  following  2-bit  expressions  may  be  used. 

^ = 00,  0 = 01,  1 = 10,  2 = 11.  (9.12) 

We  can  easily  derive  (9.10)  by  the  bit-wise 
conjunction  of  (9.12)  and  also  (9.11)  by  the  bit- 
wise disjunction  of  (9.12). 

Similarly  for  XY=21,  multiplying  the  preceding 
provisional  solution  with  P=1  by  the  particular 
ones  with  PI  = 1,  2,  we  can  obtain  the  new 
provisional  ones  with  P = 1,2. 

During  these  four-valued  multiplications,  if 
"Jl"  is  found  in  some  subset  of  provisional  ones, 
then  that  subset  should  be  cancelled  and  its 
ordinal  number  "P"  should  be  shifted  to  the  next 
subset. 

As  shown  in  Table  9.1,  in  the  set  of  the 
provisional  solutions  with  P = 1,  2 for  XY  = 33, 


111  11222221 
I =I  =I  =1  I =I  =I  =I  =I  =I  =1^  =N' =0 
ni  21  ^31  h2  ^13  ^11  ^21  22  31  32  "l  ’ 


/ 4 

These  results  indicate  truth-values  of  I**  and  N 

mn  m 

which  have  been  settled  to  "0"  or  "1"  up  to  now. 
Let  us  indicate  such  settled  results  as  10  (IBC) 
and  NO(NA) . 

10  (IBC)  and  NO(NA)  may  be  derived  by  the 
following  four-valued  disjunction  according  to 
Eq.  (9.11): 


lO(IBC)  = y I(P,IBC),N0(NA)  = V N(P,  NA) , 

(9.14) 


where  R is  the  last  ordinal  number  of  the  set  of  the 
provisional  solutions. 

Then  the  next  II  (PI,  IBC)  and  N1(P1,  NA) 
should  be  multiplied  by  these  preceding  lO(IBC)  and 
NO(NA)  according  to  Eq.(9.10)  and  if  is  found 
then  such  subset  of  particular  solutions  II  and 
N1  should  be  cancelled. 

The  general  solutions  of  I and  N are  shown 
in  Table  9.1,  which  is  the  last  set  of  provisional 
solutions  of  I and  N for  X =3  in  the  last  axiom, 
consisting  of  the  ten  subsets. 

These  general  solutions  are  transformed  to  the 
truth-values  of  IMP(A,B)  and  NEC  (A)  for  all  combi- 
nations of  A and  B as  shown  in  Table  9.1, 
according  to  the  following  formulas. 

IMP  (A,B)  = 3-2*1  (P,IAB)  - I(P,IIAB), 

NEC  (A)  = 3 -2*N(P,NA)  - N(P,  NNA) , (9.15) 

where 

lAB  = 9 + 3*A  + B,  NA  = 9 + 3*A, 

IIAB=  9*2  + 3*A  + B,  NNA  = 9*2  + 3*A. 

10.  Construction  of  a Canonical  Form 


Table  10.1 


P 

X 

7X1 

7x2 

7x3 

1 

1 

3 

3 

5 

2 

3 

1 

3 

3 

3 

3 

1 

1 

1 

3 

3 

4 

2 

3 

3 

1 

3 

3 

3 

1 

1 

Table  10.1  shows  the  truth-values  of  the  follow- 
ing three  basic  functions 
X12X  z>  X,  X3  = 7XziX, 

X2=X337X1,  (10.1) 

for  X=l,  2,  3 of  the  subset  P = 5,  4 of  the 
general  solution  in  Table  9.1. 

For  P = S. 

7Xn  = 1 for  X = n (n  = 1,  2,  3) 

= 3 for  X ^ n.  (10.2) 

Then,  if  we  use  the  following  function, 

F13=(C3  3X3)  D7(Cir>Xl), 

F2S7X2  n C2  = 7(X2  U 7 C2) 

= 7((X2  3 7C2)  3 7C2),  (10.3) 

where  Cl,  C2,  C3  may  be  designated  logical 
constants  or  any  other  logical  functions,  we  have 
F13  = Cl  for  X = 1, 

= C3  for  X = 3, 

= 3 for  X = 2; 

F2  = C2  for  X = 2, 

= 3 for  X ^ 2,  (10.4) 

F123  = F13U  F2 

= (F2dF13)  3F13  (10.5) 

= Cn  for  X = n,  (10.5') 

Eq.  (10.5')  means  that  this  expression  F123  has 
the  property  of  a canonical  form  of  any  logical 
function  F (X) 
which  satisfy 

F(n)  = Cn  (10.6) 

for  P = 5. 
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Table  9.1 


Klf'C)  I(2BO  MIA) 

N(2A) 

A 

123 

123 

B 111222333  111222333 

C 123123123  123123123 

XV2JKLMHGFEDCH. . . 

« 

PI 

. P 

11010000000000,  100222222,022222222. 

222 

222  . 

1 

100222222,022222222. 

222 

222. 

1 

12010000000000.  100122222.022022222. 

222 

222  , 

1 

100122222,022022222. 

222 

222. 

1 

13010000000000,  100222122.022222022, 

222 

222. 

1 

100122122.022022022. 

222 

222. 

1 

21020000000000,  200212222.212202222. 

222 

222  . 

1 

21030000000000.  200221222.202220222. 

222 

222, 

2 

100112122,012002022. 

222 

222. 

1 

100121122.002020022. 

222 

222. 

2 

22010000000000.  200112222,222002222. 

222 

222  . 

1 

2 2030000000000.  200201222 . 2222002  22 , 

222 

222. 

2 

100112122,012002022. 

222 

222. 

1 

100111122,002000022, 

222 

222. 

2 

100101122,002000022, 

222 

222. 

3 

omitted 

20021100000000.  200112222,212002222. 

212 

202  , 

1 

20021200000000.  200212222.212202222. 

202 

212. 

2 

20021300000000.  200211222,212200222. 

202 

202, 

3 

20031100000000.  200122212.202022202. 

212 

202. 

4 

20031200000000.  200212212,202202202. 

202 

212. 

5 

20031300000000,  200221212.202220202. 

202 

202. 

6 

20032300000000.  200200212.222  201202  . 

202 

202, 

7 

100111111.011000000, 

Oil 

100. 

1 

100111111,011000000. 

Oil 

000. 

2 

100110111,011001000, 

001 

010. 

3 

100111111,010000000. 

Oil 

100, 

4 

100111111,010000000. 

Oil 

000, 

5 

100110111.010001000, 

001 

010, 

6 

100111101,010000000. 

010 

100, 

7 

100111111,001000000, 

Oil 

100, 

6 

100111111,001000000, 

Oil 

000, 

9 

100111111,000000000, 

Oil 

100, 

10 

100111111.000000000, 

Oil 

000, 

11 

30021100000000.  200221122.221220022. 

221 

220, 

1 

30021300000000.  200221221.221220220, 

220 

220. 

2 

30031100000000.  200222121.220222020. 

221 

220. 

3 

30031300000000.  200222221,220222220. 

220 

220. 

4 

100111111,011000000. 

Oil 

lOO. 

1 

100111111,011000000. 

Oil 

000, 

2 

100111111,010000000. 

Oil 

100. 

3 

100111111,010000000, 

oil 

000. 

4 

100110111,010001000. 

001 

010. 

ij  general  solutions 

100111101.010000000. 

010 

100, 

b 

100111111.001000000, 

oil 

100. 

7 

100111111.001000000. 

Oil 

000. 

8 

100111111.000000000, 

oil 

100, 

9 

100111111,000000000. 

oil 

000, 

10 

11111221111200.  100122222.012022222. 

012 

102, 

1 

11111231111200.  100222122.011222022. 

012 

002. 

2 

11111231111300.  100222122.001222022, 

Oil 

000, 

3 

11111321111200.  100122222,001022222. 

Oil 

100, 

4 

11111321111300.  100122222.000022222, 

021 

120, 

5 

omitted 
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33031212313313, 

200221121 

.210220020, 

COO 

100, 

21 

33031213313133. 

200220121 

.221220020. 

000 

000, 

22 

3303121331321  ), 

200221121 

,221220020, 

000 

000. 

23 

33031213313223. 

200220121 

.221221020. 

000 

000. 

2A 

33031223113111. 

100120121 

.021021020, 

001 

000. 

25 

33031312312213. 

200221121 

.201220020. 

000 

110, 

26 

33031312313213. 

200222121 

.201222020. 

000 

100. 

27 

33031312313313. 

200222121 

,200222020, 

020 

120. 

28 

33031313313313, 

200222121 

,220222020. 

020 

020, 

29 

33032312311213. 

200222211 

.201222200. 

010 

100. 

30 

33032312312213. 

200220211 

,201221200, 

000 

llO. 

31 

33033212312133. 

200220221 

.212220220, 

000 

100, 

32 

33033312312213, 

200220221 

.201220220. 

000 

110, 

33 

10011220000000 . 

100122222 

.012022222, 

022 

122. 

1 

10011230000000, 

100122122 

.021022022. 

022 

022. 

2 

10011320000000, 

100122122 

.002022022 . 

022 

122. 

3 

10011330000000. 

100222122 

.020222022. 

022 

022  . 

A 

20011120000000. 

100212222 

,022202222. 

202 

212, 

1 

20011130000001 . 

100221212 

,022220202, 

202 

202, 

2 

2l011230000000. 

100120212 

.022021202 . 

202 

202, 

3 

200113300000CC,, 

100220112 

.022220002 , 

202 

202, 

A 

20022110000000. 

200112222 

.212002222, 

212 

202, 

5 

20023110000000. 

200121222 

.201020222, 

212 

202. 

6 

20023130000000. 

200221202 

,221220202, 

202 

202, 

7 

20033110000000, 

200122221 

.200022220, 

212 

202, 

8 

20033130000000. 

200221201 

.220220200. 

202 

202  , 

9 

3C011130000000. 

100222221 

.022222220. 

220 

220. 

1 

30022110000000, 

200212122 

.211202022. 

221 

220, 

2 

3C032110000000. 

200222112 

,201222002, 

221 

220, 

3 

30033110000000, 

200222121 

,220222020, 

221 

220, 

A 

iwp(A.b)  neoca) 


A 111222333 
fa  123123123 
thuTh  value 

123 

P 

122111111 

211 

) 

122111111 

311 

2 

123111111 

211 

3 

123111111 

311 

A 

123112111 

321 

5 

123111131 

213 

A 

132111111 

211 

7 

132111111 

311 

8 

133111111 

211 

9 

1J3111111 

1«1MP(nEG<Imp(x,MEG(x 

311 

)))  , 

10 

I MP  ( Y . I ( 1 MP  ( 2 , I MP  ( NEfi  ( X ) , X ) ) . 

NEti(  IMP(Y.  iMPfX.NEtiCX)  ) ))))), 

1«IMP(NEG( IMPCX ,NEG(X) ) ) . 

IMP( IMP( IMPCZ, 1MP{NEG(X) ,X)) . 

^E6(IMP(Y.IMP(;^,^EG(X)))))  ,Y))  . 

1-IMP(NEG(X2)  . 

1MP(  Y,NFG( IMP( 1MP{X2) .nEGCY) ) .NEGCY)  ) ) ) . 
1-IMP(NEG{X2)  . 

iMPCNEGt  lMP( lMP(X2 .NEG( Y) ) , NEG  ( Y ) ) ) . Y ) ) , 

X2»IMP(  1MP{NE(,(X)  .A)  ,nE6(  IMPCX,NEG(X)  ) ))  . 

1»IMP( 1MP( 1MP(X,NEG(X) ) , 

IMP(NE6{X)  ,X))  . 

1MP<NEG(X)  ,X)) . 


(10.7) 

(10.8) 

(11.2.1) 
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Next  we  should  confirm  F123  as  the  canonical 
form  of  F (X}  for  P - 1«<10. 

At  first,  the  following  expressions 
7X1  d(C1dF13),  7X1  3(F13dC1),  (10.7) 

7X3  d(C33F13),  7X3  D(F13r)C3),  (10.7') 

7X2  3(C2dF2).  7X2d(F23C2)  (10.8) 

are  to  be  assumed  as  suplementary  axioms  while 
Eqs.  (10.7')  are  unnecessary,  because  Eqs. 

(10.7')  are  equivalent  to  Eqs.  (10.7)  as  in  Eqs. 

(10.4) . 

They  are  confirmed  to  satisfy  the  general 
solutions  P = IMO  using  a computer,  as  shown 
by  Eqs.  (10.7)/^(10.8)  in  Table  9.1,  where 
Y=C1  and  Z=C3  for  Eqs.  (10.7), 

Y=C2  for  Eqs.  (10.8). 

Then,  combining  Eqs.  (10.7)  with  Eqs.  (10.8)  as 
in  Eq.  (10.5),  we  have, 

7Xn  3(CnDF123),  7Xn  3(F123=>Cn)  (10.9) 

for  n = 1,2,3. 

Eqs.  (10.7) '>'(10.9)  lead  us  to  the  following 
tautologies  for  n = 1,  2,  3, 

7XnD((F(X)r5Cn)  d (F(X)  3 F123)) , 
7Xn3((CnDF(X))z)  (F123DF(X))),  (.'0.10) 

which  mean  "F123  is  equivalent  to  F(X)". 

Otherwise,  Eqs.  (10.7)  ~(10.10)  are  also 
derived  from  the  axioms  (6.1)~(6.4)  as  shown  in 
App.  1 (10.7.1),  (10.7.8),  (10.8.1),  (10.8.3). 

Then  we  may  conclude  "The  expression  F123  is 
a canonical  form  of  a function  F(X)"  provided  that 
" 7Xn  = 1 for  n = 1,2,3"  covers  all  the  truth- 
values  of  X,  satisfying  the  axiom  set  (6.0) ~ 

(6.4) .  It  will  be  clarified  in  the  next 
paragraph . 

As  for  a two-variable  function  F(X,Y),  we  may 
treat  Cn  as  a given  function  of  Y . 

11  Fittest  Number  of  Truth-Values 

For  simplicity,  let  us  define  the  three-valued 
equivalences  as  follows: 

(X2  Y)=(XdY)  n (Y3X).  (11.1) 

Theorem  1°  " 7X1  = 1"  does  not  coexist  with 

"7X3  = 1". 

Proof.  Theorem  1°  is  expressed  by  Eq.  (11.2) 

7(7X  in7X3)  (11.2) 

a(Xl  UX3) 

S((X1=>X3)dX3).  (11.2')(see  (2.1)) 

Then,  assuming  Eq.  (11.2')  as  a suplementary 
axiom,  we  can  confirm 

1 = Eq.  (11.2') 

for  P = I'^IO,  using  a conputer,  as  shown  in 
Table  9.1  [see  /^p.  1 (11.2.1)] 

Theorem  2°  If  "one  of  7X1,  7X2  and  7X3  is 
equal  to  1"  and  "Another  of  them  is  not  equal 
to  1",  then  "The  remainder  of  them  is  not  equal 
to  1". 

Proof.  [XI 3 (7X3  0X2)]  2 [ 7X3  o (XI  o X2)  ] 


2 [XI  o(  7X20X3)] 

a [7X2o(Xlox3)]  (11.3) 

a [7x20(7x307x1)]  (11.3') 

a[  XI  0(7X3  o(Xlo  7X3))] 
a[Xlol] 

ai.  (11.3") 

[X20  (7X10X3)[  ai.  (11.4) 

(10.7.2),  (10.7.3)  [7x10x3].  (11.4') 

Eq  i (11.3')  seems  to  include  the  following 
case 

7X  2 •7X  3 =7X  1 = 1,  (11.5) 


while  "Eq.  (11.5)  does  not  exist"  according  to 
Theorem  1°. 

Theorem  3°  If  "Two  of  7X1,  7X2  and  7X3  are 
not  equal  to  1",  then  "The  remainder  of  them  is 
equal  to  1". 

Proof.  [XI  o(X3  07x2)]  a [XI  o(X2  o7X3) 
a [X3o  (X20  7X1)] 
a [Xlo  (X3o7(X307Xl))] 
a [Xlo  ((X3  07X1)07X3)] 
a [(X3  07x1)  =>  (X107X3)] 
a [ (X3  07x1)  o (X3  37X1)] 

2 1.  (11.6) 
The  following  conclusion  is  derived  from  the 
above-mentioned  theorems  1°,  2°,  3°. 

Theorem  1 2 3°  The  domain  of  X is  devided  into 
three  subdomains  7X1,  7X2  and  7X3,  where 
"One  of  is  equal  to  1",  and  "The  remaining  two  of 
them  are  not  equal  to  1". 

Then  7Xn  = 1 for  n = 1,  2,  3 covers  all  the 
truth-values  of  X,  satisfying  the  axiom  set 

(6.0) ~(6'.4). 

Of  course  if  we  devide  the  subdomain  X = 3 
into  two  parts  such  as  "3"  and  "4",  then  we  will 
have  4-valued  logic,  but,  as  shown  in  Tables 

(9.1)  and  (10.1),  there  are  two  typical  solutions 
(P  = 5 , 6) , which  keep  the  one  to  one  correspond- 
ence between  7Xn  = 1 and  X. 

Then  the  fittest  number  of  truth-values  for  the 
axiom  set  (6.0)''.'(6.8)  is  regarded  as  "3". 

12  Conclusion 

In  this  paper,  undefined  operators  and  axioms 
for  many-valued  logic  are  treated  as  unknown 
logical  functions  and  logical  equations  respec- 
tively. Solving  those  equations  by  a computer, 
the  general  solutions  give  the  general  truth 
tables  for  the  undefined  operators.  As  effective 
applications  of  this  method,  canonical  forms  of 
logical  functions  which  satisfy  the  general  truth 
tables  are  derived  and  the  fittest  number  of  the 
truth-values  for  the  given  axiom  set  is  also 
determined  in  relation  to  the  construction  of  the 
canonical  forms. 

Appendix 

1 Proof  of  Tautologies 
[7X1=>(C13F1  3)] 

a [7X1  3(Cl3((C3DX3)t>7(C13Xl)))] 
a [7X1  3((C33X3)  d(C137(C13X1)))] 
a[(C33  X3)  D (7X13(C137(C13  XI)))] 
a [(C3  3X3)  3(7X1  D((C1D  X1)37C1))] 
a[(C3  3X3)  3 ((C13X1)  3 (7XI37CI))] 

2[(C33X3)  n ((C13X1)  D(C13  XI))] 
a [(C3  3X3)  31] 

21.  (10.7.1) 

[7Xi='X]a[7(x  37X)3X]a[7X3(X37x)]ai. 

(10.7.2) 

[X3X3]2[X3(7X3X)]21.  (10.7.3) 

[X3  3(C33X3)]ai.  (10.7.4) 

(10.7.2),  (10.7.3),  (10.7.4)]-  [7x1  3(C33X3)]21. 

(10. 7. 5) 

12[((C33X3)  37tCl3  X1))o((C33X3)37(C13X1))] 
2[(C33X3)  3 (((C3  3X3)3  7(C13X1))3  7(C13X1))]. 

(10.7.6) 

[ 7(Cl3Xl)3Cl]a[7Cl3  (C13X1)] 

a[7Cl3(7Xl  37C1)]21  (10.7.7) 
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(10. 7. S),  (10.7.6),  (10.7.7)  h 

[7X1  d(((C33X3)d  7(C1=)X1))dC1)].  (10.7.8) 

[ 7X2  3(C23F2)]2  [7X2  ^(C237((X2d7C2)d7C2))] 
2[7X2  3(((X2  -57C2)37C2)37C2)] 

2[((X2d7C2)3  (7X2=>7C2)] 

21.  (10.8.1) 

V [7Ar'(A3B)]5[7A3(7B  d7A)]5i 

[((AtB)  oC)  r>(7Ar)C)]2l.  (10.8.2) 

[7X2  :3(F23C2)] 

2[7X2  3(7((X2  =)7C2)3  7C2)r>C2)] 

2[7X2  3(7C2  3((X2  37C2)o7C2))] 

g[7X2^1] 

gl.  (10.8.3) 

[(xnx3)=>x3]a [((X37x)3  (7X3X))d(7x=>x)] 

2 [(7Xo((Xd7X)dX))  3(7X3X)] 

21.  (11.2.1)- 

V [(y3((ZD7Z)3Z))3(y3Z)]2  1.  (11.2.2)^ 
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ABSTRACT 

In  this  paper  we  present  a new  vector  represen- 
tation for  switching  functions,  where  two  or  three- 
valued logic  systems  are  employed.  Using  this 
representation,  rules  for  carrying  out  numerous 
operations  are  presented  such  as  vector  AND,  OR 
and  complementation;  Boolean  difference;  vector 
reduction;  and  substitution  of  0,  I or  u for  the 
variables.  Hence  complex  operations  classically 
carried  out  over  large  Boolean  expressions  can 
now  be  more  easily  carried  out  using  simple  al- 
gorithms which  operate  over  the  components  of 
these  new  vector  representations. 

I.  INTRODUCTION 

Many  procedures  related  to  the  design  and  an- 
alysis of  digital  circuits  employ  algebraic  tech- 
niques. These  techniques  often  require  the  gen- 
eration and  manipulation  of  large  Boolean  expres- 
sions. An  example  of  this  situation  occurs  when 
the  Boolean  difference^  procedure  is  used  for  test 
generation.  Other  computations  require  the  gen- 
eration of  prime  implicants  and  minimal  covers, 
the  latter  problem  being  of  exponential  complexity. 

As  a possible  means  of  alleviating  this  situa- 
tion we  have  studied  a new  representation  of 
switching  (binary)  and  three-valued  expressions. 
These  results  will  be  the  subject  of  this  paper. 

The  application  of  these  representations  reside 
in  the  modeling  of  sequential  circuits.  Given  a 
sequential  circuit  with  memory  elements  y^,  y^,..., 
y„,  and  input  lines  x^,  x^ , . . . , x,,  the  excitation 
variables  (inputs  to  the  memory  elements)  are 
given  by  functions  of  the  form 

f(jr,x)  ~ f(  y Vat  • • • » /n' ' • • • ' ^ • 

The  vector  x may  be  considered  as  a parametric 
vector  in  which  case  f becomes  a function  of  n 
variables,  denoted  by 

Section  II  proposes  a vector  representation  of 
length  2"  for  parametric  switching  functions  of  n 
variables  and  gives  mathematical  rules  for  the 
manipulation  of  such  expressions. 

^This  work  was  supported  by  the  Office  of  Naval, 
Research  under  contract  number  N00014-67-A- 
069-0019  (NR  048-299)  and  by  the  Joint  Services 
Electronics  Program  through  A FOSR  under  con- 
tract number  F44620-76-C-0061. 


Melvin  A.  Breuer 

Departments  of  Ele  ctrical  Engineering 
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When  one  uses  a three-valued  logic  system  and 
substitutes  y,  = u (unknown)  for  all  i,  the  function  f 
becomes  f'(u,x).  A representation  for  f*  was  pro- 
posed by  ChappelH  using  two  expressions,  which 
were  called  the  zero  and  one  components.  It  is 
interesting  to  consider  the  case  where  only  some 
of  the  y,  are  replaced  by  u,  and  f thus  takes  the 
form  f"(yi  , y^^ , u,x).  In  Section  III  we  pre- 

sent a representation  for  i"  using  two  vectors  of 
length  2*.  Applications  of  these  vector  represen- 
tations to  generating  fault  detection  tests  and  syn- 
chronizing sequences  are  given  in  Levendel.^ 

II.  VECTOR  BOOLEAN  ALGEBRA 

Notation  and  Basic  Results 

Given  n Boolean  variables  y^,  y^,  ....  y„.  the 
minterm  vector  corresponding  to  these  variables 
is  a column  vector  m of  length  2®.  It  is  composed 
of  all  the  minterms  over  y^,  y^, . . . , y„  written  in  a 
canonical  order.  This  order  is  as  follows 

21  = ( yn/n- 1-  • • y 1.  yny„- 1-  • • y^y  i.  yny„- 1'  • • v^v 

y^T^-x-  • • YsV^Yx’  • • • . yBy„-i*  • • ysy^) 
or 

m = (m(j,  m^,  . . . , m^ ) where  p = 2"  - 1 . 

Consider  a function  f(y^,  x),  where  (y^,  y^ 

y„)  and  x = (Xj,  Xg,  . . . , x,  ). 

Theorem  I:  It  is  possible  to  write 

f(x«i)  = = ££(*)  'mix) 

where  the  dot  operator  represents  a scalar  pro- 
duct. 2 is  a row  vector  of  size  2"  and  is  called  the 
characteristic  vector  of  f(^,  x). 

Proof;  The  function  f(^,x)  written  in  a sum 

of  minterm  form  as 

P 

f(X.x)  = E f,(x)m, 
i = 0 

where  f,(x)  is  the  value  of  fly,  x)  obtained  by  as- 
signing to  ^ the  values  for  whi?h  m,=  1.  By  select- 
ing the  components  of  ^ using  the  assignment  cp,  = 
f,(x)  the  theorem  is  proven.  ■ 
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Example  2: 


Given 


Let  S be  the  space  of  all  characteristic  vectors 
of  dimension  2”.  Given  two  vectors  and  ^2 
which  belong  to  S,  let  us  define 

1,  a zero  vector  0 =(0,  0,  . . . , 0)  of  dimension 
2”. 

2,  a one  vector  _1^=  (1,  1, . . . , 1)  of  dimension 
2". 

3,  an  AND  operation  denoted  by  "•  " such  that 

££2“  (tDio*  '^30 » *^11*  ‘^21'  * • • ' ^ 

4,  an  OR  operation  denoted  by  "+"  such  that 

£1+^2=  ('Pi0  + 'PjO*=0u  + '^'21'  • • • .tPlp+<I’2p) 

5,  a complement  operation  denoted  by  such 
that 

C£i=  (Vio*  CPii.  . • • > CCjp  ) • 

Theorem  2:  The  system  +#•#-)  forms  a 

Boolean  algebra. 

Proof;  It  can  be  easily  shown  that  this  system 
satisfies  Huntington's  postulates.  ■ 

Example  1:  Let  us  consider  functions  of  two  var- 
iables y^  and  y^  and  two  parameters  x^  and  Xj. 
Then 

iS.  = (y2yi*  ys/i'  y2yi*  ysyi) 

and 

y^^  = (0.  1, 0,  1)  • m 
y^  = (1, 1, 0,  0)  • m 
y^  = (1,0,  1, 0)  • m 
Xj  = (Xi,Xi,Xi,Xj)  • m 

Xi+  Ys  = (1,  l,Xj,ii)  . m . ■ 

Note:  It  is  possible  to  eliminate  m for  notational 
simplicity.  In  fact,  m represents  a base  and  ^ a 
vector  of  coordinates. 

Theorem  3;  Given  r functions  of  n variables  y^, 
Yai  •••  I Yn’  denoted  by 

Zj  = fj(^,x)  = ^ • m j = 0,  1, . . . , r-1 

and  a function  f of  r variables  f(zg,  z^, . . . , z^.  j), 
then 

Zq,  Zj,  ....  Zp_  j)  — f(cDn,  tp,,  m 

= ( ^(cPoo • . . ,CPr_i^o)» 

f(Cpii,  fp21«  • • • » CPr-  1, 1) « • • • »f(tPop«  tPlp>  • • • » tPr-  i,p)) 

• m . 

Proof:  The  proof  follows  from  the  fact  thrt  the 
vector  operations  +,  • and  complement  have  been 
defined  component  by  component.  Since  any 
Boolean  function  can  be  expressed  in  terms  of 
these  basic  operators,  the  theorem  follows.  ■ 


^0  ~ (tPnn»  CPm»  tPna » CPni  ) * rn 

“ ^^10'tPi|,CP^g,CPj3)  • ^ 

^2  “ (*^20*  ‘^21»  tP22  * *^23  ^ * tn 

then 

ZqZi  + Zg  - (cPootDio  "^cPao,  CPQ]CP^^  + C0gj, cpQjCp^g  + cpgj, 

+1^23  ) • m • ■ 

Single  Variable  Manipulation 

Consider  f(y^,  y^ , . . . , yj, . . . , y^,  x)  = ^ • m and 
let  us  define  ^ such  that 

f(yi.  • • • . yi yn>x)  = • 

The  Boolean  difference^  with  respect  to  the 
variable  yi  is  defined  as 

df(  jr,  x) 

“dy^l  " ' yn'*) 

0 f{yj,...,yi,...,yp,x)  • (^) 

Theorem  4:  We  have  that 

df(x,x)/dyi  = (2©  C£*)  • m . ■ 

Given  a characteristic  vector 

CP  — (CDg,  Cp^,  . . . , Cpl  , • • • , CPj,  . . . , CPp)  , 
the  (7-operator  is  defined  as  follows: 

CTj  ^ “ (cpg,  CPl,  • • . , CPj,  • • • , CPi  , . . . , CPp  ) . 

This  operator  interchanges  the  i*''  and  j*''  compo- 
nents in  eg . 

The  following  procedure  computes  2*,  given^. 

Procedure  1:  Generation  of  . 

1.  Set_t  = ^ (^is  of  dimension  2®  ). 

Set  = C£ . 

Set  j = 0. 

2.  If  tj  = 1 then  go  to  3,  else  continue. 

Set  • 

Set  tj^i=  1 . 

3.  Set  j = j + 1 . 

If  j = p then  stop,  else  go  to  2 . ■ 

Example  3:  Consider  the  function 

f(^,x)  = Xi+Xj  + yiyg+yiyj=(Xj+X3,  1,  l,Xj+Xg).m. 

We  want  to  compute  df(^,  x)/dyj. 
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Given 


1.  Set  t=  0. 


££  "■  + Xg  , 1 , 1 , Xj  + Xg  ) 

we  want  to  obtain  by  using  Procedure  1. 
Step  1 produces 

_t  = 0 2a  = 2 j = 0. 

Step  2 produces 

cg’i  = (1,  l,Xi  + Xj,Xi+Xg) 
t = (0.  0,  1,  0)  . 

Step  3 produces 

j = 1 . 


Step  4 produces 


^3  ( 1 • ^2  + Xg  , X J + Xg  , 1) 

t = (0.  0.  1,  1) 

and  the  procedure  stops.  is  the  correct  ex- 
pression. 

By  definition  of  the  Boolean  difference* 

df(jr,x)/dyg  = f(yj.  yg.x)  ® f(yj,  y„x) 

= (^  ® cfia)  ‘HI 


Set  ^ 2 . 

Set  j = 0. 


2.  If  tj  - 1,  then  go  to  3,  else  continue. 

Ifa  = l,  then  set 

If  a = 0,  then  set  . 

Set  t2,2  = 1 . 

3.  Set  j=j  + l. 

If  j = p then  stop,  else  go  to  2.  H 

The  preceding  procedure  generates  a vector  ^ 
which  is  independent  of  y,.  This  implies  that  it 
should  be  possible  to  reduce  cq*  to  a vector^'  of 
dimension  2"  *.  This  will  be  done  by  the  following 
procedure. 

Procedure  3;  Generation  of  2'  from  . 

1.  Set  t-0,  j = 0,  k = 0 and  ^ (unspecified  vec- 
tor of  dimension  2”"*),  (Let  an  element  of  w' 
be  cp^',  and  an  element  of  ^ be  cd^.  ) 

2.  If  t2=  1,  then  go  to  3 else  continue. 

Compute  h = j+ai  and  set  ib^  = cd^. 

Set  t2,.j=  1. 

Set  k = k+l. 


(x  2Xg  f X2Xg  , , X 2Xg)  • m — X2Xg  . B 

Given  a characteristic  vector 

IQ  ~ ( CDo  »CD2i...»CDl....CDj.....  CPp  ) . 

the  T-operator  is  defined  as  follows: 

- (cDo>CDi»»..,C£)j....,Cp2,...,CDp). 

Given  f(y2»...,  y^,...,  y,,, x)  assume  one  de- 
sires to  obtain^  such  that 

££j*  iH  = f(yi»  • • • » a. . . . . y„.  x)  for  a = 0,  l . 

If  we  use  the  following  definition  of  Boolean  dif- 
ference 

df(jr,  X)  / dy^  = f(  y y, - 2.  0 , yj y J 

® i(y !»•••»  yj-  J.  i>  yi+i.  • • . . y„ ) 

and  by  a proof  similar  to  that  of  Theorem  4 we 
obtain  the  following  result. 

Theorem  5;  We  have  that 

df(^,x)/dy,  = (2®®  • m . ■ 

The  next  procedure  computes 
Procedure  2;  Computation  of  . 


3.  Set  j = j + 1. 

If  j = p then  stop,  else  go  to  2.  ■ 

Procedure  3 can  be  used  iteratively  when  we 
assign  several  yi  variables  to  constant  values. 

Theorem  6;  Given  a characteristic  vector  m(x) 
corresponding  to  a function  fl^.x),  then  f(y,x)  is 
independent  of  ^ if  and  only  if 

CDo  = CPi  = CPJ  = . • . = cPg  . ■ 

Example  4:  Consider  the  characteristic  vector 

= (Xi+Xj.  l.Xj+ig) 

corresponding  to  the  function  X2+ Xg+ yjygt  y^y  . 
Then  it  is  necessary  to  have  X2+Xj  = 1 in  order  to 
have  independence  of  2.  This  implies 

Xi=  0 or  Xj  = 0 . ■ 

III.  THREE  VALUED  VECTOR  ALGEBRA 
Notation  and  Results 

Consider  the  characteristic  vectors  of  dimen- 
sion 2".  Each  component  of  such  a vector  may 
take  the  values  0,  1 or  u.  An  assignment  of  val- 
ues to  the  components  is  called  a valuation.  The 
characteristic  vectors,  the  valuations  of  which 
belong  to  {0,  l,u],  form  a space,  denoted  by  S®. 
We  define  two  spaces  S*  and  S'  such  that  for  each 
vector  there  are  two  vectors  € S'  and 

S'  obtained  according  to  the  following  rules: 
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1.  Given  CP,  = 0 then  cp,^  = 0 and  cpf  = 1 . 

2.  Given  cp,  = 1 then  cp[  = 1 and  cpf  = 0 . 

3.  Given  CP,  = u then  rp[  = 0 and  cpf  = 0 . 

Note  that  the  components  of  each  vector  in  the 
spaces  S’’  and  S'  are  binary. 


Corollary  1:  The  superscript  F can  be  considered 
as  an  operator  similar  to  the  complement  and  it 
satisfies  "DeMorgan  Rules" 

1.  (^1* 

2.  (^i  + 22a)'=  2?  • 22  • ■ 


From  this  coding,  the  vectors  Q_,  and  in 
take  on  the  following  form: 

a.  For  0^€  S®,  then  = (0,  0, ....  0) 

0'=  (1,  1...,,!). 

b.  For_ie  S3,  then  _!’=  (1,1,...,!) 

l'=  (0,0, ... ,0) . 

c.  For  u€  S®,  then  (0,0,. ..,0) 

u'=  (0.0,...,0) . 

This  coding  scheme  was  first  introduced  by  Chap- 
pell®, where  it  was  restricted  to  scalars  only. 

The  AND,  OR  and  COMPLEMENT  operators 
are  defined  in  Table  1.  Vector  logical  operations 
are  carried  out  according  to  this  table,  component 
by  component. 


AND 

0 

1 

U 

0 

0 

0 

0 

1 

0 

1 

U 

u 

OR 

0 

U 

u 

( 

0 

a) 

1 

u 

0 

0 

1 

u 

1 

1 

1 

1 

U 

u 

1 

u 

(b) 


COMPLEMENT 

0 

1 

1 

0 

u 

u 

(c) 

TABLE  1 

Theorem  7:  Given  the  vectors  c^a » 23  > 24' 2s  ^ 

S® , the  following  vector  operations  exist: 

1.  If  = 2Ei*22'  then  cpl^  = cpi « 

and  jg3  = ££i'*’22  • 

2.  If^4=j£i  + ^,  then  cpI  = cd(  + 

and  cpI  = m? « cp£. 

3.  If  cEs”2i'  then  jgs~25 

and  = I 


Given  a function  ^ . . . .^i).  the  trans- 

posed function  of  f,  denoted  by  f,,  is  obtained  from 
f by  the  following  transformation 

AND ► AND 

OR  — ► OR 

COMPLEMENT  — ► "F"  OPERATOR  . 
Corollary  2:  We  have 

2^  = ft(2i'  .....  C£il ) 

and 

2^=  tft(2l'22"  • • >2i  * ■ 

Corollary  3:  'Whenever  the  variables  can  only 
take  the  values  0 and  1,  then 

^ and  ^'=21'  ■ 

Example  5:  For  the  vector  ^ = (x,+  Xj,  u,  0,  1)  we 
will  compute  and  The  computation  is  done 
component  by  component.  First  we  compute  cPo 
and  cpj  (see  Table  2). 


Xl 

*2 

‘*'1 

x'' 

x^ 

1 

x^ 

CPo 

CDo 

Xi  + Xa 

0 

0 

0 

1 

0 

1 

1 

0 

1 

0 

1 

0 

1 

1 

0 

1 

0 

1 

0 

u 

0 

1 

0 

0 

1 

0 

1 

1 

1 

0 

0 

1 

1 

0 

1 

1 

1 

1 

0 

1 

0 

0 

1 

0 

1 

u 

1 

0 

0 

0 

0 

0 

u 

u 

0 

0 

0 

0 

1 

1 

0 

1 

u 

1 

0 

0 

1 

0 

0 

0 

u 

u 

u 

0 

0 

0 

0 

0 

0 

u 

other 

. 

- 

1 combinations  | 

Table  2.  Truth  Table  for  Example  5. 

Extracting  cpg  and  cpg  from  the  truth  table  we  ob- 
tain 

Cb5  = xj  + Xj 

CPo  = • 

We  also  have 

cPi  = 0 cps  = 0 
2?  = 0 OPa  = 1 
Finally  we  obtain 

= (x'+  xj,  0,  0,  1) 

Se'  = (xl*!'  0,  1,0) 

and  if  we  assume  that  x,  and  x,  are  evaluated 
over  {0,  1 ),  then 


= 1 

%'  = 0 . 
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and 


= (Xi  + x,,  0,  0,  1) 

— (X  ^X2  fOflfO)  • 


and 


We  can  obtain  the  same  result  by  applying  Theor- 
em 7 to  each  component. 

Example  6:  Let  us  compute  and  for  the  func- 
tion 


xyj+u  where  x,  y^E  {0,11. 


We  have 


and 


Then 

and 


m = {/i.  Yi) 

x^=  (x,x)  xl  = (0-l)  u’=(0,0) 

xf=  (i.x)  Xi=  (1-0)  u''=  (0,0). 

s!  ~ 1 + = ( 0 , x) 

^''  = (xY^  + uT)' 


= x''u''  + XiU''  + = 


(0,0). 


Single  Variable  Manipulation 

Given  and  the  following  is  a procedure  for 
calculating  and  tcf  i.  e.  , it  allows  us  to  com- 
plement the  variable  yj. 


Procedure  4:  Complementation  of  variable  y,. 

1.  Apply  Procedure  1 to  and  obtain 

2.  Apply  Procedure  1 to  c£'  and  obtain  ■ 

Procedure  5:  Assignment  of  a = 0,  1 to  y,. 

1.  Apply  Procedure  2 to  and  obtain  CD*’^. 

Apply  Procedure  3 to  and  obtain  . 

2.  Apply  Procedure  2 to  cg,^  and  obtain 

Apply  Procedure  3 to  and  obtain  cg^  ■ 

The  result  is  and  which  have  dimension 

2”-  1. 

Given  the  following  procedure  assigns  the 
value  u to  the  variable  y,.  The  result  will  be  cr^’^ 
and  cg^ 


^ = (x,  l,x,  1) 
cgj  = (x,  0,x,  0) 


cgi=  jg^  ’tea  = (x,  0,  X,  0) 

2gg  — cga  “I"  egg  — (x,  1 , X,  1 ) . 

Finally 

2'j=  (x,  0)  = (x,  0) 

and 

cg2=  (x,  1)  ^''=  (x,  0)  . 

It  would  be  possible  to  obtain  the  same  result  by 
using  the  following  values 

x'=(x,x)  (0,  I)  u’=(0,0) 

x^=(x,x)  ^J=(1,0)  u^=(0,0) 

and  computing 

xyi+  YjU.  ■ 


Contrary  to  the  other  procedures.  Procedure  6 
is  not  obvious.  Therefore,  it  is  necessary  to  ius- 
tify  it. 

Assume  we  have  a function 
f(yj,  ....  y,,  ....  y„,x)  = a+byj+  cy^  where  be  = 0. 

Let 

fi=  f(yi 0 y„,x) 

fg  = f(yi, y„,x) 

and 

m = f^.  fj 
M = f fg  . 


Theorem  8:  We  have 

f(  Yi.  Ys  • • • • > “ y„,  x)  = m + Mu  . 

Proof:  On  one  hand  we  have 

f(  y j,  yj . . . , y^,  x)  = a+bu+cu  = a+(b+c)u 

and  on  the  other  hand 


Procedure  6:  Assignment  of  u to  y,. 

1.  Apply  Procedure  2 to  ^ and  obtain  ^ and  2'. 

2.  Compute_cgj=  2?  * 

and  cOo  ~ rj?  + tp} . 

3.  Apply  Procedure  3 to  and  and  obtain 
and  . 

4.  Then  and  cg*^  = ^ • ■ 

Example  7;  Given  xyj+  y^yj,  we  want  to  assign 
y,  = u.  We  have 

jg  = (x,  1,  X,  0)  . 

We  obtain 


m + Mu  = (a+b)(a+c)  + (a+b+c)u 
= a + be  + au  + (b+c)u 
= a + (b+c)u  . 

If  we  use  the  T and  F vectors  and  Theorem  8, 
we  obtain 

cg^  = m'^  + M^ « u^  = m^  = 

and 

= m'«^'  • a'  = m' . _M'  = m'  . M^ 

= (21J  • igi  )(cg?  +sg?)  • 
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Finally  if  we  reduce  the  dimension  of  ro^and^j, 
the  procedure  is  justified.  a 

In  summary,  we  see  that  by  using  these  vector 
operations  over  the  characteristic  vector  nu- 

merous classical  operations  requiring  the  manip- 
ulation of  large  Boolean  expressions  can  now  be 
carried  out  using  simple  operations  (algorithms) 
over  the  components  of  these  vectors. 
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1 . Abstract 

This  paper  deals  with  the  problem  of  designing 
multiple-valued  combinational  functions  and  memory 
functions  by  complex  modules.  It  is  shown  how 
logical  functions  can  be  described  by  Postian  vec- 
tors or  by  polynomials  which  are  based  on  opera- 
tions of  Che  ordinary  arithmetic  such  as  addition 
and  multiplication.  Two  equations  ^ ~ ^ v and 
u'  “ £ v'  are  derived,  by  which  all  problems  aris- 
ing with  two-level  decomposition  are  solved.  The 
solution  to  these  problems  is  demonstrated  by  two 
examples. 


2.  Introduction 

This  paper  deals  with  the  problem  of  realizing 
multiple-valued  combinational  functions  and  multi- 
ple-valued memory  functions  by  complex  modules.  As 
Hood’  points  out  the  design  of  multiple-valued 
logic  circuits  is  based  on  a composition  algebra. 

A composition  algebra  is  any  algebraic  system 
(R,S,o)  with  relations  R and  operations  o defined 
on  set  S such  Chat  S is  closed  under  every 
operation  o.  The  closure  property  of  multiple- 
valued composition  algebras  allows  arbitrary 
interconnection  (or  composition)  of  modules  which 
realize  the  operations  of  the  algebra.  That  is, 
the  output  state  value  of  any  module  can  be  used 
as  an  input  state  value  for  any  other  gate.  The 
mathematical  term  "operation"  corresponds  to  the 
technical  term  "fundamental  module",  i.e.  the 
algebraic  description  of  a multiple-valued  logical 
function  f(Xj x^)  specifies  which  fundamental 

modules  are  used  for  the  realization  of  this 
function  and  how  they  are  to  be  interconnected. 

For  an  economical  realization  normally  the 
algebraic  expression  has  to  be  minimized.  The 
algebras  of  Allen,  Givone*  and  Vranesic  et  al.* 
were  developed  for  this  reason. 

A complex  module  realizes  a logical  function 
which  is  more  complicated  than  the  function  of  a 
fundamental  module.  An  algebraic  expression  of  the 
function  f(x.,...,x  ) does  not  show  how  to  inter- 
connect any  complex  module  for  the  realization  of 
this  function.  This  is  why  in  this  paper  it  is  not 
necessary  to  make  use  of  a special  composition 
algebra.  All  logical  functions  are  represented  by 
polynomials  based  on  the  ordinary  arithmetic.  As 
far  as  it  is  known  to  the  author,  this  method  for 


the  description  of  multiple-valued  logical 
functions  was  first  introduced  by  Dujmovic'* 


1969. 


in 


3.  Description  of  multiple-valued  combinational 
functions  and  memory  functions 

The  input  state  vector  :■  ['SjCi)]!  j “ 1> 

...,n,  is  a vector  whose  components  are  co- 
efficients of  the  n-digit  base  ©-representation  of 
the  non-negative  Integers 


k 

Z <\(i)  0 . 0^2,  a, 
k“0 


0,1 0-1,  (1) 


with  6j(i)  “ Oj_j(i).  In  the  product-term  0 of 

equ.(t)  k is  an  exponent  of  0.  The  vector  ^(i)  is 
defined  for  n ^ logg(i-l).  For  example,  with  0"2, 

n-4  is  ^(5)“[l010]^,  with  0“3,  n-4  is  ^(5)“[2100]^. 
By  means  of  ^(i)  the  vector  i“0,l,..., 

0 -1 , is  defined  as  a vector  whose  components  are 

The 


products  of  the  0-valued  variables  X|,...,x^ 
i^*'  component  of  vector  k is 


k. 

1 


n 

n 

u-i 


6j(i) 


(2) 


In  this  equation  is  6.(i)  the  exponent  of  x^. 
Example:  With  the  variables  ’'j  »*2  0“3,  one 

obtains 


k - [l 


2 

X,  X,  X 


x,x«  x.x 


1 "2  "12 


2 "2  ^1^2  *l’'2 


]• 


A 0-valued  combinational  function  z-f(x,,...,x  ) 

J n 

is  described  by  the  vector  i“0,l,.,., 

g"-1.  The  components  u^  of  this  vector  are 

elements  of  the  set  {0,1 0-1).  They  are  values 

of  the  function  corresponding  to  the  input  state 
vector  ^(i).  Denoting  the  present  state  value  of  a 
memory  function  by  y,  the  next  state  value  by  y' 
and  the  next  state  value  which  is  generated  by  the 
input  state  of  vector  ^(i)  with  u! , a memory 

Underlined  lower  case  letters  denote  column- 
vectors,  row-vectors  are  described  by  transpose  T. 
Matrices  are  denoted  by  underlined  upper  case 
letters. 


function  y '-f (Xj , . . . ,x^,y)  is  described  by  the 

vector  ii':“[ul],  i«0, 1 , . . . ,0"-l . The  components  of 
this  vector  are  elements  of  the  set  {O, 1 , . . . ,0- 1 ,y } . 

According  to  Dujmovic  a 0-valued  logical 
function  can  be  described  by  means  of  the 
operations  addition  and  multiplication: 


T 

z«f(x, X )"a  k +a,k,+...+a  k -a  k 

1 n o o I 1 gn_,  Qn_,  -- 

y'“f(x, X ,y)-a'k  +a!k,  + ...+a'  k =a'^k. 

1 ’ n ^ o o I 1 gn_,  gn_,  - - 


(3) 


The  intrinsic  properties  of  the  functions  z“f(Xj,.. 
...,x^)  and  y'"f(X| these  expressions 

are  contained  in  the  vectors  £:“[a^]  and  £'“[a!] , 

i“O,l,...,0  -1,  respectively.  In  ® it  is  shovm, 
that  the  vectors  £ and  £*  can  be  transformed  into 
the  vectors  u and  £* , respectively  by  means  of  a 
matrix  M(0,n) : 


u - M(0,n)£ 
u'  “M(0,n)£'. 

For  n“l  the  matrix  M(0,n) : “[m. . (0, 1 )] , i,j-0,l,... 

1 . ^ ^ . 1 

...,0  -1,  is  described  by  m^^  (0,  I )“i'' . For 

arbitrary  0 and  n,  the  Matrix  M(0,n)  can  be  derived 
recursively  from  the  matrix  M(0,n-I): 

M(0,n)  - M(0.O  M(0,n-1),  (5) 

where  the  operator  "x"  is  the  Kronecker-product  of 
two  matrices. 

The  matrix  M(0,l)  is  non-singular,  hence  there 

exists  an  inverse  M (0,1).  By  application  of  the 
rules  for  the  inverse  of  a Kronecker-product  the 
inverse  of  M(0,n)  can  be  recursively  derived  from 
the  inverse  of  M(0,n-1): 

M“*(0,n)  - (M(0,1)  X M(0,n-1))'' 

-1  -1 
- M ‘(0,1)  X M ‘(0,n-l). 

The  matrix  M *(0,n)  transforms  the  vectors  u and  u' 
into  the  vectors  £ and  £* , respectively.  From  now 
on,  all  vectors  which  describe  a logical  function 
according  to  the  vectors  a and  £*  are  considered  as 
being  transformed.  All  vectors  which  describe  a 
logical  function  according  to  the  vectors  £ and  £* 
are  considered  as  being  untransformed.  They  are 
denoted  as  Postian  vectors,  because  their 
components  are  elements  of  the  sets  {O, 1 , . . . ,0-1 ) 
and  {O, 1 , . . . ,0-1 ,y} , respectively.  For  convenience, 
the  arguments  0 and  n of  the  matrices  M(0,n)  and 

M \o,n)  are  omitted. 


4.  Description  of  the  circuit  structure 

A block  diagram  of  multiple  decomposition  of  a 
combinational  function  or  a memory  function  is 
given  by  fig.l.  In  the  case  of  combinational 

functions  the  function  z-f(x. x ) is  decomposed 

into  one  function  " 

z - g(r r ) - b^t  (7) 

] m — — 

and  m functions 


Fig.l.  Block  diagram  of  multiple  decomposition 

''v  ■ ' i 

In  the  case  of  memory  functions  the  function 
y ' “f (X| , . . . ,x^,y)  is  decomposed  into  one  function 

y'  - g(r, r^,y)-b'’’t  (9) 

j m — — 

and  m functions 

T 

% “ % (*1 , . . . ,X^)  • k,  v-1 , . . . ,m.  (10) 

In  these  equations  there  are  ^:“[b.]  and 

i“0 , 1 , . . . ,0™- 1 , the  transformed  vectors  of  the 

functions  z-g(r  ,...,r  ) and  y'“g(r r .y). 

1 m 1 m 

respectively.  The  vectors  £y:“[c.^],  with  i-0,1,.. 

...,0  -1  and  V“l,...m,  are  the  transformed  vectors 

of  the  functions  h,,...,h  . The  corresponding 
1 m 

Postian  vectors  are  V“M  b,  v'“M  b'  and  w “M  c . 

The  vector  j“O,l,...,0  -1,  in  equ.  (7)  is 

defined  by  ^ 

m 6 ,(j) 

t.  n r/  , j-O,l,...,0”'-l.  (11) 

J V-1 

Ledley  and  Huang  ^ have  stated  three  typical 
problems  for  the  design  of  multiple-valued 
combinational  circuits  with  a structure  as  shown 
in  fig.l; 

1.  The  function  g(r,,...,r  ) and  the  functions 
1 in 

h, (x  , . . . ,x„) , . . . ,h  (x  ,...,x  ) are  given.  The 

11  n ml  n 

problem  is  to  find  the  unknown  function 

f(x, x^). 
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2.  The  function  f(Xj,...,x^)  and  the 

functions  h, (x, x h (x,,...,x  ) are 

11  n ml  n 

given  explicitly.  The  problem  is  to  find  the 

function  g(r|,...,r^)  such  that  f»g. 

3a.  The  functions  f(x,,...,x  ) and  g(r,,..., 

I n 1 

r^)  are  given  explicitly.  The  problem  is  to  find 

the  unknown  functions  h,(x,,...,x  ) h (x,,..., 

11  n ml 

x^)  such  that  f-g. 

This  paper  deals  with  the  second  and  third 
problem  only.  The  first  problem  is  a composition 
problem  and  is  solved  by  substituting  the 

functions  h,,...,h  in  the  function  g(r, r ), 

1 m 1 m 

which  is  easily  done  by  application  of  equ.(2I)  of 
ch.5.  The  third  problem  will  be  used  for  the 
decomposition  of  combinational  as  well  as  memory 
functions.  If  a memory  function  is  to  be 
decomposed  the  third  problem  runs  as  follows: 

3b.  The  memory  functions  f(x ,y)  and 

1 n 

g(r j , . . . ,r^,y)  are  given  explicitly.  The  problem 

is  to  find  the  unknown  combinational  functions 

(’'i S“ch  that  f-g. 

11  n ml  n 


0“-i 

z 

j-0 


v-1 


“iv 


(14) 


0"-l 


0"-l 


n>  V 

z b.  n w ^ ‘ 


j-O 


U-1  0-1 


With 


and 


follows 

u - P b. 


m 

Vi^j) 

Pij  ^ 

w. 

IV 

(15) 

V«1 

P :-' 

^^Pij] 

. ,0"-l 
..0"'-! 

(16) 

.^v-l 


(17) 


As  shown  by  equ.(15),  for  j-0  and  v-l,...,m  the 
column  j of  the  matrix  P is  equal  to  the  vector 


For  memory  functions 
u'  = P b' 


(18) 


5.  Derivation  of  equations  for  the  solution 

In  this  section  two  equations  ^-S  v and  u'-^  v' 
are  derived,  in  which  the  Postian  vectors  v and  v' 
of  function  g are  transformed  into  the  Postian 
vectors  u and  u' .respectively , of  function  f.  The 

matrix  S describes  the  functions  h,,...,h  . The 
— I’m 

derivation  of  this  matrix  is  the  same  for  both 
combinational  functions  and  memory  functions. 
Therefore  it  is  carried  out  for  combinational 
functions  only. 

Equ.(ll)  is  substituted  in  equ.(7).  With  f-g, 
writing  the  resulting  equation  in  sum  of  products 
form,  it  follows: 


0-1  m 6 (j) 

f(x, x^)  - Z b.  n ‘ . (12) 

‘ " j-0  J V-1  '' 

With  equ.(lO)  r^-h^(Xj x^)-  k is 


0-1  ^ T '^V-l^J^ 

f(x,,...,x)  - Z b.  n (c  k)  . (13) 

' " j-O  J v-1  - 

T 

In  the  last  expression  only  the  product  Ic  is 
dependent  on  the  variables  x,,...,x  . The  function 
T ^ 

r -h  (x,,...,x  )-  c k is  described  by  the  Postian 

vector  w^.  Substituting  the  components  of  the 
input  state  vector  ^(i)  in  the  variables  Xj,...,x^ 

according  to  the  equation  i-0,1,.. 

...,G"-1  the  vector  w.,:-rw.  1 is  obtained.  From 

equ.(I3)  follows  by  the  same  substitution: 


Z 

j-0 


n w. 


v-l 


Ov 


is  obtained  in  the  same  way. 

The  equation  £-^  ^ transforms  the  vector  b of 
function  g into  the  vector  £ of  function  f.  The 
right-hand  side  of  £“P^  is  multiplied  by  the 

unity  matrix  *M  which  yields 

u - (P  m”')  (M  b).  (19) 

The  factor  M ^ of  this  expression  is  already  known 
as  the  Postian  vector  v-M  the  factor 

S :-  P m”'  (20) 

ought  to  be  examined  more  closely. 

It  can  be  shown  that  for  the  elements  s.,  of 

^ . p IK 

matrix 

Sfk  ‘ 

holds  true.  There  is  exactly  one  unity  element  in 
each  row  of  matrix  S^.  The  reader  may  verify  this. 

A proof  is  given  in  ® . A second  property  can  be 
shown  considering  fig.l.  By  means  of  the  functions 
hj,...,h^  an  output  state  of  the  variables  rj,..., 

r^  is  assigned  to  each  input  state  of  the 

variables  Xj,...,x^.  The  input  states  of  the 

variables  Xj,...,x^  identify  the  rows  of  matrix 

the  output  states  of  the  variables  r,,...,r 

I m 

identify  the  columns.  The  element  s^j^  is  equal  to 

1 , provided  that  the  input  state  i of  the 
variables  Xj,...,x^  corresponds  with  the  output 

state  k of  the  variables  r,,...,r  . The  states  i 

I m 

and  k are  defined  by  the  state  vectors  ^(i)  and 
^(k),  respectively.  Otherwise  s.,is  zero. 

From  eqs.(19)  and  (20)  follows 

H-Sv  (21) 

and 
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u'  - s v’.  (22) 

With  the  property  of  the  matrix  ^ (one  unity- 
elereut  per  row)  and  the  last  two  equations  an 
important  condition  for  the  decomposition  of 
multiple-valued  functions  is  derived: 

! then  u . 


if  s . 


ik 


>< 


1 k 

or  u!  • Vj^,  respectively 

for  i *0,1 G"-  1 , 

[and  k - 0,1 o'”-!. 


(23) 


This  condition  is  helpful  in  solving  the  problems 
2 and  3. 

6.  Solution 

At  first  the  solution  of  problem  2 is  demonstrated 
by  means  of  an  example.  The  3-valued  combinational 
function  fixj.x^)  is  given  by  the  Postian  vector 

£•[210  210  000]  . The  functions  hjixj.x^)  and 
h^ixj.x^)  are  given  by  the  Postian  vectors 
Wj-[222  222  000]^  and  W2-[210  210  210]^, 

respectively.  The  problem  is  to  find  the  unknown 
function  g(r|,r2).  After  constructing  the  matrix 

with  ^ ^”u  one  arrives  at: 

\ 


®00 

®01 

0 

®03 

*04 

0 

*06 

*07 

0 

y 

y 

^0 

^1 

0 

^3 

*14 

0 

*16 

*17 

0 

y 

y 

0 

0 

1 

c 

0 

0 

0 

0 

0 

0 

0 

®30 

®31 

0 

*33 

*34 

0 

*36 

*37 

0 

y 

y ! 

®40 

®41 

0 

*4  3 

*44 

0 

*46 

*47 

0 

• 

y 

■ 

y ' 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

y 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

y 

1 

, 0 

0 

0 

0 

0 

0 

0 

0 

1 

.2 

2 

All  elements  of  the  matrix  which  are  denoted  by 

s.,  , are  undetermined  and  can  be  0 or  1.  The 
ik 

matrix  P,  which  explicitly  contains  the  solution 
for  the  function  hj(Xj,X2)  and  h^iXj.x^)  in  form 

of  the  vectors  Wj  and  W2,  is  derived  by 
multiplying  equ.  (20)  on  both  sides  by  M,  i.e. 

P - £ M.  (24) 

As  already  mentioned  with  regard  to  equ. (15)  the 
vectors  Wj  and  W2  are  equal  to  the  columns  1 and 

3,  respectively,  of  the  matrix  P^.  Consequently 
these  vectors  are  derived  by  multiplying  the 
matrix  ^ by  columns  1 and  3 of  the  matrix  M(3,2): 


x.x,  \ 

00 

10 

20 

01 

1 1 

21 

02 

12 

22 

*01**04**07 

*03**04*2*06*2*07' 

1 2 

00 

0 

0 

0 

0 

0 

0 

0 

0 

l' 

Vo 

2 

*11**14**17 

*13**14*2*16*2*17 

10 

0 

0 

0 

0 

0 

1 

0 

0 

0 

V] 

1 

2 

0 

20 

0 

0 

1 

0 

0 

0 

0 

0 

0 

V2 

0 

01 

0 

0 

0 

0 

0 

0 

0 

0 

1 

V3 

2 

*31**34**37 

*33**34*2*36*2*37 

1 1 

0 

0 

0 

0 

0 

1 

0 

0 

0 

V4 

- 

1 

«l" 

*41**44**47 

’ i^2“ 

*43**44*2*46*2*47 

21 

0 

0 

1 

0 

0 

0 

0 

0 

0 

V5 

0 

2 

1 

02 

0 

0 

0 

0 

0 

0 

1 

0 

0 

V6 

0 

12 

0 

0 

0 

1 

0 

0 

0 

0 

0 

V7 

0 

2 

0 

22 

1 

0 

0 

0 

0 

0 

0 

0 

0 

.V8. 

0 

2 

1 

In  this 

example 

there 

is 

s 

08“’ 

and 

“c 

“2- 

Therefore, 

2 

2 

condition  (23)  yields  Vg«2.  The  complete  solution 

on 
iT 


for  the  function  g(rj,r2)  is  given  by 


^■[0-0  0-1  0-2]^.  Columns  1,  4 and  7 of  the  matrix 
^ do  not  contain  any  1 -element.  For  this  reason 
the  elements  Vj,  v^  and  v^  of  the  vector  ^ are 

"don't  care"-elements  On  the  other  hand  the 

two  elements  s^g  and  s^g  in  column  8 of  the  matrix 

^ are  equal  to  "1".  From  this  follows,  that  there 
is  no  solution  to  the  problem  unless  u^-Ug. 

Finally,  the  solution  of  a problem  of  type  3 
is  demonstrated  by  means  of  a 3-valued  memory 
function.  The  function  f(Xj,X2,y)  is  given  by  the 

Postian  vector  u'«[yyO  yyl  012]^,  the  function 
g(r|,r2,y)  is  given  by  the  Postian  vector 

v'“[yyO  yyl  yy2]^.  The  problem  is  to  find  the 
unknown  functions  hj(X|,X2)  and  h2(Xj,X2). 

Considering  the  condition  (23),  the  equation 
S v'-u'is  written  as 


Denoting  the  number  of  values  I,  which  appear  as  a 
component  of  ^ or  u'  with  and  the  number  of 

values  I which  appear  as  a component  of  ^ or  v^' 
with  Vj^,  where  )le{0,l 0“I,y},  the  total  number 

of  solutions  of  the  matrix  ^ is  obtained  from  the 
product 

f0-l 


n 

n-o 


I ^ 

J ^ 


(25) 


2 14 

There  are  k-1  1 6 -1296  solutions  for  the  matrix  ^ 
of  the  running  example.  One  solution  is  obtained 

From  this  follows 
1T 


by  setting  s^^-Sg, -s^^-1 . 


^1 


[0  1 2 
[000 


1 1 2 
0 1 1 


2 2 2]^, 

0 1 2]^. 


hj (X| ,X2) 


max(X| ,X2) , 
min(X| . 


This  example  is  showing  that  there  are  only 
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solutions  to  a problen  of  type  3 if  each  component 
of  the  vectors  u'  appears  at  least  once  as  a 
component  of  the  vectors  v,  v' , respectively.  It 
is  also  showing  that  only  such  multiple-valued 
memory  functions  can  be  treated  which  can  be 
described  by  Postian  vectors  u'  or  v',  as  defined 
in  section  2. 


7.  Conclusions 


It  has  been  shown  how  the  design  of  multiple- 
valued combinational  functions  and  a special  class 
of  memory  functions  is  treated  by  operations  of 
the  ordinary  arithmetic  such  as  addition  and 
multiplication.  All  problems  arising  with  two- 
level  decomposition  are  solved  by  the  equations 
u“^v  and  u'“^v'  , respectively,  where  u,  v,  u' 
and  v'  are  Postian  vectors  and  £ is  a matrix 
having  only  one  unity-element  per  row. 
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Abst  ract 

An  extension  of  the  concept  of  Boolean  memories 
is  presented.  A new  formulation  is  given  which 
allows  to  investigate  multivalued  memory  elements. 
These  elements  define  a class  of  asynchronous  memo- 
ty  circuits,  particular  cases  of  which  are  the  usual 
mul t istables . A systematic  method  of  shyntesis  is 
developed.  The  method  is  based  on  a simple  interpr^ 
tation  of  the  stability  constraints  which  are  impo- 
sed by  an  state  matrix. 


-pies  of  applications  can  be  found  . Principally, 
they  are  interesting  when  the  information  is  not  co 
ded  in  a pure  binary  way. 

The  purpose  of  this  paper  is  the  generalization 
of  the  concepts  developed  in  ' to  the  multivalued 
case.  It  has  a theoretical  interest  since  appears  to 
be  a systematic  treatment  to  The  synthesis  of  asyn- 
chronous memory  elements  for  any  base.  From  a prac- 
tical point  of  view,  a synthesis  method  is  given 
which  applies  for  any  base  and  any  number  of  stable 
states.  It  may  be  of  value  when  the  information  to 
be  stored  is  not  coded  in  a conventional  way. 


I . I nt roduct i on 

The  synthesis  of  multivalued  sequential  networks 
has  attracted  the  attention  of  a number  of  resear- 
chers during  the  last  years.  Different  approaches  to 
the  problem  of  designing  multivalued  (MV)  memory 
elements  have  been  reported  '“5.  However,  all  of 
these  approaches  have  been  directed  toward  the  syn- 
thesis of  p-valued  elements  with  p stable  states. 
They  are  called  multivalued  flip-flop.  Examples  of 
both  synchronous  and  asynchronous  mul t i stabi es  wh ich 
belong  to  that  class  may  be  found  elsewhere  . For 
any  base  (including  binary)  asynchronous  flip-flops 
are  interesting  by  themselves  and  because  they  are 
the  basic  building  block  for  the  synthesis  of  syn- 
chronous multistables.  The  formers  are  realized  by 
the  closed  interconnection  of  logic  operators  which 
possess  the  Involution  Property. 

Danielsson  ® pointed  out  for  binary  flip-flops 
that  they  are  comprised  in  a more  general  class  of 
memory  elements  which  he  called  Boolean  memories. 
The  distinctive  characteristic  of  these  elements 
is  to  exhibit  m stable  states  for  a p-valued  logic. 
Although  they  have  not  been  extensively  used,  exam- 


I I . Preliminary  concepts 

This  section  is  devoted  to  the  definition  of  so- 
me basic  concepts.  Some  of  them  were  introduced  in 
® but  are  generalized  in  this  paper. 


Def  in  i t ion  I ■ Memory  machine:  A memory  machine 
(mm)  of  order  m is  an  asynchronous  sequential  machj^ 
ne  characterized  by  a set  of  internal  states 
(op  02’*-*  and  a set  of  inputs  ( Iq*  ' i > 1 2 ' ‘ ' *m^ 
and  having  the  transition  table  given  in  Table  I. 


Definition  2.  p-valued  memory  element:  A p-valued 
memory  element  (PVME)  is  a circuit  realization  of  a 
memory  machine.  Any  input  symbol  I.  is  represented 
by  a combination  of  the  p-valued  input  variables 

1’  2’  ’ g ' ~j 

combination  of  the  p-valued  state  variables  ApA^, 

....  A.. 


Definition  3.  p-valued  flip-flop:  A p-valued 
flip-flop  (PVFF)  is  a p-valued  memory  element  of  o£^ 
der  p. 


It  is  important  to  note  that  Definition  1 does 

not  impose  any  restriction  to  the  existence  of  other 

columns  that  the  ones  of  the  set  (I  , I,,...,  I }. 

o 1 fn 

With  that  remark  it  should  be  clear  that  Definition 
3 applies  for  any  multistable. 

We  can  see  from  Table  I that  no  transitions 
occur  for  the  input  symbol  1^.  We  will  say  that  the 
memory  element  is  in  its  essential  memory  mode. 
Whenever  the  input  symbol  i s I j 1^,  we  will  say 
that  the  memory  element  is  in  the  setting  mode. 

As  Danielsson  pointed  out  in  memory  elements 
have  an  important  property.  In  the  setting  mode, the 
next  state  is  dependent  only  on  the  input  variables 

X,,  X, X . It  means  that  the  circuit  behaves 

like  a combinational  circuit.  The  feedback  action 
only  takes  place  when  the  circuit  is  in  the  essen- 
tial memory  mode  can  be  reduced  to  the  analysis  of 
the  equilibrium  states  of  an  input-free  feedback 
network.  It  allows  the  development  of  a synthesis 
method  rather  inconvent  iona 1 but  very  adequate  for 
this  kind  of  sequential  machines. 

III.  General  structure 


9. 


p-1  iff  i ^ X ^ j 

(1) 

0 otherwise 

where  p-1  is  the  highest  value  of  the  algebra. 

The  other  combinational  block  only  contains  AND 
and  OR  gates  which  are  defined  as: 

AND:  A.B  = MIN(A,B) 

(2) 

OR:  A+B  = MAX(A,B) 

A question  arises  when  we  consider  the  diversity 
of  1 -Operators  which  can  be  defined.  We  have  been 
concerned  with: 

B 

Cycle:  A^  = ( A+B) mod. p 

Complement:  A = (p-l)-A  (3) 

Identi ty:  A » A 


'vJ 


where  A and  B are  logical  variables  which  take  va- 
lues o^  the  set  {0,  1,  ...,  p-1}  of  a p-valued  a1g£ 
bra. 


We  can  distinguish  two  different  classes  of  memo 
ry  elements. 


We  repeat  here  a well-known  result  due  to  Unger 

He  has  shown  that  any  closed  feedback  loop  which 
can  take  two  or  more  equilibrium  states  must  contain 
at  least  one  amplifier.  As  a generalization  of  a 
condition  given  in  ^ we  will  state: 

Assumption  1:  Each  amplifier  is  a logical  opera- 
tor with  the  Involution  Property  and  viceversa. 

Corol lary  1 : Each  feedback  loop  contains  at  least 
an  involutive  operator  { I -Operator) . 

In  accordance  with  the  above  statement  we  can 
represent  the  general  structure  of  a memory  element 
in  the  form  of  Figure  1.  We  will  consider  the  l-op£ 
rator  outputs  as  the  feedback  signals.  Of  course, 
the  arrangement  does  not  lead  to  a minimum  number 
of  feedback  loops. 

The  block  labelled  Givone's  operators  is  a combJ_ 
national  block  which  contains  only  some  unitary  ga- 
tes which  perform  a logical  transformation  on  the 
feedback  signals.  The  transformation  is  defined  by 


Definition  4.  Pure  p-valued  memory  element:  I s a 
PVHE  with  identical  l-Operators  in  all  the  feedback 
loops . 

Definition  5.  Hybrid  p-valued  memory  element:  Is 
a PVME  with  different  types  of  l-Operators. 

IV.  Binary  memory  elements 

Danielsson  has  studied  the  p-valued  memory  ele- 
ments for  p ” 2.  He  called  boolean  memories  to  this 
particular  elements.  In  order  to  understand  our  ge- 
neral treatement,  it  is  necessary  a quick  glimpse 
to  the  algebraic  formulation  which  was  introduced 
in 

For  binary  components,  the  l-Operators  should  be 
inverters  and  the  combinational  blocks  of  Figure  1 
are  reduced  to  one  which  only  contains  AND  and  OR 
gates.  The  behaviour  of  the  system  is  represented 
by  the  set  of  equations: 
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A,  - f,(A2....A^) 

^2  ~ ’^^* * * * 

2 2 13  n 


A 


n 


fn(A^,A2,.-.,An_,) 


The  synthesis  method  developed  in  ^ is  based  on  an 
efficient  use  of  the  state  matrix.  The  columns  of 
the  state  matrix  correspond  to  the  different  stable 
states  of  the  memory  element.  The  column  associated 
with  the  state  o.  is  formed  by  the  code  assigned  to 
that  state.  The  dimension  of  the  state  matrix  is 
n X m,  where  n is  the  number  of  feedback  loops  and 
m the  number  of  the  stable  states. 


The  design  procedure  consists  in  expressing  A.  as 
a function  of  an  auxiliary  variable  P.  as  follows: 


lA 


P 


(5) 


where 


1- 

— 

-T 

hi 

= 

& 

» ^2  » • • 

•-V 

T 

r- 

p 

.P2... 

and 


is  the  state  matrix. 


The  aul  iary  variables  are  determined  by  using: 

[a  (6) 

where  [z]is  a matrix  whose  elements  are  the  comple- 
ment of  the  elements  of  . 

As  a result,  the  variable  A.  can  be  expressed  by: 


III 

A.  = y S..P. 

I • 1 U J 

j » 1 ■' 


(7) 


It  should  be  clear  that  we  use  the  elements  of  [^a] 
which  are  logic  1's  in  equation  (5)  and  the  elements 
which  are  logic  O's  in  equation  (iS) . An  alternative 
expression  for  (5)  is: 


where 


We  use  Aj  to  represent  the  result  of  the  applic£ 


tion  of  an  I -Operator  on  A.. 

Expression  (5)  is  the  base  for  our  generalization 
to  non-binary  algebras  as  we  will  see  in  the  next 
sect  ion. 


A parallel  development  leads  to  the  set  of  equa- 
t ions : 


where  S 


A 


^ S 


is  obtained  from: 


(9) 


[Si 


(10) 


V.  Stability  conditions  for  PVME 

In  this  section  we  consider  an  input-free  PVME 
in  order  to  determine  the  equilibrium  constraints 
which  are  valid  in  its  essential  memory  mode.  From 
the  Figure  1 any  PVME  has  to  statisfy  the  following 
set  of  logic  equations: 


/k.k  k.k 

,k(  *2,  A3,.. 

.,V) 

/k.k  k.k 

2k^  *1 ’ *3’ • • 

(11) 

(k  k k k 
nk'  ''r 

where  the  functions  f.,  contain  only  the  MAX  and 

MIN  operators.  As  it  can  be  seen  from  (11)  the  Giv£ 

ne's  operators  used  in  the  first  stage  of  the  combj_ 

national  block  are  of  the  some  order.  Futhermore, 

the  following  theorem  gives  more  information  on  the 

funct i ons  f . . . 

ij 


Theorem  1 : The  function  f,.  does  not  depend  on 
the  operand  •'A.  except  for  taking  the  value  j . 


Proof:  Let  us  assume  that  "^A"!  contributes  to  f... 

I IJ 

Then,  for  one  or  more  combination  of  the  remaining 

* I j 

operands,  A.  ■ f..  depends  directly  on  ■’A-;.  That  d£ 

• IJ  1 i ' 

pendence  can  be  expressed  as  f.j  “ r.'^Aj.  This  equ£ 

tion  represents  a nonequilibrium  condition  except 

A 

for  r “ j"  . But  nonequilibrium  conditions  cannot 
exist  in  the  essential  memory  mode.  It  concludes  the 
proof . 

Now,  we  will  study  the  equilibrium  conditions  of 
the  memory  elements. 


A. 
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Definition  6:  Let  o.  and  Oj  be  two  columns  of  the 
transformed  state  matrix  [eJ . We  will  say  that  Oj 
and  o.  contains  a k-level  stability  pair  if  at  least 
two  rows  form  a submatrix  of  the  following  type: 


o . 

I 


o . 
J 


provided  that  s,r  ^ k,  al  tough  s and  r can  be  equal. 


Theorem  2.  Stability  theorem:  Let  [e1  represent 

A 

a p-valued  memory  element.  The  variables  A.  can  be 
expanded  as  a function  of  the  variables  Aj  , A/-j  = i 
iff  each  pair  of  columns  of  [eJ  have  at  least  one 
k-level  stability  pair. 

Alternatively,  every  pair  of  columns  of  [o]  must 
have  at  least  one  k -level  stability  pair. 


* k k 

Proof:  A,  can  be  expressed  as  a function  of  A. 

|<  ' 1^1^  J 

iff  Pj  depends  also  of  Aj,  It  is  equivalent  to  say 

that  the  s-th  column  of  [e]  contains  al  least  one 

the  value  k. 

Let  to  suppose  that  k does  not  appear  at  any  co 

lumn  of  [a].  At  this  case,  the  value  k is  missing 

A 

at  any  column  of  [eJ  , which  means  that  A.  cannot 

k k ' 

be  expanded  as  a function  of  Aj  in  contradiction 
with  the  hypothesis. 

Let  a and  a.  be  two  columns  of  [a],  V/e  will  as- 
a D ^ 

sume  that  in  some  row,  has  the  value  k and  a 
different  logical  value  r.  Let  to  suppose  that  this 
row  corresponds  to  Aj.  Since: 

* 


^ /k.k  k.k  k.k  k,k> 

^ = ^k^  ''2 ^1+1 


(12) 


k.k 


at  least  one  of  the  remaining  signals,  say  Aj^,must 
bring  about  the  different  values  in  fj|^.  In  fact, 
with  this  assumption  we  can  write: 


.*  k k *k.k 
Al  = r Ah  + k Aj 


(13) 

k k * 

when  Aj^  » k,  as  fj|^  must  follow  Aj^,  Aj  = r.  It 

means  A.  = k for  a . V/hen  A.  ^ k,  the  value  of  A, 
h ah  I 

depends  on  itself  as  the  theorem  1 shows.  In  that 

A * Vk 

case  A,  » k and  A.  * s k for  a.  . It  concludes 
I h D 

the  proof. 


Corol lary  2 : If  A"  can  be  expressed  as  a func- 
k k * 

tion  of  Aj (Vj  ^ i),  neither  the  k's  nor  the 
r's(r  ^ k)  of  a state  matrix  column  can  be  covered 
by  the  corresponding  configurations  in  any  other 
state. 


Proof : Let  assume  two  columns  Og  ^nd  where 

the  k's  of  o are  covered  by  the  k's  of  o.  . Then  it 
a D 

is  impossible  to  form  a k-level  stability  pair. 

As  an  example,  we  can  consider  the  following  ma- 
trix which  does  not  statisfy  the  stability  theorem. 


'2 

k 


"3 


^7 

'■9 


% 
k ■ 


10 


V.  Synthesis  procedure 

Theorem  2 has  shown  the  necessity  of  the  existan 
ce  of  at  li-ast  one  k-level  stability  pair  in  the 
transformed  state  matrix.  But  that  matrix,  [eJ  , 
can  have  other  stability  pairs  of  different  level. 
It  is  formalized  by  the  following  theorem. 

Theorem  3:  Let  [o]  be  an  state  matrix  whose 
transformed  state  matrix  [e]  fulfills  the  Stability 
Theorem  for  k = kp  k2 k^.  For  [o]  we  can  al- 

ways find  one  memory  equation  set  for  each  k.  with 
the  condition  that  the  system  is  satisfied  by  and 
only  by  the  given  matrix  columns. 

Before  the  proof,  we  shall  describe  the  general 

synthesis  method  which  have  been  developed.  In  ac- 

* 

cordance  with  theorem  2,  A.  can  be  expressed  as  a 
k k ' 

combination  of  A,.  For  simplicity,  we  will  intro- 

k k 

duce  the  auxiliary  variables  P.  which  allows  to 
.A  J 

write  A.  as  a "linear"  combination: 


m 


I 


* 

A.  ^ .... 

’ j i 1 'J  J 


(14) 


k k 

where  E applies  for  the  MAX  operator  and  P.  is  a 

k k ^ 

product  of  some  of  the  signals  A,.  The  problem  is 
k k 

now  reduced  to  find  P.  for  a given  state  matrix. 

J 

An  example  can  contribute  to  clarify  the  approach. 
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Let  to  design  a pure  3'valued  memory  element  with 
four  feedback  loops  and  four  states  and  with  the 


state  matrix: 


We  will  use  a counterclockwise  operator  as  the 
l-Operator.  It  is: 


A 

A.  = A. 

I I 


Then,  the  transformed  state  matrix  is: 


0 12  2 
12  0 2 
2 0 11 
112  0 


It  can  be  observed  that  [s]  satisfies  the  stabi- 
lity theorem  for  k = 0.  It  allows  to  write  expres- 
sion (lA)  as: 


a;  = o.°P°  . i.(°P°  . °P°)  ^ 2.°P° 
a!  - 0.°P?  + 1.(°P°  + °P°)  + 2.°P° 


A3=0.(°P°+°P°)  ^ l.°P°+2.°P° 
a;=0.(°P°+°P°)  . l.°P°^2.°P° 


A2=0.°P°.  1.(°P°^°P°) 

a;.o.(°p°.°p°)  * ’-“P? 

< = 0.(°P?  + °P°)  + 1.°pO 


Since  the  zeroes  of  [j:]  mark  the  elements  °A°  which 
are  responsible  of  each  ^3'’  determine  them: 

°P°  - °A° 

I ''l 

°P°  - °A° 

^ ^ (21) 

OpO  , o o 
3 ''2 

OpO  o o 

’’l,  “ Aj, 

We  will  call  this  type  of  expansion  the  canoni- 
cal sum-of-products  CS°P? 

k k 

In  general,  we  can  calculate  P.  by  mean  of  the 
equation  system: 


kpkj  = |k,kj 


which  is  the  generalization  of  (6).  A.  as  a function 

k k ' 

of  P.  is  then  obtained  from: 

J 

[aM  = [a|  M (23) 

It  has  to  be  noted  that  expression  (22)  is  a bi- 

k k 

nary  equation  which  points  out  that  P depends  on 

k k . ® 

A,  iff  the  element  of  row  s and  column  j of  |^j;]  is 


We  must  remember  that  any  p-valued  function  can  be 
expressed  as; 


f = I j.f.  ‘ I j.f.  (19) 

j = 0 J j - 1 J 

where  we  have  specified  the  value  of  the  function 
in  two  alternative  ways.  The  first  procedure  details 
the  value  of  all  of  the  cells  which  are  different 
from  zero.  This  is  the  normal  method  for  writing  a 
switching  function.  However,  we  have  many  represen- 
tations which  are  theoretically  equivalent  but  whose 
usefulness  may  depend  on  the  circuit  elements  which 
are  employed.  In  particular,  we  can  write  (l^t)  with^ 
out  specifying  the  cells  whose  value  is  k . For  the 
example: 

At  - 0.°P°  + 1.(°P°  + °P°) 


Lemma  I : In  a CS  P one  and  only  one  of  the  pro- 
ducts 'pj,  'P2,...,'P^  can  be  equal  to  the  maximum 
value  of  the  logic,  p-1,  at  an  equilibrium  state. 


Proof:  First,  let  all  products  be  zero.  Then, the 
functions  f ^ . , f2j,  •..,  f^^j  are  equal  to  i which 
in  turn  implies  'Aj  “ 'a^  ” ...  « 'a^^  » p-1  which 
is  in  contradiction  with  the  hypothesis. 


Next,  let  to  assume  the  particular  expansion 

k k k k 

CS  P and  suppose  that  the  product  Pj , associated 

with  to  state  o.,  takes  the  value  p-1.  Only  when 
3 A 

the  i-th  row  of  [a]  has  one  r 4 k , the  product 
k k 

P.  appears  explicitely  in  the  function  fjj^.  Hence 
*^Pj  holds  the  corresponding  feedback  signals  at  the 
value  S (S  I*  k)  . But  since  Corollary  2,  every  state 
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S i nee: 


Oj  distinct  of  o.  must  have  at  least  one  k in  any 
of  the  rows  of  [e] . Thus,  any  of  the  signals  which 


k k 

are  kept  to  S by  P.  is  a factor  in  every  product 

different  from 
e 


'k  k k k 

Pj.  In  that  way,  P^  = 0, 


Ve  j . It  concludes  the  proof. 

We  can  construct  an  auxiliary  matrix,  |m]  , whose 

columns  are  associated  with  the  states  of  the  PVME 

and  whose  rows  are  associated  with  the  products 
k k 

P..  The  element  m. . is  defined  as: 

' ij 

k„k 


m.  . = <1 
IJ 


p-1  iff  the  product  Pj  takes 

the  value  p-1  for  the  state  Oj  (24) 
0 otherwise 


Taking  into  account  the  result  stated  by  the 
Lemma  1,  1m|  is  a diagonal  matrix: 


[Ml  = 


(25) 


p-1  0 0 

0 p-1  0 

0 0 p-1 

Another  conclusion  which  can  be  obtained  from 

the  Lemma  1 is  the  existence  of  an  arbitrary  parti- 

k k 

tion  on  the  set  of  the  products  Pj . We  can  divide 
that  set  into  two  disjoint  subsets  R •=  {R^,R2,..,RJ 
and  Q = {Qj  ,Q2"  • • •Qjj)  , which  fulfills: 


I «i  ’ I 

i » 1 ' J = 1 ■' 


(26) 


where  c + d = m and  the  elements  of  R and  Q are  the 
k k 

binary  variables  P^ . 

Expression  (26)  plays  an  important  role  since 

many  times  certain  products  or  sums  of  products  can 

k k 

be  substituted  by  a simple  feedback  signal  A..  It 
allows  a minimal  hardware  realization. 


Proof  of  Theorem  3:  Let  to  consider  the  expan- 
k k k k 

sion  CS  P . Let  P.  be  the  product  which  is  respon- 
sible of  state  Oj . By  writing  {Mj  it  should  be 
clear  that  a system  of  m logical  equations  can  be 
formulated  with  at  least  m solutions. 

Next,  we  must  show  that  no  extra  solutions 
exist.  If  three  is  an  extra  solution,  the  dimension 
of  [m]  should  be  (m+l)  x (rtH-1).  The  extra  solution 


will  be  associated  with  a new  state  a 


nH-1  ■ 


“-’Ll 


(27) 


the  code  for  will  be  A.  = 0,  V-Ic  {1 ,2 n) 

which  is  not  a solution  of  the  equation  set.  In 
conclusion,  the  new  state  0^^^  cannot  be  an  equili- 
brium state. 


VI  . Setting  mode 

The  previous  section  have  considered  the  equili- 
brium conditions  for  an  input-free  PVME.  The  input 
signals  can  be  added  to  the  input-free  circuit  in  a 
direct  way  which  is  a straightforward  extension  of 
the  method  given  in  6 

Since  only  one  product  variable  can  be  p-1  for 
any  equilibrium  state,  the  simplest  method  for  set- 
ting the  memory  to  the  state  is  foreing  the  va- 
lue of  "^Pg  to  be  p-1.  An  OR  gate  is  enough  to  do 
that.  The  signal  -^P-*  is  then  substituted  by  X .-^P-'. 

3 d d 

It  is  necessary  to  note  that  can  be  binary  or 
multivalued  in  our  approach.  When  all  the  input 
signals  are  binary  (logical  values  0 and  p-1),  the 
only  elements  of  the  state  matrix  which  can  be  rea- 
ched are  the  ones  shown  in  Table  I.  However,  when 
the  input  signals  are  multivalued,  many  other  co- 
lumns are  also  accesible.  For  convenience  we  can 
use  *^X^  in  order  to  set  the  required  states.  It 
allows  the  use  of  multivalued  input  signals  without 
the  drawback  of  unwanted  columns. 

VII.  Design  example 

In  order  to  best  illustrate  the  method  explained 
above  we  will  devote  this  section  to  the  design  of 
a 3-valued  hybrid  PVME  6 states  and  5 feedback 
loops.  The  state  matrix  for  that  example  is: 


0 0 2 1 1 2 

2 12  12  0 

212011  (28) 

0 0 2 1 1 2 

0 0 0 1 0 2 


The  starred  operators  have  been  chosen  as: 

Ai , A2,  Aj,  Aj^,  Ag. 
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T 


Then  the  transformed  state  matrix  Is: 


\J] 


(29) 


which  verifies  the  stability  theorem  for  k = 1 . Th£ 
refore,  the  product  terms  are: 

’p’  = ’a’  ’a’ 

r,  rt,  A2 

’p’  = ’a’  ’a’ 


’p’  = ’a’  ’a’ 
*^3  2 ''a 

’pj  = ’a’ 

«5 

’p’  = ’a’  ’a’ 

5 2 ''3 

’pI  = ’a1  ’aJ 

6 3 a 


(30) 


And  the  equation  set: 


= 0(’p] 

. ’p’) . 

!(’ 

-i*' 

+ 

2(’ 

+ 

- O(’pJ) 

.k’pJ 

"I'  * 

2(’ 

+ 

''1 

^3 

= O(’pJ) 

+ k’p’ 

'I-' 

+ 

2(’ 

+ 

= o(’p; 

. ’p])  . 

1(' 

+ 

2(’ 

+ 

- 0(’p] 

+ 

i(’ 

+ 

2( 

''■i 

(31) 

However,  the  hardware  implementation  may  be  sim- 
plified by  considering  the  expression  (19).  The  fi- 
nal equations  are: 

A'J^  - M’a’  + ’a]  ’a’)+2(’a2  'a^+’a’  ’a^) 

A^.  k’a;  'a;>'a;).2(’a|  'aJ.’aJ  ’a;>’a’  vj) 

A3.  i(’a|  ’a;.’a;  'Ai).2(’A;  ’aJ.’aJ  ’aJ) 

A^  . U'Aj+’a’  'A3)+2('Aj  'aJ+’a’  *aJ) 


Ag  . 1(’a^)+2(’a3 


(32) 


Figure  2 shows  an  implementation  of  this  equa- 
tion set.  It  should  be  remarked  that  each  one  of 


the  signals  A2,  A3  and  A^  depend  on  itself  for  ta- 
ki ng  tiie  value  1 . 

A different  problem  arises  when  we  are  interes- 
ted in  implementing  a PVME  with  a given  [l]  , but 
with  the  freedom  of  selecting  the  I -Operators  to  be 
placed  on  the  feedback  loops.  This  problem  allows 

it 

to  select  the  l-Operators  in  such  a way  that  A.  does 

k k ' 

not  depend  on  A..  In  our  example  it  can  be  done  by 
I 

selecting  A.  = A.  for  led,  2,  3,  5). 

VIII.  Cone  I us  ions 

Unger's  theorem  has  been  used  to  define  a class 
of  multivalued  asynchronous  sequential  machines. The 
results  have  been  obtained  as  an  extension  of  the 
concept  of  Boolean  memories  ^ . 

We  have  given  an  alternative  formulation  to  the 
binary  case.  The  new  formulation  can  be  directly 
extended  to  multivalued  systems.  Conditions  for  sta 
bility  have  been  studied  and  give  more  insight  into 
the  corresponding  conditions  developed  in  ^ for  bi- 
nary memories. 

A synthesis  procedure  have  been  described  which 
allows  the  design  of  any  p-valued  m-state  memory 
element.  It  is  based  on  the  use  of  a prescribed 
state  assignement  which  is  given  by  the  state  ma- 
trix. The  technique  has  been  applied  to  some  exam- 
ples (two  of  them  are  given  in  the  text).  Practical 
circuits  constructed  with  C-MOS  integrated  elements 
have  shown  a performance  which  agrees  with  the  theo 
retical  predictions. 
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FIGURE  1:  General  structure  for  a PVME. 
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FIGURE  2:  Hardware  Implementation  of  the  example 
c i ted  In  sect  Ion  VII. 
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Indexing  terms  t fZip  Plans  , Integrated  meinery 
circuits  , Integrated  logic  circuits  , Many 
valued  logic  . 

Abstract  j A description  of  a temay  J — K type 
flip  - flop  is  presented  * The  output  is  in  the 
form  of  three  valued  level  2,  1,  0 , The  cii^uit 
may  be  set  to  any  logic  level  as  well  as  retain 
the  present  , past  and  fogmer  past  information  in 
accordance  to  a defined  J — K input  logic  level  . 
This  type  of  tri flops  have  been  selected  in 
order  to  have  flexible  to  ternary  memory  with 
simple  excitation  etjuationa  , 

1.  Introduction 

Recent  articles  has  shown  much  interest  in  the 
theory  and  design  of  multivalued  (m.v. ) memory 
circuits . Many  approaches  and  different 
realisation  schemes  have  been  suggested  , The 
excitation  equations  of  binary  D,  T,  R - S and 
J — K flip  - flops  are  used  in  the  design  of  the 
multi  — stable  types,  . The  description  of  a 3 
valued  memory  elements  is  found  in  the  literature 

3»4|5  • 

Ternary  means  an  element  of  a switching  which 
will  perform  3 *■  valued  transmission  and  3 valaed 
switching  . A3  valued  variable  'Q*  will  assume 
three  values  Q , ^ , and  § , lAere  the  bar  sign 
signifies  cycling  . Some  authors  such  as  Yofli 
and  Rosenfeld  and  Porat'have  suggested  (2,1,0)  as 
the  logic  states  for  a ternary  variable  . This 
paper  describes  a J - K tristable  with  analogy  to 
the  binary  system  memory  J - K flip  - flop  . 
Integrated  circuits  , a few  external  resistors 
and  transistors  are  used  throu^out  . 


2 Basic  Circuit  Design 
The  basic  circuit  design  relies  on  the 
implementatiion  of  translating  circuits  between 
the  ternary  and  binary  set  . Ternary  output  is 
obtained,  with  the  aid  of  a combining  circuit  , 

The  logi.c  states  are  represented  by  voltage 
levels  as  given  below  j 

2 = ^3  volt 

1 = 3 volt  ^ ^ '*•5  volt 

0 = ^ 1,5  volt 

It  was  required  that  the  J — K trustable  should 
have  the  following  : 

(a)  .1  — K data  input  , 

(b)  Clocked  input  , 

(c)  Preset  inputs  , SOT  0 , SOT  1 , SOT  2 , 

(d)  Retadn  present  , past  or  former  past 
information  in  accordance  to  a defined  J - K 
input  data  , 

Recently  some  of  the  authors  such  as  Acha  and 
Heurtas^  have  defined  the  concept  of  JK  m,v  , 
memory  element  and  have  discussed  the  advantages 
of  this  flic  — flop  , For  ternary  systems  the 
JK  flip  — flop  is  defined  as  follows  : a JK  3 
valued  flip  flop  is  one  lAich  has  at  least  one 

3 valued  output  and  three  valued  inputs  (jO  , J1  , 
J2)  with  the  excitation  table  iriiich  is  shown  in 
Table  1 , 

As  can  be  seen  from  Table  1 , the  input  Jm  has  to 
be  n if  a transition  fTom  state  m to  state  n must 
occur  • It  is  not  necessary  to  specify  more  than 
one  input  at  a time  , 
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Table 

1 JK  triflop  excitation  table 

y 

y-^ 

JO  J1 

J2 

0 

0 

0 X 

X 

0 

1 

1 X 

X 

0 

2 

2 X 

X 

1 

0 

X 0 

X 

1 

1 

X 1 

X 

1 

2 

X 2 

X 

2 

0 

X X 

0 

2 

1 

X X 

1 

2 

2 

X X 

2 

This  paper 

describes 

a J — K triflop  lAose 

excitation 

table  is  shown  in  table  2 lAich  gives 

the  logical 

operation  behind  this  type  of  teimary 

memory  . 

Table 

2 1 T 

'emary  J - 

IC  memory  truth  table 

Input 

data 

Output 

J 

K 

Q 

n+1 

0 

0 

1 

0 

1 

2 

0 

0 

0 

1 

1 

1 

1 

\ 

2 

1 

2 

0 

2 

0 

1 

2 

2 

2 

2 

0 

n 

where 

Qjj  and  are  the  present  and  next 

states  respectively  . 

Table  2 has  been  arranged 

in  analogical  manner  to  the  J - K binai^  flip  - 

flop  truth  table  . For  example  , lAen  JK  = 00  , 

the  next  etate  will  be  as  that  of  the  present  one. 

Instead  , for  JK  » 11  , it  will  be  the  complement 

or  the  cyclic  shift  of  the  nresent  state  . 

Similarly  , for  JK  ^ 22  , a double  cycling  is 

achieved  for  the  next  transition  . The 

combination  of  JK  = 02  or  20  will  give  0 as  the 

next  state  , lAile  for  JK  = 01  or  10  it  will  be  1; 

and  for  ,TK  = 12  or  21  , will  be  at  logi.c  2 . 

h+1 


3 Practical  Realisation 

There  ai«  three  outputs  represented  by  Q , Q , 

a 

and  Q ; idiere  : 

Q - Q + 1 
Q = Q + 1 

i ,e.  the  three  outputs  are  in  cyclic  shift  mode 
to  one  another  . Fig.  1 shows  the  basic 
building  blocks  of  the  J - K ternary  memory  . It 
consists  of  six  stages  t (l)  Input  decode  (2) 

Input  logi.c  (3)  Storage  (4)  Set  logic  (5)  Output 
logic  (6)  Output  encode  . 

3. 1  Inout  Decode 

This  is  achieved  by  means  of  two  analog  comparators 
(uA  710)  for  each  input  data  (j  or  K)  and  in 
accordance  to  table  3 and  Pig.  2 . 

Table  3 Input  decode  table 


J (or  TC) 

a 

b 

J (or  K) 

a 

0 

0 

0 

0 

0 

1 

1 

0 

1 

1 

2 

1 

1 

2 

X 

where  x denotes  don't  caa*e  condition  . 

3.2  Storage 

The  storage  is  achieved  by  moans  of  two  D - type 
flip  - floes  , two  being  the  minimum  number 
required  to  store  the  information  presented  to 
them  by  the  input  decoding  circuit  . 

3.3  Preset  Facilities 

It  was  required  to  have  preset  facilities  that 
will  enable  the  Q output  to  take  on  the  logical 
value  0 , 1 . or  2 in  accordance  to  a single  pulse 
application  at  the  Sq  , S.|  or  S2  terminals 

» m 

respectively  . The  Q and  Q outputs  remaining  in 
cyclic  shift  mode  with  the  Q outnut  . The  nreset 
incuts  for  the  tri  stable  are  denoted  as  S^  , S.|  , 

and  S2  lAile  the  set  and  reset  inputs  to  the  two 
D flip  - flops  are  denoted  as  S^  , 
and  Rjj  . Following  the  nreeet  truth  table  shown 
in  table  4 below  . 


222 


Table  4 Preset  truth  table 


Preset 

C 

D 

So 

0 

1 

1 

0 

^2 

0 

0 

We  can  Nnte  the  following  lojp.cal  relationship  t 


'1 


2 C 
Hence  i 


• S 

. R_ 


*T)  ’ 


from  which  the  preset  loi^c  is  shown  in  fig,  (3). 


3.4  Output  %code 

The  D type  flip  - flops  binary  outputs  are 
show  in  the  truth  table  (table  5)  • 

Table  5 Storage  truth  table 

Logic  level  C D E F G H 


0 X 1 1 0 0 0 

1 1 0 0 0 x1 

2 0 0 x 1 1 0 

There  are  at  the  output  encoder  section  three 
circuits  fo  the  same  coaponents  that  translate 
binary  data  into  ternary  one  . These  circuits 
recieve  ftwn  the  output  logic  six  inputs  C , D , 

E , F , C , and  H which  are  fed  to  output  encode 
circuitries  . Fig.  4 shows  the  complete  schematic 
diagram  for  the  ternary  J — K memory  employing 
TTL  gates  . 


4 I^ctichl  Results 

The  J — K triflop  described  above  haws  been 
constructed  and  tested  . Fig  . 5 shows  the 
output  and  input  clock  waveforms  of  a modulus  — 3 
counter  for  olockfrequencies  of  10  KHi  and  1 MBs 
respectively  . 


Concltiei  ons 

The  use  of  TTL  and  integrated  circuits  in  the 
realisation  of  3 — valued  J — K memory  elements 
has  been  disc'issed  . The  design  of  variety 
control  innut  ternary  memory  is  imnlemented  , 

Rpactical  insults  are  given  that  shows  much 
interest  in  the  varsatility  and  speed  of  the 
imnlementation  which  have  been  studied  , 

Irving  et  al*^  have  pointed  out  that  m.v.  logic 
circuits  may  inenfease  their  interest  in  the 
futxire  because  they  allow  an  increase  of  the 
information  content  per  signal  line  , That  meejis 
a redaction  of  the  number  of  interconnections  . 
This  will  have  the  advantages  of  lowercost  , 
better  reliability  due  to  lower  number  of 
interconnections  and  higher  speed  . 
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FIG  4 SCHEMATIC  DIAGRAM  OF  A TERNARY  JK MEMORY  EMPLOYMG  TTL  GWES 
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FTG  5 CLOCK  AND  OUTPUT  \AAVEFORMS  OF  THE  JK  TRISTABLE 
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A variety  of  multi-valued  logic  P-floo 
designs  have  been  published  to  date,  most  of  which 
were  relatively  ad  hoc  in  nature,  and  were  not 
based  on  any  underlying  theory  of  multistable 
behavior.  Several  of  these  designs  also  exhibited 
incorrect  triggering,  if  proper  response  to  inter- 
mediate signal  values  was  required. 

This  paper  develops  a multistable  behavioral 
model  and  triggering  mode  definitions  based  on 
observations  of  the  binary  ^lip-flop.  !t  uses 
this  model,  along  with  other  observations  on 
P-flop  behavior,  to  design  several  P-flops,  and  to 
use  these  R-flops  in  counter  and  shift  register 
designs. 


(Ar.l'^r-?- 

I 


•AlAy)) 


If  .*0 
if  X = 1 


• •r-1 


’’hese  operators  will  *orr  the  principle  -.et 
of  operators  we  will  see  when  examining  the  R-flop 
proposals,  although  Oru/eta  demonstrates  a diftnr- 
ert  enhancement  in  the  form  of  the  *^’^(P)  gate 
which  can,  at  times,  be  more  versatile  than  the 
projection  functions. 


The  Binary  as  a Starting  Point 

Since  the  design  criteria,  hazard  analysis, 
and  implementation  of  binary  flip-flops  has  been 
well  researched  and  developed,  it  seems  reasonable 
to  start  with  these  devices  to  consider  the  design 
of  non-binary  R-flops.  A study  of  the  binary 
flip-flops  in  use  today  will  reveal  three  basic 
conclusions:  that  the  basis  for  virtually  all 
flip-flops  is  ttie  cross-coupled  Set-Reset  type, 
which  exhibits  an  unspecified  state  transition 
problem;  that  all  of  these  devices  can  be  charac- 
terized as  either  leading  edge,  level,  trailing 
edge,  or  master-slave  triggered  devices;  and  that 
a "nested  design"  approach  has  been  taken  in 
designing  other  binary  flip-flops,  not  only  to 
eliminate  the  unspecified  state  problem  but  also 
to  provide  the  desired  selection  of  steering  and 
triggering  functions. 

BasJ.P  Multi-Valued  Logic  Operators  an^  Functions 

The  majority  of  R-flop  designs  have  been  based 
on  the  Post  chain  of  the  desired  length.  Many  of 
these  designs  have  used  the  familiar  MIN  (greatest 
lower  bound)^,  MAX  (least  upper  bound),  and  cyclic 
negation  ( x=r-x-l  modulo  r)  operators,  along  with 
one  of  a variety  of  other  functions  to  make  this 
set  of  operators  functionally  complete.  In  this 
paper,  we  will  use  the  projection  or  coordinate 
functions,  described  by  Wojcik  (1,2),  and  defined 
thus^; 

For  an  r-valued  lattice,  denoted  P(r),  with 
elements  {0,  1,  ....  r-U  such  that  O^li.  .-ir-l, 
and  for  x c P(r) , define 


Fundamental  Characteri st ics  of 
^«j_-Coupled  R-Flop  Oesi^ns 

Since  the  majority  of  the  work  done  to  date 
on  R-flop  design  has  centered  about  the  cross- 
coupled  multivibrator  design,  this  section  will 
sunriarize  the  more  salient  points  of  this 
research. 

Table  1 shows  the  generalized  next-state 
table  for  a simple  R-flop  of  RS  type,  as  exhibited 
by  many  researchers.  As  in  the  binary  RS  flip- 
flop,  there  are  certain  input/current  state  com- 
binations that  will  cause  the  device  to  act  in 
what  is  considered  as  an  unstable  or  indeterminate 
fashion,  especially  if  we  insist  that  the  two 
outputs  of  the  device  should  be  relative  comple- 
ments of  each  other.  Sheafor  has  shown  that  this 
device  can  be  used  quite  well  in  ternary  systems, 
and  his  analysis  suggests  that  the  device  will 
also  function  properly  in  higher  radix  systems  as 
well.  He  further  observes  that  any  series  of 
input  transitions  is  valid  when  the  corresponding 
output  transitions  vary  in  a monotonic  non- 
increasing or  non-decreasing  fashion  only^. 

Several  other  authors  have  considered  these 
aspects  of  the  cross-coupled  Max-inverter  or  Min- 
inverter  R-flops,  obtaining  essentially  the  same 
results. 

One  other  aspect  of  multi-valued  device 
behavior  must  be  considered  at  this  point.  In  all 
conceivable  physical  implementations  of  a multi- 
valued gate  or  more  complex  device,  the  input  to 
the  device  must  pass  through  all  intermediate 
values  between  an  input  at  some  time  t and  that 
at  some  next-event  time  t+At.  Since  these 


226 


Table  1.  Generalized  Next-State  Table  for  RS  Type  R-Flop 


intermediate  values  will  be  present,  designers 
are  faced  with  two  alternatives:  either  insist 
that  all  signal  rise  and  fall  times  are  much 
faster  than  the  fastest  settling  time  of  any 
device  in  the  system,  or  require  all  devices  to 
respond  properly  to  such  intermediate  values. 

The  first  seems  an  unreasonably  stringent 
requirement  and  seems  to  demand  that  device 
output  stages  swing  over  wide  value  ranges  faster 
than  device  input  stages  can  respond.  This 
alternative  also  places  heavy  restrictions  on 
device  behavior  in  asynchronous  environments. 

The  second  alternative  not  only  is  more  logically 
consistent,  and  provides  for  easier  asynchronous 
use,  but  also  seems  to  be  easier  to  implement. 

Note,  however,  that  a judicious  use  of  projection 
or  coordinate  functions  can  simulate  signals  with- 
out intermediate  values. 

Current  R-Flop  Design  Proposals 

A numjer  of  the  R-flop  designs  published  in 
the  current  literature  were  reviewed  in  (4).  Two 
of  these  reviews  will  be  discussed  here,  since 
they  provide  background  for  the  rest  of  this  paper. 
Irving,  Shiva,  and  Nagle  (5-7)  published  several 
master-slave  designs  based  on  the  cross-coupled  RS 
R-flop.  Druzeta  (9,  10)  described  several  devices, 
both  single  stage  and  master-slave,  based  on  single 
loop,  single  active  element,  multi-threshold  gate 
designs.  Both  Druzeta's  master-slave  R-flops  and 
the  ones  described  by  Irving  et.  al.  failed  to 
trigger  properly  if  clock  rise  and  fall  times 
were  long  enough  to  allow  all  gates  in  the 
devices  to  respond  properly  to  all  intermediate 
dock  and  data  values.  It  was  observed  that  the 
cause  of  this  false  triggering,  which  resulted  in 


level  rather  than  master-slave  triggering,  was 
due  to  the  slave  being  clocked  with  the  comple- 
ment of  the  master  section's  clock.  Both  authors, 
however,  cited  experiments  in  which  devices  were 
constructed  that  behaved  properly  even  at  clocking 
speeds  exceeding  three  megahertz.  It  is  unclear 
whether  these  results  were  merely  successful 
attempts  at  tuning  the  circuit's  response  so  as  to 
ignore  intermediate  values,  or  whether  these 
results  indicate  that  such  a rigorous  treatment  of 
intermediate  values  is  not  required  for  proper 
device  behavior. 

^ Proposed  Behavioral  Model  for  R-Flops 

The  designs  reviewed  in  (4)  all  seem  to  have 
one  thing  in  common:  the  devices  were  designed 
based  on  either  a new  type  of  circuit  element,  or 
merely  as  attempts  to  extend  the  traditional 
binary  flip-flop  concept,  without  first  extending 
the  behavioral  models  that  underly  the  binary 
flip-flop  itself.  Note  that  we  distinguish  the 
behavioral  model  from  the  next-state  or  excitation 
equations  in  the  same  fashion  that  the  JK  and  JK 
master-slave  binary  flip-flops  can  be  differen- 
tiated: both  have  the  same  next-state  and  excita- 
tion equations,  but  the  triggering  behavior  of 
each  is  fundamentally  unique.  Further,  there 
seems  to  be  a need  for  a model  of  R-flop  behavior 
that  takes  into  account  the  "proper"  handling  of 
intermediate  input,  output,  and  clock  values,  and 
that  provides  for  "proper"  gating  of  new  outputs 
to  subsequent  stages  of  logic  in  a total  systems 
design.  The  following  is  proposed  as  such  a 
model  for  R-flop  behavior. 
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Figure  1.  Multi-valued  (Post  Lattice)  Triggering  Waveforms 


R-Flop  Behavioral  Model 

An  R-flop  (synonyms:  R-stable,  multistable) 
is  a device  which: 

1.  is  defined  for  any  R^2; 

2.  is  capable  of  remaining  indefinately  in 
any  one  of  R discrete  stable  states  when  no 
external  stimuli  are  applied; 

3.  can  be  described  by  some  deterministic 
next-state  and/or  next-output  function  or  table; 

4.  changes  to  its  proper  next-state  value 
in  a manner  that  can  be  described  as  either 
leading  edge,  level,  trailing  edge,  or  master- 
slave  triggered; 

5.  presents  one  or  more  outputs  that  change 
from  their  present  state  to  their  next-state 
values  in  a monotonic,  non-increasing  (or  non- 
decreasing), non-return- to-zero  fashion; 

6.  can  be  driven  from  any  one  of  its  stable 
states  to  any  other  stable  state  by  the  applica- 
tion of  exactly  one  input  change  (and  clocking 
cycle,  for  synchronous  designs); 

7.  responds  to  intermediate  values  of  input 
and/or  clock  signals  in  such  a fashion  that  is 
signal  rise  or  fall  time  independant  (within 
practical  limits). 

This  model  is  based  on  a similar  description 
by  Irving  and  Nagle  (5),  but  has  been  signifi- 
cantly enhanced  by  the  inclusion  of  the  triggering 


constraints  and  the  constraints  on  the  manner  in 
which  output  values  may  change,  aspects  not 
explicitly  covered  by  a next-state  equation. 

Other  aspects  of  R-flop  design  that  are  desirable, 
but  do  not  directly  enter  into  the  behavioral 
model,  would  include  ease  of  nestability  of  design 
and  a next-state  function  and  total  behavior  that 
would  allow  R-flops  to  be  directly  substituted  for 
binary  flip-flops  in  register,  counter,  or 
sequential  circuit  designs.  This  would  allow  the 
wealth  of  binary  sequential  systems  design 
techniques  and  experience  to  be  used  with 
appropriate  alterations  in  a multi-valued 
environment. 

Triggering  Modes 

The  familiar  binary  triggering  modes  provide 
an  excellent  starting  point  for  the  development  of 
R-flop  triggering  models,  since  any  clocked 
device  can  be  described  as  a leading  edge,  level, 
trailing  edge,  or  master-slave  triggered  type 
device.  Figure  1 shows  these  four  triggering 
modes  expanded  to  their  R-valued  forms,  and 
detailed  descriptions  of  each  mode  are  as  follows; 

Leading  Edge.  The  outputs  of  the  device 
change  to  their  next-state  values  immediately 
after  the  clock  has  passed  the  logic  (r-1) 
threshold.  Inputs  to  the  device  can  change  after 
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*^hold 


with  no  affect  on  the  outputs  of  the  device 


(until  the  next  0-*(r-l)  transition  of  the  clock). 

Level : The  outputs  change  to  their  next- 
state  values  as  soon  as  ths  clock  reaches  the 
logic  (r-1)  threshold.  Any  changes  in  input  while 
the  clock  is  high  (r-1),  rising,  or  falling  will 
cause  the  appropriate  change  of  outputs  to  occur. 

Trai ling  Edge:  Inputs  can  affect  the  device 
while  the  clock  is  rising  or  at  the  logic  (r-1) 
state.  The  next-state  outputs  appear  only  after 
the  clock  has  returned  to  a logic-0  value  and  not 
during  the  clock  fall  time. 

Master-Slave:  Inputs  must  be  stable 
throughout  the  entire  invertal.  The  new 

output  values  appear  only  after  the  clock  has 
returned  to  the  logic-0  level.  For  a two-stage 
device  (the  typical  form),  this  mean  that  the 
slave  section  is  disabled  immediately  after  the 
clock  leaves  the  logic-0  level.  The  master  is 
enabled  during  and  t^^,  with  the  master 

section's  outputs  going  to  their  appropriate  next- 
state  values  inmediately  after  the  clock  reaches 
the  r-1  threshold.  The  master  section  is  disabled 
and  the  slave  begins  to  copy  the  master's  outputs 
only  after  the  clock  has  fallen  to  the  0 level. 

Note  that  all  input  and  output  transitions 
are  made  in  a monotonic  fashion,  as  required  by 
the  model.  Valid  device  outputs  are  guaranteed  to 
be  present  only  during  tg^,  or  t^^^,  relative  to 

the  type  of  triggering  involved,  although  outputs 
may  be  valid  during  t^^^^  and  t^^^,  for  some 

subset  of  the  set  of  all  possible  state  transi- 
tions. Note  also  that  these  triggering 
definitions  do  not  make  any  explicit  statements 
regarding  clock  rise  and  fall  times  relative  to 
gate  or  total  R-flop  propagation  delays  or 
settling  times. 


as  the  values  generated  before  the  circuit  has 
settled  to  the  proper  next-state  values.  This 
conclusion,  supported  by  Sheafor's  results  (3), 
clears  the  way  to  use  this  type  of  device,  and  its 
dual,  the  cross-coupled  MAK  gate  device,  in  many 
applications.  It  further  indicates  that  these 
devices  will  support  the  requirement  that  any 
valid  state  can  be  reached  from  any  other  valid 
state  by  the  application  of  one  change  of  input 
vector  from  one  acceptable  value  to  another. 

Figure  2 shows  this  RS  R-flop  and  its  next-state 
table  in  a generalized  form,  with  unacceptable  or 
unpreferred  transitions  indicated  with  a dash  and 
stable  states  indicated  with  an  asterisk  under  the 
next-state  entry.  This  table  was  derived  from 
simulation  results  for  radices  of  size  two  through 
six,  described  in  (4),  and  shows  that  so  long  as 
inputs  that  would  result  in  an  unacceptable  final 
result  are  avoided,  the  device  will  function  in 
a stable,  glitch-free  fashion. 

However,  if  one  attepts  to  drive  the  device 

to  an  unpreferred  state  (one  where  R and  S are  not 
complements  of  each  other,  or  where  the  resulting 
outputs  are  not  complementary),  then  nondeter- 
ministic  behavior  results.  Figure  3 shows  a 
transition  diagram  for  a four-valued  example  where 
it  was  attempted  to  drive  the  device  with  RS^ll. 
Thus,  owing  to  this  device's  peak-detecting  nature 
(described  in  the  next  section),  one  must  insure 
that  the  RS  inputs  never  go  below  the  actual 
values  desired  to  set  the  device  into  one  of  its 
r proper  states.  (Note  that  this  also  agrees  with 
the  behavioral  model's  constraint  that  the  R-flop 
should  have  exactly  r stable  states.)  The  weight 
of  the  available  evidence,  both  theoretical  and 
practical,  seems  to  suggest  that  this  device  can 
be  used  safely  in  R-flop  designs  that  avoid  these 
unspecified  or  nondeterministic  final  states. 


Unacceptable  Input/Current-State  Condi tions 
and  R-Flop  Designs 

As  with  the  binary  flip-flop,  a "nestable"  or 
easi ly-expandable  design  concept  would  be 
desirable.  One  would  also  like  to  avoid  the 
undefined  transition  or  unstable  behavior  problems 
inherent  in  RS-type  binary  devices  and  their  simple 
multi-valued  extensions. 

We  will  now  exhibit  level,  leading  edge, 
master-slave,  and  trailing  edge  triggered  designs, 
all  based  on  the  cross-coupled  MIN  gate  Set-Reset 
R-flop  design,  that  behave  according  to  the  rules 
presented  in  the  previous  discussion.  Many 
authors  have  pointed  out  that  the  cross-coupled 
design  has  many  problems  with  the  unspecified  or 
unstable  input/current-state  conditions.  These 
transitions  should  not  be  called  unstable,  but 
rather  unacceptable  or  unpreferred,  since  in  fact 
they  do  hold  the  device  in  a stable,  non-oscil- 
lating state  wherein  the  Q and  Q outputs  are  not 
complements  of  each  other.  The  analysis  in  (4) 
for  various  input/present-state  values  sho^  that 
a change  from  one  acceptable  input  vector  RS(t) 
to  another  acceptable  vector  RS(t+At)  will 
generate  the  correct  next-state  values  independant 
of  the  path  taken  between  the  two  vectors.  The 
intermediate  inputs  and  outputs  can  be  regarded 


Level  Triggered  R-Flops 

A level  triggered  RS  R-flop  is  shown  in 
Figure  4.  This  device  is  not  truly  level 
triggered,  however,  in  that  while  the  clock  is  on, 
changes  in  the  RS  inputs  to  values  greater  than 
those  values  initially  present  will  cause  the 
device  to  change  state,  but  changes  to  values  less 
than  the  initial  values  will  not.  This  indicates 
that  this  R-flop  design  has  a previously  unreported 
"peak  detecting"  property  as  well  as  its  properties 
as  a storage  device.  Most  of  the  devices  proposed 
to  date,  as  discussed  earlier  in  this  paper,  turn 
out  to  be  level  triggered  devices.  Most  forseeable 
applications,  however,  will  require  more 
sophisticated  triggering  as  well  as  more  versatile 
next-state  functions  than  the  RS  model  provides. 

JK  Trailing,  Master-Slave,  and  Leading  Edge 
Triggered  R-Flops 

Figure  5(a)  shows  the  next-state  table  for  a 
ternary  JK  type  R-flop  as  described  by  several 
authors.  Consider  this  device  operating  as  a 
level  or  trailing  edge  triggered  device,  which 
allows  its  outputs  to  change  state  during  the 
clocking  interval.  This  can  allow  the  device  to 
operate  improperly,  as  the  transition  graph  of 
Figure  5(b)  shows.  From  this,  we  can  see  that  the 
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Note:  The  sequence  (Z,  Y,  X,  W,  «..)  represent  the  values  (r*l#  r-2,  r*3,  r-4,  ...) 
throughout  this  table. 


rigure  2.  RS  R-Flop  and  Generalized  Next-State  Table 
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Figure  3.  Transition  Graph  for  RS=11,  QQj=03. 
(Note:  each  node  of  form  RS(QQ).) 
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Figure  5.  Hazard-Prone  JK  Trailing  Edge  Triggered  R-Flop 


JK  R-flop  must  be  a ma^t-’r-slave  triggered  device, 
a conclusion  supported  by  other  authors  as  well. 
Figure  6 shows  a JK  master-slave  R-flop,  which  is 
similar  to  the  device  proposed  by  Irving,  et.  al . , 
except  for  the  way  in  which  the  slave  section  is 
clocked.  A projection  function  is  used  to  clamp 
the  slave's  clock  to  either  r-1  or  0,  isolating 
the  slave  from  the  master  immediately  after  the 
external  (master)  clock  goes  from  0 to  r-1.  This 
device  will  also  behave  as  a trailing  edge 
triggered  peak-detecting  device,  if  the  setup 
time  constraints  are  relaxed  somewhat. 

From  the  detailed  analysis  in  (4)  it  is 
concluded  that  this  proposed  JK  master-slave 
design  will  function  properly,  without  regard  to 
clock  rise  and  fall  times,  while  the  clock  on  time 
need  be  only  so  long  as  the  master  section's  input 
gating  delay  and  settling  time.  The  same  master- 
slave  design  can  also  be  used  without  the  steering 
network  to  produce  an  RS  master-slave  design,  or 
with  an  inverter  to  produce  a 0 master-slave, 
illustrating  the  nestability  of  this  R-flop  design 
technique.  Note  also  that  a properly  functioning 
D-type  R-flop  such  as  Sintonen's  (8)  with  its 
possible  race  conditions  removed  can  also  be  used 
as  the  master  and  slave  stages  with  equal  results 


when  clocked  as  described  above. 

In  the  same  fashion  that  a binary  master- 
slave  can  be  used  as  a leading  edge  device  by 
externally  inverting  the  clock,  the  R-flop  of 
Figure  6 can  be  transformed  into  a leading  edge 
device.  This  design  will  allow  multiple  input 
changes  while  the  external  clock  is  off,  unlike 
some  earlier  binary  master-slave  devices,  since 
the  master  section  will  follow  each  change  as  it 
occurs,  while  the  slave  is  locked  out  at  this 
time.  This  behavior  further  supports  the  argument 
given  above  that  this  design  can  function  as  a 
trailing  edge  triggered  device,  although  its 
peak  detecting  nature  must  be  reckoned  with  for 
designs  that  call  for  multiple  input  changes 
during  a particular  clocking  cycle. 

Application  Designs  Using  the  Proposed  R-Flop 

To  test  the  ease  with  which  binary  flip-flop 
applications  may  be  generalized  to  produce 
multi-valued  versions,  the  JK  master-slave  R-flop 
exhibited  in  the  previous  discussion  will  be  used 
in  two  typical  binary  applications  expanded  to 
multi-valued  designs. 

The  first  application  example  is  that  of  a 
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(a)  Type  74194  Binary  Shift  Register 


(h)  Four-Valued  MVL  Shift  Register 
Figure  7.  Bidirectional  Shift  Register  Designs 
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Figure  8.  MVL  4 Stage  Up  Counter  Design 


four-stage  bidirectional  parallel-in,  parallel-out 
shift  register.  This  design  will  be  carried  out 
for  a four-valued  system,  and  will  use  the  logic 
design  of  the  type  74194  TTL  integrated  circuit 
shift  register,  shown  in  Figure  7(a).  The  four- 
valued functionally  eguivalent  design  is  shown  in 
Figure  7(b).  The  changes  that  were  needed 
centered  on  the  clocking  and  mode  control 
circuitry;  the  actual  flip-flop  interconnections 
and  input  gating  needed  no  redesign  at  all.  A 
single  four-valued  input  signal  is  used  for  mode 
control,  with  values  of  0,  1,  2,  and  3 corres- 
ponding to  shift  left,  parallel  load,  shift  right, 
and  "do  nothing"  functions  respectively.  Ramp 
(projection)  functions  are  used  to  decode  the  mode 
signal  into  the  appropriate  binary  enable/disable 
function  controls.  The  details  of  operation  can 
be  found  in  (4). 

Shift  or  storage  register  designs  are  probably 
the  easiest  R-flop  applications  one  can  consider. 
The  design  of  a synchronous  multi-values  counter, 
however,  is  not  quite  as  straightforward,  for 
instead  of  merely  toggling  each  successive  stage 
in  the  counter,  a multi-valued  counter  needs  to 
add  1 to  the  contents  of  each  successive  stage  at 
the  moment  its  predecessor  goes  from  the  r-1  state 
to  0.  Most  authors  who  have  proposed  MVL  counter 
designs  have  used  a cycle  function  to  provide  this 
"add  1"  action.  A further  observation  that  should 
be  made  at  this  point  is  that  MVL  counter  designs, 
as  well  as  shift  registers,  should  only  use 
master-slave  triggered  R-flops  internally. 

Figure  8 shows  a design  that  directly  clocks  all 
R-flops  but  uses  ramp  functions  to  detect  the  r-1 


to  0 transition  of  the  n^^^  stage's  output  to 
select  either  the  cycle  gate's  output  or  the 
output  as  the  input.  This  design  will 

function  synchronously,  since  there  is  no  relative 
delay  between  the  clock  signal  for  all  of  the 
R-flops,  and  since  the  value  of  and  Qp+j  that 

are  present  while  the  clock  is  off  (and  that 
remain  stable  during  the  R-flop  setup  time)  are 
the  ones  that  are  used  to  trigger  the  n+lst  stage. 
Changes  to  the  values  of  Qp  or  Qp+j  while  the 
clock  is  high  or  falling  will  have  no  effect  on 
the  state  of  the  n+lst  stage  during  the  clocking 
cycle. 

One  of  the  undesirable  aspects  of  this  kind 
of  countei  design  is  its  heavy  dependance  upon  the 
cycle  and  ramp  function  gates.  This  would  be 
undesirable  if  these  functions  turn  out  to  be 
substantially  more  costly  to  implement  reliably 
than  simple  MAX,  MIN,  and  inverter  gates.  But 
since  MAX,  MIN,  and  complement  functions  do  not 
form  a functionally  complete  set  by  themselves, 
either  one  or  both  of  the  ramp  or  cycle  operators 
will  need  to  be  developed  in  a cost-effective 
fashion.  The  generalized  form  of  the  ramp  func- 
tion can  be  used  to  implement  the  cycle  operator 
(eg.  '■-2+a,...,  1+a,  a)  values 

of  a),  and  indeed  looks  much  like  the  threshold 
functions  of  Druzeta's  MT(R)  gates,  so  it  does 
not  seem  too  unreasonable  to  expect  fast,  cost- 
effective  electronic  realizations  of  either  the 
cycle  function,  specific  ramp  or  coordinate 
functions,  or  the  fully  generalized  orojection 
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functions. 
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Conclusion 


Based  in  part  on  an  analysis  of  existing 
R-flop  designs  an  R-flop  behavioral  model  has 
been  developed.  This  model  was  demonstrated  by 
designing  several  R-flops  that  function  according 
to  the  constraints  expressed  by  the  model. 

Detailed  observations  were  made  regarding  the 
operation  of  the  cross-coupled  R-flop  design  that 
indicate  the  undefined  or  undesirable  transitions 
inherent  in  this  design  are  in  fact  defined  and 
stable  but  give  rise  to  non-complementary  outputs, 
and  can  be  used  as  intermediate  values  during 
device  settling  times.  Further,  a peak  detection 
property  of  this  design  was  observed  which  must 
be  considered  when  designing  applications 
circuits  that  use  this  R-flop. 

One  of  the  proposed  designs,  the  JK  master- 
slave  R-flop,  was  used  in  counter  and  shift 
register  circuits  patterned  closely  on  func- 
tionally similar  binary  circuits.  This  demon- 
strated that  shift  register  designs  can  be  con- 
verted to  MVL  designs  with  a minimum  of  changes 
centered  primarily  around  mode  and  clock  signals, 
which  still  tend  to  be  binary  (on/off)  in  nature, 
even  in  MVL  systems.  Counter  designs,  on  the 
other  hand,  are  shown  to  require  the  use  of  the 
cycle  operator  for  each  stage  of  the  counter,  and 
fully  synchronous  designs  seem  to  require  the  use 
of  projection  functions  to  properly  detect  the 
(r-1)  0 transitions  of  each  stage  in  order  to 
trigger  its  successor  stage.  One  projection 


function  in  particular. 


^((r-l)O^-l) 


(and  its  dual 


(0'’'^(r-l))  ■ f . 

X ) IS  shown  to  be  of  great  utility  in 

eliminating  clocking  difficulties  in  R-flop  designs, 
and  is  especially  useful  in  applications  where 
undisciplined  clock  signals  may  be  present  and 
could  cause  spurious  triggering  to  occur. 

While  this  paper  has  taken  a strong  position 
on  the  subject  of  proper  response  to  intermediate 
clock  and  data  signals,  it  has  made  no  real 
attempt  to  resolve  the  issue.  However,  there  does 
seem  to  be  some  experimental  evidence  supporting 
a more  relaxed  view  of  the  intermediate  value 
response  issue.  Theoretical  results  such  as  those 
presented  here  and  in  (4)  still  show  that  a 
circuit  or  system  must  respond  to  each  value  a 
signal  takes  on  at  its  inputs  regardless  of  the 
duration  of  that  signal.  Further  research  both 
on  the  theoretical  and  engineering  aspects  of  MVL 
gate  and  device  behavior  would  be  needed  to 
resolve  this  issue. 
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Abstract 


A generalized  Post  algebra  is  defined  and 
discussed.  It  is  proved  that  generalized  Post 
algebras  are  complete  whereas  Post  algebras, 
other  than  those  based  on  a single  totally  ordered 
chain,  are  not.  Techniques  for  the  expression 
of  arbitrary  many-valued  switching  functions  in 
the  generalized  Post  algebra  are  described. 

1.  Introduction 


In  this  paper  we  are  interested  in  many- 
valued functions  fx  . .x  defined  on 
E(k)  = {0,1, . . ,k-l} . Parenthesis  free  notation 
is  used  for  the  functions.  A set  A of 
functions  over  E(k)  is  complete  if  it  is 
possible  to  define  any  function  over  E(k)  as  a 
composition  of  functions  from  A.  If  the  union 
of  the  set  A and  the  constant  functions  is 
complete  then  A is  called  complete  with  constants. 

While  Boolean  algebras  have  played  a huge 
role  in  two-valued  switching  theory,  they  are 
not  generally  useful  in  multiple-valued  switching 
theory,  since  they  exist  only  over  spaces  of 

z"*  elements,  and  even  for  these  spaces  they  are 
neither  complete  nor  complete  with  constants 
except  for  m = 1. 


It  is  well  known  that  Post  algebras 
2 . 3 

as  formalized  by  Epstein  are  only  complete  when 
based  on  a single  totally  ordered  chain.  In  this 
paper  we  present  a new,  more  general  description 
of  a type  of  Post  algebra.  It  uses  a different, 
rather  larger,  fixed  set  of  points  than  Epstein, 
together  with  the  characteristic  functions 
defined  at  these  points.  We  prove  that  this 
generalized  Post  algebra  is  complete  and  briefly 
discuss  the  expression  of  arbitrary  functions 
on  E(k)  in  the  generalized  Post  algebra. 
Initially  we  define  some  terminology  and  results, 
which  are  used  in  the  following  sections. 


The  context  of  the  whole  of  this  paper  is 
the  distributive  lattice  with  greatest  and  least 
element.  Throughout  we  let  1 denote  the 
greatest  and  0 denote  the  least  element  of  the 
lattice.  We  call  a function  a decisive  function 
if  it  assumes  only  the  values  0 and  1..  A two 
place  function  ■ is  called  a product  type 
function  if  and  only  if,  for  all  x in  E(k), 

O'X  = X’O  = 0 and  1-x  = x*l  - x. 

A two  place  function  + is  called  a sum-type 
function  if  and  only  if,  for  all  x in  E(K) 

0+x  = x+0  = X.  Neither  a sura-type  function  nor 
a product-type  function  need  be  either  commutative 
or  associative. 


Finally  we  state  two  Representation 
Theorems  which  are  well  known. 


A functionally  richer  system,  complete 
with  constants,  was  developed  by  Dussault, 

Metze  and  Krieger^.  We  shall  refer  to  their 
structure  as  a generalized  Boolean  algebra. 

Briefly,  they  add  to  the  usual  Boolean  structure 

a set  {X^}  of  one-place  characteristic  functions 
one  for  each  point  of  the  space.  These  generalized 
Boolean  algebras  still  have  the  drawback  that  they 

exist  only  for  spaces  of  z”"  points. 


Representation  Theorems:  Any  function 

fx, ...X  of  n variables  over  E(k)  can  be 
1 n 

written  in  the  form: 


k-1 


fx. 


1=0 


JiXi 


fix,...x  . 
2 n 


where  + and  • are  respectively  sum-type  and 
product-type  functions  and  the  are 

characteristic  functions. 


* The  work  reported  herein  was  performed  function  fx  . ..x^  of  n variables 

while  the  first  author  was  a visiting  Associate  over  E(k)  can  be  written  in  the  form: 

Professor  in  the  Department  of  Computer  Science, 

Virginia  Polytechnic  Institute  and  State 
University. 


Theorem  1 : Every  one-place  function 
f : E(k)  E(k)  is  of  the  form 


k-1 

1=1 

where  + and  • are  respectively  sum-type  and 
product-type  functions  and  the  are 

decisive  functions  of  at  most  n variables. 


2.  The  Chain-based  Post  Algebras 

The  generalized  Boolean  algebras  of  the 
previous  section  only  exist  for  k some  power 
of  2.  In  this  paper  we  develop  other  general- 
izations of  Boolean  algebra.  Initially  there  is 
a clear  distinction  between  two  possible  general- 
izations, the  first  taking  the  Boolean  algebra 
based  on  E(2)  and  using  that,  while  the  second 
expands  a Boolean  algebra  based  on  E(2  ).  In 
both  cases  the  structures  which  are  constructed 
contain  an  embedded  Boolean  algebra.  It  will  be 
recalled  that  a Boolean  algebra  is  a complete 
complemented  distributive  lattice.  Clearly  to 
generalize  the  structure  some  of  these  lattice 
properties  must  be  dropped;  in  particular  the 
complemented  property  is  allowed  to  lapse  and  we 
only  insist  on  a complete  distributive  lattice. 

Specifically,  we  may  define  a chain 
0 < 1 <...<  k-1,  and  upon  this  chain  define  the 
operation  • to  be  the  min  function  and  the 
operation  + to  be  the  max  function.  Under 
these  operations  the  chain  forms  a distributive 
lattice  with  greatest  element  k-1  and  least 
element  0. 

Definition  1:  A chain  based  Post  algebra 
<E(k),  +,  *1  S>  is  such  that 

(i)  The  elements  of  E(k)  form  a totally 
ordered  chain,  0 < 1 <...<  k-1. 

(ii)  + and  • are  defined  to  be  the  max  and 
rain  operations  respectively. 

(iii)  There  is  an  embedded  Boolean  algebra  of 
size  2 based  on  {0,  1). 

(iv)  J is  the  set  of  k characteristic 
functions,  dj^x,  where 

11  if  X = i 

,I  X = ~ 

i I 0 If  X ^ i 

As  a notatlonal  convenience  we  write 
(0  <...<  k-1}  to  denote  the  set  of  elements  in 
the  totally  ordered  chain  0 < 1 <...<  k-1  and, 
more  generally  the  set  of  elements  in  the  totally 
ordered  chain  b <...<  b,  is  denoted  by 
{b^  <...<  bj}. 

Chain  based  Post  algebras  have  been  studied 
extensively.  In  particular  it  is  well  known  that 
they  are  complete  with  constants.  We  list  below, 
without  proof,  certain  useful  and  well-known 
results. 


k-1 

fx  = ^ J . X- f i . 
1=0  ^ 


Theorem  2:  Any  function  fx....x  of  n variables 
— ~ 1 n 

over  E(k)  can  be  written  in  the  form 


k-1 


fx 


,...x  = V 

1 n 


i=0 


•fix.. . .X 
2 n 


where  + and  • are  respectively  a sum-type  and 
a product-type  function. 


Theorem  3:  Any  function  of  n variables  over 
E(k)  can  be  expressed  in  the  form 


k-1  k-1 

^ i-k 


ei=0 


n e . 1 

e =0  1 

n 


X • fe . . . . e 
n 1 n 


where  + and  • are  respectively  a sum-type  and 
a product-type  function. 


Theorem  A:  Any  function  of  n variables  over 
E(k)  can  be  expressed  in  the  form 


fx. 


k-1 

n ",  1 


i=l 


where  each  f^  is  a decisive  function  of  at  most 

n variables,  and  +,  • are  respectively  a sum- 

type  and  a product-type  function. 


Theorem  5 : If  f and  g are  decisive  functions 
over  E(k)  and  i,j  in  E(k)  with  + a sum- 
type  function  such  that  i + j = j then 
i*f  + j*g  = l-(f+g)  + j*g  where  • is  any 
product-type  function. 


Since  l + j=  j if  i'^j  for  any 
i,  j e E(k)  it  is  always  possible  to  use  this 
theorem,  as  illustrated  in  Example  1. 

Example  1:  A two-place  function  fxy  over  E(5). 


fxy 

0 

1 

2 

A y 

0 

0 

0 

1 

A 

2 

1 

2 

2 

1 

4 

4 

: 2 

U 

1 

0 

0 

0 

3 

3 

A 

0 

4 

0 

1 

3 

3 

4 

3 

•fjXy  + 

2*f 

2xy 

+ 

3*f^xy  + f^xy 
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whcru 

f^xy  = J^X  + Y + Y-j^y  + J^x-J^y 

f^xy  = JjX-J’y  + JgX.J^y 
f3xy  = J3X.Jj^y  + J^x-J’y 

f^xy  = J^x.J3y  + J^x-J^y  + J^x-J^y  + J3X.J3y 

Note  that  JIx  is  used  as  an  abbreviation 

for  J„J.x,  and  J'x  =(?  ■ 

0 1 i ( 1 X r 1 


3.  Distributive  Lattices  and  Generalized 
Post  Algebras 

In  the  previous  section  we  considered  the 
chain-based  Post  algebra  which  consists  of  the 
single  chain.  Larger  Boolean  algebras  follow 
from  the  two-valued  by  taking  a direct  product  of 
these  chains  and  our  generalized  Post  algebra 
similarly  consists  of  a direct  product  of  chains, 
but  the  chains  may  contain  more  than  two  points. 
Indeed  Section  2 went  from  k = 2 to  k = q, 

{0  <...<  q}  being  the  points  whereas  here  we 
take  a Boolean  algebra  based  on  k = 2 and 

expand  it  to  a structure  based  on  k = q,q„...q  . 

12m 

We  develop  the  lattice  structure  of  the 
generalized  Post  algebras  first.  Suppose  we 
consider  a complete  distributive  lattice 
L = <E(k)  +,  *,0,  1>  with  greatest  element  1 
and  least  element  0 Further  let  B be  the 
maximal  set  of  complemented  elements  in  L. 

Any  closed  subset  of  a distributive  lattice 
is  again  a distributive  latticfe.  It  is  easily 
proved  that  B is  a Boolean  algebra  provided  it 
is  closed  and  contains  the  elements  0 and  1. 


Note  that  the  nature  of  the  distributive 
lattice  under  consideration  is  characterized  by 
the  particular  factorization  of  k,  for  example 
12  = 3*2"2.  This  method  is  used  below  to 
describe  the  distributive  lattice.  Further  we 
insist,  for  convenience,  that  when  k is 
factorized  the  factors  are  written  in  decreasing 
order  of  size;  that  is  if  k = q q ...q  then 
n*^qifi>i  ^ ^ ^ 

i j 

For  the  generalized  Post  algebra  we  use 
sets  of  points  rather  like  a coordinate  base  on 
which  to  construct  the  superstructure  of  the 
lattice.  These  sets  of  points  will  consist  of  all 
I e nonzero  points  which  start  at  0 and  end  at 
an  atom  of  the  embedded  Boolean  algebra. 

Definition  2:  A nonzero  element  of  a distributive 
lattice  is  an  atom  if  and  only  if,  for  all  ele- 
ments b in  the  lattice  b a implies  b = a 
or  b = 0. 

For  convenience  the  set  M of  atoms  of  a 
distributive  lattice  of  dimension  m will 
always  be  labelled  l,2,...,m. 

Let  us  consider  the  position  we  are  in.  L 

is  a complete  distributive  lattice  of  size 

k = q ...q  with  an  embedded  Boolean  algebra  of 
1 m “ 

size  2 . A is  the  set  of  atoms  of  Boolean 
algebra  and  M is  the  set  of  atoms  of  L. 

Both  these  sets  contain  m elements  and  are  not 
necessarily  disjoint.  The  set  of  points  which 
we  use  as  a basis  for  building  the  lattice  is 
the  bottom  generating  set,  G,  consisting  of  all 
the  nonzero  points  lying  on  chains  joining  (J  to 
atoms  in  A. 


By  the  Stone  representation  theorem  there 
is  an  integer  m such  that  B = B(2  ),  the 
Boolean  algebra  with  2 elements.  This  integer 
m is  the  dimension  of  the  Boolean  algebra. 


Definition  3:  The  bottom  generating  set  G for  a 
distributive  lattice  L of  dimension  m with 
embedded  Boolean  algebra  B of  dimension  m is 
defined  by 


For  sizes  2 and  3 there  is  only  one 
'omplete  distributive  lattice  of  each  order,  the 
chain.  For  larger  sizes  there  Is  a rich  collect- 
ion of  complete  distributive  lattices.  Hereafter 
ro  limit  our  discussion  to  complete  distributive 
lattices  which  are  the  Cartesian  product  of  chains 
Although  the  development  which  follows  can  be 
carried  out  on  any  complete  distributive  lattice, 
the  results  are  only  useful  in  the  cases  of 
Cartesian  products  of  chains. 

In  general  if  k has  a factorization 

k = q,q.,...q  into  natural  numbers,  where  for 
12  m 

each  i,  q^  1,  then  there  is  a lattice  L of 

size  k with  embedded  Boolean  algebra  B(2”'). 

This  m is  termed  the  dimension  of  the 
distributive  lattice  L.  In  the  case  k = q,  this 
lattice  is  just  a chain  and  the  embedded 
Boolean  algebra  is  B(2).  The  lattice  of  size  k 
with  maximal  dimension  is  obtained  by  choosing  all 
q^  to  be  prime. 


G = {b:b?i0  and  b e{0  <...<a3}  for  some  a^  c A} 

where  A = {a,,..., a } is  the  set  of  atoms  of  B. 

1 m 

Note  that  it  is  also  possible  to  define  a dual 
top  generating  set.  Also,  for  convenience, 
a.  £ A will  be  the  atom  of  B on  the  chain  start- 
ing at  0 and  including  i in  M. 

Example  2:  The  four  distributive  lattices  of 
size 

11 
10 
9 

8 ■ 

7 

6 ■ 

5 ' 

4 ' 

3 

2 ' 

1 ' 

0 ■ 
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(i) 

For 

12  - 12.  B = (0,11},  A - (lU,  M = iu 

G 

= (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, lU. 

(ii) 

For 

12  - 6-2. B = {0,1,10,11},  A = {1,10', 

M 

= {1,2},  G = {1,2,4,6,8,10}. 

(iii) 

For 

12  - 4-3. B = {0,3,8,11},  A = {3,8}, 

M 

= {1,2},  G = {1,2, 3, 5, 8}. 

(Iv) 

For 

12=3-2>2.B  = {0,2,3,4,6,9,10,11} 

A 

= {4,2,3},  M = {1,2,3},  G = {1,2, 3, 4}. 

Note 

that 

if  k = q,...q  the  number  of  elements 

^1  ^m 

in  G 

is 

given  by 

q 


L • 

i = l 


The  expression  of  points  in  the  lattice  in 
terms  of  the  elements  of  C is  considered  in  the 
following  theorems. 

Theorem  6:  Any  point  b in  a distributive 
lattice  L can  be  uniquely  expressed  in  the  form 

m 

b = r.,  each  r.  c {0  <...<  a.} 

i= 1 ^ X ~ i 


(i)  G _ U.-ej-.aj  c A.  ej  t P-..  and 

(ii)  To  each  a^  there  exists  some  j such 

that  a.*e  "0. 

1 J ' 

(The  implication  of  these  conditions  is  that 
there  is  a representation  of  a point  using  a 
particular  coordinate  set  P if  and  only  if 
every  point  of  G can  be  expressed  as  a product 

a.'e.  and  further  that  for  each  atom  in  A 
1 J 

there  is  an  element  in  the  coordinate  set  to  map 
it  into  0). 


Proof:  Let  U (a."e.:a,  t A,  e.  t P}. 

1 J 1 J 

Initially  we  prove  the  necessity  of  the  conditions. 
Suppose  such  a representation  exists  for  every 
point  b in  the  distributive  lattice. 

m 

Consider  some  be  G,  B=  P-  ' 

i=  1 


Since 

Hence 


b c G,  b € 


(0  < . . . < a^  } 


for  some  j . 


b=b-a . 
J 


m 


1 = 1 


Pi-a^-a. 


p . -a , since  a , -a  . 
J J 1 J 


Odl^j), 


and  A = {a,,..., a } is  the  set  of  atoms  of  the 
1 m 

maximal  embedded  Boolean  algebra. 

Proof:  Let  L = E(k)  and  k = q,...q  . The 

i m 

number  of  points  in  {0  <...<  a^}  is  q..  Each 

expression  of  the  type  given  in  the  theorem  can 
be  Identified  with  an  ordered  m-tuple  (r  , . . . , r^) . 
Each  such  m-tuple  clearly  refers  to  some 
point  in  L and  further  the  number  of  distinct 
m tuples  is  q^...q  = k.  Finally  it  is 

straightforward  to  prove  that  all  the  k points 
in  E(k)  must  have  a representation  by  showing 
that  two  distinct  m-tuples  must  refer  to 
distinct  points. 

This  result  gives  a form  of  normal 
representation  for  a point,  namely  as  the  sum  of 
elements  of  G,  the  bottom  generating  set.  The 

m-tuple  (r,,...,r  ) are  called  the  normal 
1 m 

coordinates  of  the  point.  The  alternative 
representation  developed  below  uses  the  concept 
of  different  possible  coordinate  sets. 

Theorem  7 : Any  point  b in  a distributive 
lattice  can  be  expressed  in  the  form 

m 

b = 52  Px  ^ P ^ . 

i_l  1 1 1 IS 

where  A = (a,,..., a ) is  the  set  of  atoms  of 
1 m 

the  maximal  embedded  Boolean  algebra,  if  and 
only  if 


and  so  G o u. 


For  (il)  let  b.  = 


J i'l.il^j 


There  exists  some  representation  for  , say 


J i 1 

J 1=1 


HOW  0 = bj.aj  = Z Pi-i-j  = Pj-a^. 


Hence  Pj'aj  ” 2>  and  consequently  for 

each  a,  there  exists  an  element  p.  of  P such 
J J 


that  Pj'aj  “ 2- 


This  shows  the  necessity  of  the  two 
conditions. 


Conversely,  suppose  the  two  conditions  hold. 
By  Theorem  6 any  point  b may  be  expressed  in 
the  form 

m 

b - 5Z  • r . £ {0  <. . .<  a } . 
i-1  1 

By  (i)  and  (11)  of  the  theorem  we  can 
express  each  r^,  in  the  form  r^^  = e-a^  for 

some  e £ P.  Let  p^  • e so  that 
m 

b “ ^ required. 

1=1 
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This  completes  the  theorem. 

Corollary  8:  If  k • with  ‘Ij  ^ 

(i  ' ))  and  a representation  of  each  point 
exists  then  P contains  at  least  q^  points. 

Proof:  Consider  b,c  ■ (0  <...<a^)  with  b ^ c. 
By  the  theorem  b =■  Pj-aj,  c - p^  • a^  for 

some  Pj*P2  ^ Clearly  Pj  i p^.  Since  there 

are  exactly  q^  distinct  points  in  {0  <...<  a^} 
there  must  be  at  least  q^  distinct  points  in 
P.  Since  q^  ' q^  the  result  follows. 

The  sets  of  P * (e,,...,e  ) arc  called 
1 s 

coordinate  sets  for  the  distributive  lattice. 


Corollary  9:  For  a fixed  coordinate  set 
P = (e,,...,e  ) for  a distributive  lattice  the 

1 q 

representation  of  every  point  b in  the  form  of 
the  theorem  is  unique  if  and  only  if  k = q . 

The  proof  of  the  corollary  is  straight- 
forward and  is  omitted. 

Note  the  distinction  between  the  normal 
coordinates  where  a point  is  represented  by  the 
sum  of,  at  most,  ra  points  from  C,  the  bottom 
generating  set,  and  the  coordinates  of  a point 
for  a coordinate  set  P which  are  just  the 
multipliers  which  go  with  the  atoms  of  the 
embedded  Boolean  algebra  to  give  a representation 
of  the  point.  Wo  shall  limit  the  discussion 
below  to  minimal  coordinate  sets,  that  Is  those 
containing  q^^  points. 

Example  3: 


8 


(1)  A distributive  lattice  on  E(9)  with  9=3*3 
A “ {3,4},  G “ (1,2, 3, 4).  There  are  six  possible 
minimal  coordinate  sets,  namely  {0,5,8} , (0,6 , 7 } , 
{1,2,8},  {1,4,6},  {3,4,5},  and  {2,3,7}.  All  the 
representations  of  the  points  are  unique  since 


(ii)  A distributive  l.ittice  on  F(8)  with  8--.*J. 
A • {2,4},  G ■ {1.2, 3. 4}.  There  are  14  possible 
minimal  coordinate  sets,  namely  {0,1, 3, 7} 
t0,1.4,h-,  0,1, 6. 7',  {0.3, 4, 5',  {0,3,5, 7', 

{0.4.5.6’,  '0.5, 6. 7},  il.2.3,4},  {1.2. 3. 7-. 

{1,2, 4, 6-,  {1.2,b.7}.  {2. 3,4, 5''.  ''2, 3. 5. 7-. 
and  '2,4,5,6-.  The  representations  are  not  all 
unique,  for  example  if  P * {1,2.6,7'-  then 
S - 1.4  + 2*2-  1*4  *•  P-2  * 7-2. 

J6e  Gent'C^Uj^ed  Jjast  Algebra. 

We  wish  to  ensure  that  our  generalized  Post 
algebra  is  functional Iv  complete  and  this  is 
achieved  bv  using  the  characteristic  functions 
defined  on  G. 

Def  in i t ion  4:  A generalized  Post  .algebr.a  is 
represented  by  the  oct{iple  • L,  B ,G ,,I , + , • , 0,  j ' 
where 

(a)  <L,+,.,0,1>  forms  a complete  distributive 
lattice. 

(b)  B is  the  maxim.al  set  of  complemented 
elements  in  1..  It  forms  a Boolean  algebra  with 
complementation  in  B denoted  bv  ' . 

(c)  G is  the  bottom  generating  set  of  I.. 

(d)  J is  the  set  of  characteristic  functions 
defined  for  each  element  in  G. 

The  inclusion  of  G explicitlv  in  the 
generalized  Post  algebr.a  is  taken  to  mean  that  we 
assume  exactly  these  constant  functions.  Although 
in  some  of  the  earlier  theorems  we  may  have 
appeared  to  be  using  the  constant  0 this  is 
always  definable  in  the  system  by  3 "a'.  or 

^I  ^ ^ 

In  the  generalized  Post  algebra  we  have 
assumed  the  characteristic  functions  for  just  the 
points  in  G.  It  Is  necessary  to  show  that  this 
is  sufficient. 

I.emma  10:  If  M = {l,...,m}  are  the  atoms  of  a 
generalized  Post  algebra  <E(k)  ,B,G,J,+  , • ,0 
then  the  characteristic  function 


1 m 

(l  ^ 

} = n J 

1 3 = 1 

i 

•x)  . 

' j=i 

.1 

Proof:  If  X = 0 then 

II 

X 

0 

for  all 

(1  S J '")  and  hence 

X = 1. 

If  X 1*  0 at  least  one  r^ 

i*  0 

. If 

r £ {i  <...<  a } then 

i -x  = i • r 

1 

1 and 

hence  Jj(l*x)  = 1.  Consequently 

O 

X 

- 0 if 

X 0. 
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m 

^ ■ Y, 
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i . 


(ii)  If  X ^ b th<T<*  rxi>it«J  .it  Ir.isf 
'nr  i t'oriUn.il  r poKiti<'n  in  which  x .ind  b 
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Thin  • X 


£ "r*'  ’ •’)■ 


i-l 


i ■ 'r 


lU-iu  .■  I (.i-x)-l  x -0  It  x »r 
r,  i r,  t ) ) 

I X ’ 0 it  h X . 
h 

This  ronpli't  rs  thi-  ihi'orom. 


Cori^llary  12:  As  an  al  torn.it  ivt*  .statim**ni  ot  the 
s.imt'  result  is 


m 

.T  X - n ( J(a  -x)  1^ 

l>  . . i i 
1-1 


where  J(a ^ -x)  1^ 


.1*  (l-x)  if  - 0 

.!  (a-x)  if  r.  ?*0. 
r,  i i ^ 


The  proof  of  tiu*  corollary  is  st raight forward  and 
is  omi tied. 


T'  cn  . \n*.  • .n.  t i \ i i 

r.i I red  alEi'T.i  ^ 1 < 

'-*•  «•>;  Ti  ; Jn  !f-«-  f 

■ X ....  X • N”  • \ , . . . ^ 

wh«*r<  j.  • I ; md  e.i.  h >:  : > i 

.J»*  - 1 •i  i v«  t un.  t i\'n  . 

Tt'o!:  It  we  t.i»e  the  e xpr  »*••«»  l en  c.lViMi  In  the 

K«’pre'»«’nt  at  ion  « . .ind  r^arr  i:  .:*'  it 

rh«*or«*«  in  i'xpr  e*»«.  i I'n  ri*sults  .>!  the  tvpe 

^tven  in  the  theorea. 

This  result  ttsuall'.  lenfs  1 1»  a mtu  h ••‘re 
i*. 'Opart  expreswli'n  t h.in  rh.  Kipresent  .it  l*»n 
t'.ti’r*‘n,  IhiTi*  Is  turthtr  -.•'tenti.il  * .'t 
s lop  1 i f i t .1  r ton  bs  using  the  result  of  TTt.  're®  '• 
For  this  purpose  ii  is  •.oi‘venl«nf  to  revr  Ti  rt’. 
express  li'n  of  nieoron  1.;  in  l*r®s  o!  t hi-  chains 
from  0 to  the  atoms  of  thi*  fhu>lein  algebra, 
the  I'xpression  being 


Kach  ot  the  terms  in  a particular  m.iv  be 

introduced  optionally  into  all  tfie  preceding 
g^*s  in  tftat  summation.  Note  that  thev  do  not 

all  have  to  be  Introduced  and  that  we  can  pick 
and  choose  as  is  convenient. 


We  .ire  now  able  to  give  thi  most  important 
result,  as  below. 

Theorem  13:  A generalized  Post  algebra  is 
complete. 

Proof:  The  result  is  a direct  consequence  of  the 

Representation  theorem  together  with  theorems 
6 and  11.  Thi’  + and  • are  respectively  a 
sum-type  and  .i  product-type  function.  Theorem  6 
shows  that  wc  can  derive  all  the  other  constant 
functions  in  terms  of  the  elements  in  0 and 
Theorem  11  shows  that  all  the  other  characteristic 
functions  can  be  defined  in  terms  of  those  In  J. 

The  result  follows  from  the  Representation  theorem. 


Kxami'ie  4: 


Suppose  a function  t on 
E(9) , 9*  3*  i,  has  an 
expression 


8 

f - E ‘-fi  • 

The  theorem  14  expansion 
is 


4 

f ■ Y 

j.i  ’ 


the  decisive  functions 


are  given  bv 
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where 


^ ‘5  ^ 

«2  = ^2  ^ S ^6 

^3  ' ^3  ^8 

^4  ' *^7  ^8 


The  use  of  Theorem  5 says  that  all  points 
takes  the  value  8 are  don't  cares  for 


gj  and  all  the  points  where 


takes  the  value 


8 are  don't  cares  for 


■42  • 


Example  5:  The  sum  digit  for  a 2-input  base  6 
adder,  using  + and  • defined  by  the  lattice 
shown . 


The  function  fxy  is  defined  by 
the  table  shown. 

For  such  symmetric  functions  it 


fxy 

0 

1 

2 

3 

4 

-1  y 

fwz 

0 

1 

2 

3 

4 

_5 

0 

0 

1 

2 

3 

4 

5 

0 

0 

- 

- 

- 

- 

- 

1 

1 

2 

3 

4 

5 

0 

1 

1 

2 

- 

- 

- 

- 

X 2 

2 

3 

4 

5 

0 

1 

w 2 

2 

- 

4 

- 

- 

- 

3 

3 

4 

5 

0 

1 

2 

3 

3 

4 

5 

0 

- 

- 

4 

4 

5 

0 

1 

2 

3 

4 

4 

- 

0 

- 

2 

- 

5 

5 

0 

1 

2 

3 

4 

5 

5 

0 

1 

2 

3 

4 

We  consider  the  alternative  representations  of 
fwz . 

From  the  Representation  theorem 
5 

fwz  = ^ i"f  wz 
i = l ’ 

where 


gj“Z 

0 1 2 3 4 5 z 

0 

0 

1 

5 0 

w 2 

0 

1 

0 

1 

1 

1 

3 

5 0 5 0 - - 

4 

0 - 0 - 0 - 

5 

5 0 5 0 5 C 

^ ,V7. 

**  ♦ 

8i“z 

0 1 2 3 4 5 z 

0 

0 

1 

0 

1 

1 

1 

1 

w 2 

5 

3 

5 - - 0 - - 

4 

0 

1 

1 

5 

- 0 0 5 5 - 

2 I 4 

5 z 

0 t 0 


is  usually 

advantageous  to  make 

giving 

an  initial 

transformation  using 

the  simple 

symmetric  functions 

gjWZ  = 

82“^  " 

w = x+y,  z 

= x*y  and  this  leads 

to  Che  transformed  function 

fwz . The 

-'s  indicate  don't 

g^wz  . 

cares . 

10  0 

2 I 0 - 5 

3 10  3 5 0-- 
4,5-0-0- 
5 15  0 0 0 0 3 


82"^  = .l2“+J4Z+Ji“*JjZ+J3WJjjZ+l3w-J3Z 

(J^z+.I^z-J^zi-I^w+I^w)  + J^z-i.I^w+J^w)  . 

There  is  clearly  much  greater  potential 
for  simplification  by  using  theorems  14  and  5 
than  if  we  just  limit  ourselves  to  the  Representat- 
ion theorem. 

5.  Conclusion 

The  generalized  Post  algebra  described  in 
the  earlier  sections  has  the  great  advantage  over 
the  normal  Post  algebras  in  that  it  is  complete. 

The  only  Post  algebras  that  are  complete  are 
those  with  a maximal  embedded  Boolean  algebra 
B(2)  and  +,  • being  respectively  the  max  and 
min  functions.  In  the  usual  Post  algebra 

2 3 

as  formalized  by  Epstein  ’ based  on  a chain 

n 

of  m fixed  elements  only  k functions  of 
n variables  can  be  defined,  as  compared  to 

k" 

k , the  total  number  of  n-place  functions  on  E(k). 


fj^wz  = JqZ+J^w-I^z 

f-wz  = ,I,wJ,z+.I,wJ  z+J wJ  z+J wJ  z 

2 11442053 

f.wz  = J,wJ„z+J wJ  z 

3 3 0 5 4 

f wz  = J.W.I  z+J,wJ  z+J  wJ.z+J  z 

4 2231405 

f^wz  = J3W  J^z+J^w  JjjZ 

From  Theorem  14  fwz  = l*g3Wz+2'g2Wz+A-g^wz 
where  all  the  points  for  which  g^  takes  the 
value  5 may  be  Introduced  as  don't  cares  for 


This  gives  the  3 tables  shown 
below  for  these  functions. 


g^  (by  Theorem  5) . 
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ABSTRACT 

We  define  the  notion  of  a prefilter 
and  then  proceed  to  characterize  the 
lattice  of  prefilters  over  an  arbitrary 
Boolean  Algebra.  The  lattice  theoretic 
terminology  can  be  found  in  GrStzer  [5] 
and  [6],  In  the  second  section  we 
further  investigate  the  pseudo-prefilter 
consequence  that  was  defined  by  Bloom 
[ ].  We  consider  arbitrary  prefilter 
matrices  and  prove  a completeness  theo- 
rem (Theorem  of  Section  II).  Our 
logical  terminology  is  that  of  Brown  and 
Suszko  [•*  ] . 


SECTION  I:  ALGEBRA  OF  PREFILTERS 

Brown  (3 1 first  defined  the  notion  of 
the  family  of  prefilters  over  a non-empty 
set  X.  According  to  his  definition,  a 
prefilter  P over  X is  a family  of 
subsets  of  X which  has  the  following 
properties : 

( 1 ) X e P. 

(2)  P is  upward  closed,  i.e.,  if 
X € P,  X C Y,  then  Y € P. 

(3)  P has  the  finite  inter- 
section property  (f.i.p.,  for 
short),  i.e.,  the  inter- 
section of  any  finite  number 
of  non-empty  subsets  in  P 

is  non-empty. 

Here  we  shall  be  concerned  with 
examining  the  structure  of  the  family  of 
prefilters  defined  over  an  arbitrary 
Boolean  algebra  B.  As  it  will  be  con- 
venient to  include  B itself  as  a pre- 
filter,  we  shall  use  the  term  "proper 
prefilter"  in  the  sense  Brown  uses 
"prefilter". 


Accordingly,  we  make  the  following 
definition  of  a proper  prefilter; 

Definition.  A non-empty  subset  P 
of  a Boolean  algebra  B Is  a proper 
prefilter  iff: 

(1)  P is  upward  closed,  i.e., 
if  a e P and  a < b,  then 
b c P. 

(2)  P has  the  finite  intersection 
property,  i.e. , if 

a, . . . ,a^  c p,  n > I , then 
a,  A A . . . where 

0 Is  the  zero  element  of  B. 

Remark . The  non-emptiness  of  P 
together  with  condition  ( l ) imply  that  the 
unit  of  B is  an  element  of  P.  Also 
condition  (2),  with  n = i,  implies 
0 / P.  Thus  a proper  prefllter  of  B is 
a proper  subset  of  B. 

We  now  expand  the  definition  of 
prefilter  to  be; 

Definition.  P is  a prefilter  in  B 
if  either  P = B or  P is  a proper  pre- 
filter in  B. 

For  a Boolean  algebra  B,  a € B, 
let  denote  the  principal  filter  gen- 

erated by  a,  where  we  recall  that: 

= {b  e b|  b > a)  . 

Theorem  l . For  any  prefilter  P, 

P = U (J'^la  € Pi  . 

Proof,  a € P implies  a e 7^;  so 
PC  U (7„|a  £ Pi.  Conversely,  if 
b £ U 7„ , then  b £ 7 for  some  a £ P, 

ol  9. 
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1 . e . , a < b . Since  a € P and  P is 
upward  closed,  b c p. 

Theorem  2.  Let  A ^ B be  any  sub- 
set with  the  f.l.p..  Then  the  set 

\ = U € A) 

Is  a proper  prefllter. 

Proof.  Since  A has  the  f.l.p., 

0 / P;,. 

Henceforth,  we  refer  to  P^  as  the 
prefllter  generated  by  A.  Let 
denote  the  filter  generated  by  A. 

Lemma  1 . Is  a proper  subset  of 

B Iff  A has  the  f.l.p.. 

Theorem  3 • P^  Is  proper  Iff  F^ 

Is  proper. 

Proof.  Follows  from  Theorem  2 and 
Lemma  1 . 

The  Intersection  of  prefllters  Is  a 
prefllter.  More  precisely.  If  the  non- 
empty collection  of  P^,  1 e I are  pre- 
fllters of  B,  DjP^  Is  a prefllter;  It 
Is  seen  to  be  the  largest  prefllter  con- 
tained In  every  Pj^.  However,  U^P^ 
need  not  be  a prefllter.  We  define 
P^  V Pg  to  be  the  least  prefllter  con- 
taining P,  U Pg.  Thus  P^  V Pg  Is  the 
Intersection  of  all  prefllters  containing 
the  set  union  of  P,  and  P^.  It  exists 
since  the  "Improper"  prefllter  B con- 
tains P^  U Pg- 

Similarly  we  define  V^P^  = P^ 
where  A = UjPj^- 

Theorem  U. 

( 1 ) Let  A = P,  U Pg.  Then 
P,  V Pg  Is  proper  If  P^ 
has  the  f.l.p.; 

(2)  Vj-P^  Is  proper  Iff  UjP^ 
has  the  f.l.p.; 

(3)  If  is  proper,  then 

VjPi  = UjP^. 


Let  L^  = <L^,  A,  V>  denote  the 
complete  lattice  of  all  prefllters  of  a 
Boolean  algebra  where 

(1)  P,  ^ Pg  = P,  n Fg; 

(2)  P,  V Pg  = where 
A = P,  U Pg. 

The  following  two  definitions  appear 
In  GrStzer  [ 5 ] ; 


Definition.  An  element  a,  of  a 
complete  lattice  L Is  called  compact  If 
a < (where  each  € L)  Implies 

there  exists  a finite  subset  of  I 

such  that  a 

Definition.  An  algebraic  lattice  L 
Is  a complete  lattice  such  that  any 
a e L can  be  represented  (compactly  gen- 
erated) as;  a = V {x|x  < a,x  compact). 

Theorem  P Is  a compact  prefllter 
In  L^  Iff  P = [1  . . . [}  , n an 

Integer  > ' . ' 

Proof.  Suppose  P Is  compact  In 
L^.  If  P Is  not  proper,  P = the 

principal  filter  generated  by  the  zero 
element  of  B;  otherwise,  P Is  proper, 

P = Va€P^a  = ^aeP^a- 
compactness,  p = J U . . . U , for 
^ 1 

some  Integer  > l . 

Conversely,  suppose 


P = 7 U . . . U 7 . 

^n 

If  P < V (G^ 1 1 € 1}  = G,  then  there  are 
two  cases  to  consider.  First,  If  G Is 
Improper,  U G^^  does  not  have  the  f.l.p.. 
say  g,  € G Is  such  that 
J 

g,  A ...  A g = 0 € B.  Then 


P < G.  V . . . V G,  . 
^1  ^n 


Otherwise,  V G, 


Is  proper,  so  V G^^  = U G^.  Therefore, 
a,  e G,  , J = 1 , . . . ,n  which  Implies 
^ 3 

7.  < G,  . It  follows  that 
^3  - 


U . . . U 7^  < G,  V 

% - 


V G, 


so  P Is  compact. 
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p 

Corollary  ^ . 1 . L Is  a (compactly 
generated)  algebraic  lattice. 

Proof.  If  P Is  a proper  prefilter 
of  L^,  then  P = U [SAb.  e P)  ; other- 

cl 

wise,  P = Thus  is  compactly 

generated . 

Theorem  6.  If  the  collection  of 

p 

sets  Pj^,  1 € I,  Is  a chain  In  L , 
then  P = UjPj^  € L‘  . 

Proof.  Suppose  UjPj^  does  not  have 

the  f.i.p..  Then  since  the  collection  of 

P,  Is  a chain,  some  P,  is  Improper 

0 

which  implies  UjP.  = B,  the  j.nlt  ele- 
ment  of  L . Otherwise  UjP^  = V^P^  is 
a proper  prefilter  of  L^. 

Theorem  7.  Suppose  B is  a com- 
plete Boolean  algebra  and  Q is  a 
collection  of  prefliters  P^,  i e I 
where  all  P^  ^ B.  Then; 

/\P^  = U 1 c I,  £ Pj^)  (*) 

where  the  union  on  the  right  hand  side 
of  the  equality  is  taken  over  the  set  of 
all  principal  filters  generated  by  ele- 
ments of  B which  are  equal  to  the 
supremum  of  I elements  of  B where 
each  of  the  I elements  belongs  to  a 
different  prefilter  of  Q. 

Proof.  Let  S denote  the  right 
side  of  condition  (*).  Suppose 
d € AjP^.  Then  for  each  lei, 
d e P^  = U |a^  e Pj^)  ; so  for  each 

i,  d > a^,  some  a^^  c P^.  Thus, 
d > V (a^la^^  e P^^)  which  implies  d e S. 

On  the  other  hand,  suppose  d e S. 


Then  d 

is  an  element  of  some  principal 

filter 

Jy  where 

Vfai 

for  1 € I , 

ai  £ P^ 

£ Q;  hence. 

d So  for 

and  1 , 

^ \ Q Pi 

and  thus 

d £ n^p 

1- 

Corollary  7 • K Let  Q be  a collec- 
tion of  n prefilters  P, .P^,....?^ 

(all  of  the  P^  being  defined  on  a common 
Boolean  algebra).  Then, 

p,  n ...  n p^  = u ^3^  I for 

1 ■ n 

1 < 1 < n,  a^  c Pj^) 

where  the  union  on  the  right  hand  side  of 
the  above  equality  is  taken  over  the  set 
of  all  principal  filters  generated  by 
elements  which  are  formed  as  the  supremum 
of  n elements,  each  of  the  n elements 
belonging  to  a different  prefilter  of  Q. 

We  now  turn  our  attention  to  repre- 
sentation theorems  for  the  lattice  of 
filters  (see  Theorem  8)  and  the  lattice 
of  prefilters  (see  Theorem  ii)  of  an 
arbitrary  Boolean  algebra.  First  we  pre- 
sent some  pertinent  definitions  for 
bounded  lattices,  i.e.,  lattices  which 
contain  a zero  element  and  a unit  element 
(which  we  denote  as  usual  by  0 and  i). 

Definition.  An  element  c of  a 
bounded  lattice  L is  called  clopen 
(or  complemented ) if  there  exists  a c' 
(called  the  complement  of  c in  L), 
c'  e L,  such  that; 

c V c'  = 1 and  c Ac'  =0. 

Definition . A bounded  lattice  L 
is  zero-dimens ional  if  it  has  a basis  of 
clopen  elements,  that  is,  given  any 
c e L,  c can  be  expressed  as  a join  of 
clopen  elements. 

Lemma  2 . If  c and  d are  clopen 
elements  of  a bounded  distributive 
lattice,  then  so  are  c a d and  cv  d. 

Proof.  The  complement  of  c a d is 
c'  V d'  since; 

( 1 ) (c  Ad)  V (c'  V d'  ) = 

(C  V c'  V d' ) A (d  V c'  V d' ) 

= 1 A 1 = 1 . 
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(2)  (C  A d)  A (c'  V d'  ) = 

(c  Ad  Ac')  V (c  Ad  Ad') 

= 0 V 0 = 0 

where  we  have  applied  the  distributive 
laws  In  obtaining  the  above  equalities. 
Similarly,  with  the  aid  of  the  distribu- 
tive laws,  we  can  show  that  the  comple- 
ment of  c V d is  c'  A d'  . 

Corollary.  The  clopen  elements  of 
a bounded  distributive  lattice  form  a 
sublattice . 

Lemma  3 . For  any  Boolean  algebra, 
the  lattice  of  filters  is  isomorphic  to 
the  lattice  of  Ideals. 

Theorem  8 . (due  to  S.  Bloom).  A 
complete  lattice  L is  isomorphic  to 
the  lattice  of  filters  of  some  Boolean 
algebra  iff  it  is  zero-dimensional,  dis- 
tributive, and  has  a compact  unit  ele- 
ment . 

Proof,  (necessity)  For  B,  an 
arbitrary  Boolean  algebra,  it  is  well- 
known  that  the  lattice  of  filters  of  B 
forms  a complete  distributive  lattice  in 
which  the  principal  filters  constitute  a 
clopen  basis.  To  see  that  B (the  unit 
filter)  is  compact,  merely  observe  that 
if  B=vy^,  l€l,  then  Og,  the  zero 
element  of  B,  belongs  to  v lei. 
Thus  for  some  finite  subset  of  I,  say 
(Jl > • • • , . we  have: 

a , A ...  A a , = 0_ 

Jl  Jn  ® 

where  a,  ^ 3 . for  1 < i < n. 

Ji  Jl  - - 

Hence , 

B = = V 7 1 = 1 , . . . ,n. 

B Ji 

(sufficiency)  Suppose  L is 
a complete  distributive  lattice  with  a 
clopen  basis  and  1 is  a compact  unit 
element  of  L.  Designate  the  set  of  all 
clopen  elements  of  L by  F.  By  Lemma  2 
and  its  corollary,  F forms  a comple- 


mented sublattice  of  L.  Since  L is 
distributive  so  is  F.  Thus,  F is  a 
Boolean  algebra  in  its  own  right.  Define 
f ; L -»  2^  such  that: 

f(a)=Ia=(x|xcF,  x<a)  . 

We  claim  f is  an  isomorphism  of  L 
onto  the  lattice  of  Ideals  of  F.  It  is 
easy  to  show  f and  f"'  are  order- 
preserving  mappings  and  that  f is  i-l. 
Therefore  we  confine  our  proof  to  showing 
that  f is  an  onto  mapping. 

Let  I be  any  ideal  of  F.  We 
claim:  I = I„  where  a v {y|y  e l) . 

3, 

Clearly  I C ; we  show  I„  C I. 

— a a — ^ 

Suppose  X € I ; then 
a 

X < a = V (y|y  € I) . 

Since  x is  clopen  and  1 is  compact, 

1 = X V x'  <V  (y|y  el)  v x' 

< V {y|y  6 Ig)  V x'  , 
for  some  finite  subset  1^  of  I;  so, 

1 A X = X < V {y|y  e Ig)  A X 

< V {y|y  e 1^)  e I. 

Thus,  X c I and  C I. 

The  thedrem  then  follows  from 
Lemma  3 • 

Remark.  The  following  example  shows 
that  the  lattice  of  prefilters  of  a 
Boolean  algebra  is  generally  not  dis- 
tributive . 

Let  Bg  be  the  Boolean  algebra  of 
all  subsets  of  (1,2,3).  Choose  pre- 
filters  P^,Pg,  and  P^  of  Bg: 

" ■^(1)  ’ ^2  " ■^(2,3)  ’ 

P3  = ^(1,2)  ^ ^(1,3)  • 

Then, 

P,  A ( Pg  V Pg ) = P,  A Bg  = P,  ; 
however. 
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(P,  A p^)  V (P,  A Pg) 

" '^(1  .2,3)  ^ ^3  " ^3  • 

Definition.  Let  L be  a lattice 
* 

with  0.  An  element  a e L is  a (meet) 
pseudo-complement  of  a € L if: 

a A X = 0 iff  X < a*  , 
for  all  X e L. 

Thus  a is  the  maximum  element  of 
the  set  (x  € L|a  A x = 0} . 

Definition.  A pseudo- complemented 
lattice  is  a lattice  in  which  every  ele- 
ment has  a pseudo-complement. 

We  recall  some  facts  about  pseudo- 
complemented  lattices: 

Lemma  A.  Suppose  L = <L,v,A,*o,l> 
is  a pseudo-complemented  lattice,  where 
* denotes  the  unary  operation  of  pseudo- 
complement. Then  the  elements  of  L 
satisfy  the  following  ordering  relations: 

if  a < b,  then  b < a ; 

, *■* 

a < a ; 

***  * 

a = a ; 

(a  V b)*  = a A b ; 

a*  V b*  < (a  A b)*; 

0 = 1 and  1 = 0 . 

Proof.  See  GrStzer  [6]. 

Definition.  If  L is  a pseudo- 
complemented  lattice,  then  a € L is  a 
closed  element  if  a = a. 

Theorem  9.  Let  L be  a bounded 
pseudo-complemented  lattice  and  suppose 
A denotes  the  set  of  all  closed  elements 
of  L.  Then  A may  be  regarded  as  a 
Boolean  algebra  in  which  the  meet  opera- 
tion is  Inherited  from  L;  the  pseudo- 
complement operation  of  L serves  as 
the  complement  operation  in  A and  the 
Join  operation  on  A is  defined  for  any 
a,  b e A by: 

a b = (a*  A b*)*  . 

Proof.  See  Theorem  U,  page  58  in 
GrStzer  [6]. 


Theorem  10.  L , the  lattice  of  pre- 
filters of  a Boolean  algebra  B is 
pseudo-complemented . 


Proof.  Let  1, 


denote  the  unit  ele- 


ment of  B.  Then  in  L^,  (ig)  is  the 
zero  element  and  B is  the  unit  element. 

Clearly  (ip.)  and  B are  mutually 

“ P 

pseudo-complementary  elements  of  L . 

On  the  other  hand  suppose 
Q = V {^„|x  e X)  ^ (!„)  is  a proper  pre- 

X D 

filter  and  Q Ar  = {!„),  for  some 
P ® 

R € L . Then  R must  be  proper,  hence 
representable  as  R = U f'^yly  ^ Y)  . Let 
S = A t^jjlx  e X)  where  x denotes  the 
Boolean  complement  of  x in  B.  We 
claim  S = Q . First  note: 


Q A R = u {y^|x  € X)  n U (Jyly  e Y) 

Consequently  R C S.  But 

Q A s = u n S)  = (Ig)  ; 

X 


S = max{R  € L IQ  A R = (’g) ) , 
l.e.,  S = Q*. 

Corollary  10.1.  The  compact  ele- 

P 

ments  of  L form  a bounded  pseudo- 
complemented  sublattice. 

Proof.  Follows  from  Theorem  5 . 
Corollary  7.1,  and  the  fact  that  if 


a = V y 
i=l  i 


is  a compact  element  of  L , then 
= ^5(,v...vx  = ^x,A...Ax  is  also 

compact.  In  particular,  • 

Corollary  10.2.  If  a is  both 


closed  and  compact  in  L , then  a is 
a principal  filter. 

Proof . The  Improper  prefilter  B 
is  the  principal  filter  generated  by  the 
zero  element  of  B.  Otherwise,  if 
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a 


n 


i=l  ^ 


i 


is  a proper  filter  which  is  compact  in 
L^,  then  a**  = J . . . If  in 

X,/'.  . .AX^ 

addition  a is  closed,  we  may  set 
n 


[J  7 = J. 

i=l  ^i 


X , A ...  Ax  ■ 
1 n 


Henc 


a = 7 


e for  some  Xj,  1 < J < n,  we  have 


X . 

J I 

Lemma  If  a ,8^^  , . . . ,a.^  e L 


are 


closed  and  compact  and 


a < a,  V ...  V a^  ^ B 

P 

where  the  Join  operation  is  in  L , then 
a < a^  for  some  i. 

Proof.  Follows  from  Corollary  10.2. 


Below  are  summarized  four  facts  that 
we  have  established  about  L 


L^: 


(1)  L is  an  algebraic,  pseudo- 
complemented  lattice; 

(2)  C,  the  compact  elements  of 
L,  form  a bounded  pseudo- 
complemented  sublattice 

of  L; 

(3)  Every  element  of  L is  a 
Join  of  elements  in  A, 
the  Boolean  algebra  of 
closed  elements  of  C; 

(It)  If  a € A and  all  s^  e A 
satisfy; 

a < a,  V ...  V ^ 1 
(where  the  Join  operation 
is  in  L),  then  a < a^^, 
for  some  1. 


We  now  prove  a theorem  suggested  by 
S.  Bloom  which  shows  that  any  lattice  L 
satisfying  the  four  conditions  listed 
above  is  isomorphic  to  the  lattice  of 
prefilters  of  some  Boolean  algebra. 

Thus  conditions  (1)  through  (U)  charac- 

P 

terlze  the  lattice  of  prefilters  L . 


Theorem  1 1 . If  L is  any  lattice 
satisfying  conditions  (1)  through  (U) 
above,  then  L is  isomorphic  to  the 
lattice  of  prefilters  of  the  Boolean  alge- 
bra dual  to  A via: 


T : X e L -*  (a  € A|a  < x)  . 

Proof.  First  we  shall  show  that  t 
is  1-1,  order-preserving  map. 

Accordingly,  if 

(r(x)  = (a  £ A|a  < x) 

where  x £ L,  then  in  particular 
5:(1)  = A.  If  however  x ^ l,  then  by 
condition  (3)  we  have 

x=  V fa|a  £ cp(x)). 

Furthermore,  if  cp(x)  = (r(y)  ^ A,  then 
X = V {a|a  £ cp(x))  = v (a|a  £ cp(y))  = y. 
Thvs  it  is  always  true  that  if  x ^ y, 
then  tp(x)  ^ (p(y)-  This  establishes  the 
fact  that  cp  Is  a l-l  mapping. 

Clearly  if  x > y,  then 
'P(x)  3tp(y).  But  q)(x)  4 'P(y),  so 
cp(x)  D(p(y)»  i.e.,  cp  is  order- 

preserving. 


It  remains  to  show  that  <p  maps  L 

onto  the  prefilters  of  a"^,  the  Boolean 

algebra  dual  to  A.  Now  in  A*^,  every 

principal  prefilter  has  the  form 

(a  £ Ala  < a,},  for  some  a,  £ A.  But 

“A  ^ ^ 

cp(  a, ) = (a  £ A I a < x)  , hence  it  follows 
^ A 

from  Corollary  5.1  that  every  prefilter 
of  A*^  is  either  A or  else  proper  and 
representable  as 


U cp(a,  ) 
l£l  ^ 

where  all  a^  € A. 

By  conditions  (2)  and  (l^)  we  know 
if 


X = V a,  ^ 1 
l£l  ^ 


where  all  a^^  £ A,  then 
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for  some  ll  . But 


(p(x)  C fa  e A|a  < a^, 

<r(aj^)  C (pfx) , so 

ir(x)  = U (p(a. ) . 
i€l  ^ 

Since  every  proper  prefilter  of 
of  the  form 


Is 


U (p(a. ) 
l€l  ^ 

where  all  a^  e A and  (p(  1 ) = A,  we 
conclude  that  q)  maps  L onto  the 
lattice  of  prefilters  of  A*^. 

SECTION  II.  PSEUDO- PREFILTER  AND 
PREFILTER  MATRIX  CONSEQUENCES 

A sentential  language  L is  an 
absolutely  free  algebra  of  finite  type 
generated  by  a countably  infinite  set  of 
variables,  var(L),  which  is  order  iso- 
morphic to  the  natural  numbers.  The  1-th 
element  of  var(L)  is  denoted  x^. 

Using  the  connectives  of  L,  con(L),  as 
algebraic  operations  define  on  L,  we 
may  define  an  algebra  of  formulas  (cf. 
Brown  and  Suszko  ] ) . Thus  once  con(L) 
is  specified  both  L and  the  algebra  of 
formula  of  L are  determined.  Let  the 
common  language  of  classical  two-valued 
and  intultlonlstic  propositional  logics 
be  denoted  by  Lj  where 

con(Lj)  = { A,  V, 

and  all  connectives  are  binary  except  for 
- which  is  unary. 

We  define  Cp  the  "pseudo-prefilter" 
consequence  operation  on  Lj  by; 

a e Cp(X)  iff  a belongs  to 
every  pseudo-pref liter  con- 
taining X , X C^  Lp) 

where  F is  a pseudo-prefllter  iff 
F = nat'^F)  for  F some  prefilter  in 
S,  the  free  Boolean  algebra  over  var(L) 
and  nat  is  the  natural  map  of  L^  onto 
8.  Let  CL  be  the  classical  consequence 
operation  on  L-j-  (see  Bloom  [2]). 


Remark.  8 may  be  identified  with 
equivalence  classes  of  formulas  of  Lj 
where  a ~ p if  CL(a)  = CL(p).  Thus, 
nat(a)  = a. 

Theorem  1 . F is  a proper  pseudo- 
filter (l.e.,  F Lj)  iff  F is  a 
non-empty  subset  of  L^  satisfying; 

( 1 ) S € F whenever  a e F 
and  a -♦  p e CL(  0) . 

(2)  - (a,  A . . . A / CL(0) 
whenever  , . . . ,0.^^  e F, 
n > 1 . 

Proof,  (necessity) . If 

a e F = nat”^ (F)  , 

where  F is  a proper  prefilter  in  8, 
and  a p is  a tautology  of  CL,  then 
a -»  p is  the  unit  element  of  8.  Hence 
a < p in  S;  so  p £ F or  equivalently, 
p £ F.  Furthermore,  if  a,,...,a^  £ F, 
for  some  n > 1 , then  - (a,  A . . . A a^) 
is  not  a tautology;  for  otherwise, 
nat(  aj  A . . . A ) = aj  A . . . A = 0 
in  8,  which  contradicts  the  fact  that 
F is  a proper  prefilter.  Thus  con- 
ditions (1)  and  (2)  hold. 

(sufficiency)  Suppose 

F ^ 0 satisfies  conditions  (1)  and  (2). 

def. 

It  suffices  to  show  that  F = nat(F) 
is  a proper  prefilter  in.  8 and  that 
F = nat'^ (F) . 

First  note  that  if  p £ P,  there  is 
(by  definition  of  F)  an  a £ F such 
that  a = p.  Hence,  a ->  p is  a classi- 
cal tautology  and  therefore,  p £ F 
follows  from  condition  (1).  Thus, 

F = nat'^F)  . 

We  complete  the  proof  by  showing  that 
F is  a proper  prefilter  in  p.  Now 
F ^ L;  for  otherwise,  nat(x^  a - x^)  £ P 
which  implies  x^  A - x^  £ F.  Then 
- (x^  A - x, ) 0 CL(0)  follows  from 
condition  (2)  which  is  absurd. 
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Next,  suppose  a e F and  a < p. 
Then  nat(a  -»  e)  = nat(a  v _ a),  i.e., 

a -»  p Is  a classical  tautology.  Thus, 

B e F or  equivalently  B ^ F>  demon- 
strating that  P Is  upward  closed.  It 
remains  to  show  that  F satisfies  the 
f.l.p.  . 

Suppose  a, , . . . E F and 
a,  A . . . A = nat(  A - . Then 

- (a,  A ...  A ajj)  Is  a classical  taut- 
ology which  contradicts  condition  (2). 
Thus  F Is  a proper  prefllter  In  8. 

Let  Cj^  designate  the  "prefllter" 
matrix  consequence  determined  by  the  pair 
M - <B,F>  where  B Is  a Boolean  algebra 
and  F Is  an  arbitrary  prefllter  In  B; 
thus : 

a e C^(X),  X C Lj,  Iff  for  all 

homorphlsms  h : Lj  ->  B, 

h(a)  € T whenever  h(X)  C T. 

Lemma  1 . Let  M = <B,P>  be  a pre- 
fllter matrix  as  described  above.  Let 
h : Lj  ->  B.  Then  h’^F)  Is  a pseudo- 
prefllter . 

Proof.  If  F = B,  then 
h”^(B)  = Lj,  the  Improper  pseudo- 
prefllter.  Otherwise,  suppose  F ^ B, 
and  £ h~'(F),  for  some 

n > 1 . If  - (a,  A ...  A a^)  Is  a 
classical  tautology,  then  A . . . A 

Is  a classical  contradiction.  But  then, 
h(ai  A . . . A a^)  = h(a^  ) A . . . A h(aj^)  =0 
In  B,  contradicting  the  properness  of 
F.  Thus  h“^(F)  satisfies  condition  (2) 
of  Theorem  1 . We  complete  the  proof  by 
showing  condition  (1)  of  Theorem  1 Is 
satisfied,  establishing  that  h”'(F)  Is 
a proper  pseudo-pref liter . Accordingly, 
let  a e h'^F)  and  let  a ->  B be  a 
classical  tautology.  We  must  show 
B £ h” V F) . Now, 

h(a  - B)  = h(  -a)  V h(B)  = 1 
In  B;  so  h(B)  > h(a)  £ F.  Thus, 


S € h \ F) . 

Remark . In  the  above  proof  we  have 
made  use  of  the  well-known  fact  that  If 
B Is  any  Boolean  algebra  and  h Is  any 
homomorphism  such  that  h : Lj  -*  B,  then 
h(a)  = 1 £ B (I.e.,  h(a)  Is  the  unit 
element  of  B)  whenever  a £ CL(0). 

Theorem  2 . Cp  < Cj^,  for  any  pre- 
fllter matrix  consequence  determined  by 
M = <B,F>. 

Proof.  Suppose  a £ Cp(X),  X C 
and  h : Lj  -*  B Is  any  homomorphism  such 
that  h(X)  C F.  Then  by  Lemma  1,  h'’'(F) 

Is  a pseudo-pref liter  containing  X.  So 
by  definition  of  Cp,  a e h”'(F).  Hence, 
h(a)  £ F which  Implies  a e Cj^|j(X). 

Thus,  ^ p ^M’ 

Corollary  2.1.  Cp(X)  C H C^(X), 
any  X C Lj. 

Proof . Follows  Immediately  from 
Theorem  2. 

(Completeness)  Theorem  3. 

Cn  = A C,,,  where  K Is  the  class  of  all 
P K ^ 

matrices  M = <B,F>  where  B Is  a 
Boolean  algebra  and  F Is  a prefllter 
of  B. 

Proof . Suppose  a / Cp(X),  X C Lj. 
Then  there  Is  a pseudo-pref liter  F In 
Lj  such  that  a / F D X;  so, 
nat(a)  / nat(F)  D nat(X) . Hence, 
a 0 Cj^(X),  where  M = <B,F>  Is  the 
logical  matrix  determined  by  6,  the 
free  Boolean  algebra  over  var(Lp)  and 
F Is  that  prefllter  In  8 such  that 
F = naf’(F) . 

Our  next  result  Is  a recasting  of 
the  theorem  proven  In  Sack  [7 ] . 

Theorem  U.  Let  C^^  be  a prefllter 
matrix  consequence  where  M = <B,F> 
where  B is  any  Boolean  algebra  and  F 
Is  a proper  prefllter  of  finite  cardinal- 
ity n which  Is  contained  In  B.  Then 
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there  exists  an  a £ Lj  and  an  X C Lj 
such  that: 

a e Cj^(X)  - Cp(X). 

Proof.  Let  X = and 

let  a denote  the  sentential  formula 


V (x 

Ki<J<rH-l 


i "^1- 


--  u is  any  homomorphism 


Then  if  h : L^.  ->  B 
such  that  h(X)  C F,  h must  identify  two 
variables  of  X,  l.e.,  h(x^)  = h(Xg}, 

for  some  r <-  s,  where  both  r, 
s € 1,2,... ,n+l  . Then: 

h(a)  = V (h(Xj^)  A h(Xj))  > h(x^)  £ F. 


Hence,  a e Cj^CX  ) . 

Now  let  A be  a set  with  n + 2 
elements,  say  f aQ,a^  , . . . ,a^^ ) . Define 
the  Boolean  prefilter  matrix: 

A 

N = <2  jT>  where  T is  all  subsets  of 
A which  contain  Uq  and  have  two  or 
more  elements. 


Consider  any  homomorphism 
h : Lj  -*  2^  defined  so  that 
h(x)  = faQ,aj^l  for  all  x^  e X.  Then: 

h(a)  = V (h(Xj^)  A h(Xj))  = VaQ  = ag  ^ T. 

Thus,  a € Cjg(X)  and  it  follows  from 
Theorem  3 that  a i Cp(X). 

Bloom  [2]  has  observed  that  if  B 
Is  a Boolean  algebra  and  the  matrix 
M = <B,T>  where  T is  any  subset  of  B 
such  that  > Cp,  then  T is  a pre- 
filter In  B.  From  this  observation  and 
the  proof  of  Theorem  we  obtain: 

Corollary  t. 1 . For  every  matrix 
M = <B,T>  where  T Is  a finite  proper 
subset  of  the  Boolean  algebra  B, 

Remark.  Cp  was  originally  defined 
in  Bloom  [2];  there  it  is  proved  that 
Cp  is  an  example  of  a standard  conse- 
quence which  is  not  "finitely  based". 


l.e.,  Cp  Is  a finite  and  structural 
consequence  which  is  not  definable  by 
a finite  number  of  (finite)  structural 
rules  of  inference. 
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Abstract 

The  thrust  of  this  paper  is:  first,  to  answer 
certain  previously  unanswered  questions  in  the 
field  of  Ternary  Boolean  algebra;  second,  to  des- 
cribe the  method,  utilizing  an  automated  theorem- 
proving program  as  an  invaluable  aid,  by  which  these 
answers  were  obtained;  and  third,  to  informally  give 
the  characteristics  of  those  problems  to  which  the 
method  can  be  successfully  applied.  The  approach 
under  study  begins  with  known  facts  in  the  form  of 
axioms  and  lemmas  of  the  field  being  investigated, 
finds  by  means  of  certain  specified  inference  rules 
new  facts,  and  continues  to  reason  from  the  expand- 
ing set  of  facts  until  the  problem  at  hand  is  solved 
or  the  procedure  is  interrupted.  The  solution  often 
takes  the  form  of  a finite  model  or  of  a counter- 
example to  the  underlying  conjecture.  The  model 
and/or  counterexample  is  generated  with  the  aid  of 
an  already  existing  automated  theorem-proving  pro- 
cedure and  without  any  recourse  to  any  additional 
programming. 

1.  Introduction 

In  this  paper  we  give  a procedure  which  in 
part  complements  the  ongoing  effort  of  using  com- 
puters to  find  mathematical  proofs.  The  procedure 
is  used  to  automatedly  generate  finite  models  of 
various  mathematical  theories  and/or  finite  counter- 
examples to  conjectures  (for  more  details  refer  to 
a paper  submitted  for  publication®) . The  ability 
to  thus  generate  models  and  counterexamples  when 
combined  with  an  automated  theorem-proving  program 
provides  one  with  the  more  effective  attack  on  cer- 
tain open  questions  in  mathematics  and  logic.  We 
invite  the  submission  for  consideration  of  such 
open  questions  as  those  answered  in  section  2 and 
of  those  Informally  classified  in  section  4.  Such 
new  problems  are  of  value  in  the  development,  ex- 
tension, and  refinement  of  the  approach  under  dis- 
cussion, and  there  is,  of  course,  the  carrot  that 
some  of  them  may  be  thus  solved.  This  in  fact  was 
the  case  for  those  problems  in  the  field  of  Ternary 
Boolean  algebra  which  were  considered  and  treated 
with  the  procedure  under  investigation. 

The  organization  of  the  paper  is  as  follows. 

In  section  2,  Ternary  Boolean  algebras  are  defined, 
the  previously  open  questions  are  stated,  and  an- 
swers are  given  including  certain  key  models  and 
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lemmas.  In  section  3,  the  procedure  for  generating 
models  is  discussed.  It  is  here  we  give  both  the 
language  in  which  the  problems  must  be  stated  and 
the  underlying  Inference  rules  which  generate  addi- 
tional facts  and  permit  validation  of  the  models. 
Finally,  in  section  4 we  discuss  the  kinds  of  prob- 
lems and  fields  of  mathematics  which  are  most 
amenable  to  the  approach  of  section  3. 

We  conclude  the  section  with  the  following 
summary.  The  proofs  of  the  various  lemmas  and  the 
models  and  counterexamples  given  here  were  obtained 
with  the  aid  of  the  computer  and,  more  specifically, 
with  extensive  use  of  an  automated  theorem-proving 
program®’ ® • . No  additional  programming  was  re- 
quired to  obtain  our  results,  nor  would  any  be 
necessary  to  attack  similar  open  questions.  Since, 
in  addition  to  model  generation,  the  approach  here- 
in can  be  used  for  deductive  reasoning,  it  may  be 
of  use  in  areas  other  than  mathematics. 

2.  Ternary  Boolean  Algebras;  The  Solution 
to  Some  Open  Questions 

A Ternary  Boolean  algebra**  is  a set  S together 
with  a Ternary  function  f and  a unary  function  g 
which,  for  all  elements  in  S,  satisfy: 

(1)  f (f(v,w,x) ,y,f (v,w,z))  = f (v,w,f (x,y,z)) 

(2)  f(y,x,x)  = X 

(3)  f(x,y,g(y))  = X 

(4)  f(x,x,y)  = X and 

(5)  f(g(y),y,x)  =>  X . 

One  natural  question  to  be  asked  is:  Of  the 
five  axioms  defining  a Ternary  Boolean  algebra, 
which  (if  any)  among  them  are  dependent  on  the  re- 
maining? Chinthayamma®  announced  in  1969  without 
proof  that  axioms  4 and  5 were  dependent  on  the 
subset  consisting  of  1,  2,  and  3.  This  left  open 
the  question  of  which  of  the  remaining  proper  sub- 
sets of  the  five  axiom  set  are  strong  enough  to 
define  a Ternary  Boolean  algebra.  Then,  for  each 
subset,  U,  which  is  too  weak,  one  can  ask:  What 
are  the  more  interesting  properties  of  U,  and  what 
is  the  cardinality  of  the  smallest  model  which 
satisfies  U and  simultaneously  falls  to  satisfy  the 
remaining  of  the  five  axioms  which  define  a Ternary 
Boolean  algebra?  The  answer  to  the  foregoing  can 
be  thus  summarized. 

The  most  important  facts,  obtained  with  the 
procedure  discussed  in  section  3,  are  the  follow- 
ing, Let  T be  the  set  of  the  five  defining 
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axioms,  Ui  be  obtained  from  T by  the  omission  of 
axiom  1,  U2  by  the  omission  of  axiom  2,  and  U3  by 
the  omission  of  axiom  3.  There  are  models,  exhibi- 
ted later  in  this  section,  showing  that  each  of  Uj, 
U2,  and  U3  is  insufficient  to  define  a Ternary 
Boolean  algebra.  Equivalently,  axioms  1,  2,  and  3 
are  each  independent  of  the  remaining  four  axioms 
in  T.  Next,  one  can  show  that  in  U2,  f (g(g(x) ) ,x,y) 
= g(g(x))  for  all  X and  y.  In  U3,  f(x,g(x),y)  = y 
for  all  X and  y.  Axioms  1 and  4 together  imply 
that  f(x,y,x)  = x.  In  T,  g(g(x))  = x and  finally, 
from  axioms  4 and  5 one  can  show  that,  if  there 
exists  an  element  a in  the  set  under  consideration 
such  that  g(a)  = a,  then  the  set  consists  of  just 
a.  Since  the  establishment  of  assertions  of  the 
type  just  given  reduces  the  work  required  to  gen- 
erate the  appropriate  models,  we  turn  to  their 
proof. 

The  last  of  the  assertions  can  be  seen  from 
X = f(g(a),a,x)  = f(a,a,x)  = a for  any  x.  That 
f(x,y,x)  = X in  the  presence  of  1 and  4 can  be 
seen  by  simply  setting  v = w in  1. 

Next,  we  see  that  g(g(x))  = x when  all  of  T 
is  present  by  setting  in  axiom  1,  w = x,  v = 
g(g(x)),  y = z = g(x),  and  applying  2 and  3.  (It 
should  be  noted  that  the  program  employed  by  the 
procedure  section  3 does  not  find  this  and  similar 
proofs  by  considering  all  or  various  substitutions 
into  the  various  axioms.  Instead,  selections  from 
the  axioms  and  derived  facts  are  made  and  pre- 
sented to  the  inference  rules  which  then  in  turn 
make  a deduction  with  an  emphasis  on  generality. 

Then  a subprocedure  is  invoked  which  compares  the 
"new"  result  with  those  already  retained.  The 
procedure  will  purge,  for  example,  a deduction  D' 
in  favor  of  D,  regardless  of  which  is  newer,  when 
D is  more  general  than  D'.) 

Returning  to  the  assertions  to  be  proved,  we 
have  U2  Implies  f (g(g(x)) ,x,y)  = g(g(x)).  In 
axiom  1,  just  set  x = y = g(w),  and  v = g(g(w)), 
and  apply  3,  4,  and  5 to  get  an  alphabetic  variant 
of  the  desired  result. 

Finally,  the  following  six-step  proof  shows 
that  one  can  prove  from  U3,  f(x,g(x),y)  = y. 

Proof.  f(f (v,g(v) ,x) ,x,v)  = f(v,g(v),x)  from 
the  substitution  into  axiom  1,  respectively  for 
F.w.x.y.z  of  v,g(v) ,x,x, V,  and  from  applications 
of  f(x,y,x)  = X and  axiom  4.  f (f (v,g(v) ,x) ,v,x)  = 
f(v,g(v),x)  from  the  substitution  into  axiom  1 
respectively  of  f (v,g(v) ,x) ,x,v,v,x,  and  applica- 
tions of  the  previous  step  and  of  axiom  2 and 
axiom  4.  f (f (v,w,g(w)) ,w,v)  = v from  substitution 
into  axiom  1 of  v,w,g(w) ,w,v,  and  applications  of 
f(x,y,x)  = X and  axiom  5.  f (w,g(w) ,f (v,w,g(w))) 

* f(v,w,g(w))  from  the  substitution  into  axiom  1 
of  v,w,w,g(w) ,g(w) , and  applications  of  axiom  2. 
f(f(v,g(v),x),x,f(x,v,g(v)))  = f(v,g(v),x)  from 
the  substitution  into  axiom  1 of 

v,g(v) ,x,x,f (x,v,g(v)) , and  applications  of  axiom 
4 and  of  the  previous  step.  Finally,  f(v,g(v),w) 

• w from  the  substitution  into  axiom  1 of 

f (v,g(v) ,w) ,w,f (w,v,g(v)) ,v,w,  and  applications  of 
axiom  2 and  steps  3,  5,  and  2,  which  completes  the 
proof. 


Thus  we  have  completed  the  proofs  of  the 
various  assertions  given  above,  and  we  can  now 
turn  to  the  direct  consideration  of  the  question  of 
axiom  dependence  for  Ternary  Boolean  algebras.  As 
stated  earlier,  the  facts  are  that  axioms  4 and  3 
are  dependent  on  the  remaining  three,  but  none  of 
axioms  1,  2,  or  3 is  dependent  on  the  other  four. 
Equivalently,  the  only  subsets  of  the  given  set  of 
five  axioms  defining  a Ternary  Boolean  algebra 
which  are  strong  enough  for  the  definition  are 
those  subsets  which  contain  at  least  axioms  1,  2, 
and  3. 

First,  to  see  that  axiom  1 is  independent  of 
the  others,  merely  consider  the  three-element 
model,  consisting  of  a,  b,  and  c,  with  g(g(g(x)))  = 
X,  g(a)  = b,  g(b)  = c,  f(a,b,a)  = b,  f(b,c,b)  = c, 
f(c,a,c)  = c,  and  all  of  the  triples  satisfying 
axioms  2 through  5.  The  substitution  into  axiom  1 
respectively  for  v,w,x,y,z  of  a,b,c,c,a  respec- 
tively yields  a = b,  which  shows  that  axiom  1 does 
not  hold. 

Next  we  establish  the  independence  of  axiom  2. 
Consider  the  model  consisting  of  the  three  elements, 
a,  b,  and  c such  that  g(g(g(x)))  = x for  all  x, 
g(x)  not  equal  x for  all  x,  g(a)  = b,  f(x,x,y)  = x 
for  all  X and  y,  f(g(y),y,x)  = x for  all  x and  y, 
and  f (g(g(x)) ,x,y)  = g(g(x))  for  all  x and  y. 

First  note  that  g(b)  = c and  g(c)  = a.  Then,  by  a 
tedious  examination  of  all  triples,  one  can  verify 
that  axioms  1,  3,  4,  and  5 hold.  The  violations  of 
axiom  2 are  three  instances  of  f (g(g(x)) ,x,y)  = 
g(g(x)),  namely,  f(a,b,b)  = a and  f(b,c,c)  = b and 
f(c,a,a)  = c. 

(Before  turning  to  the  final  dependency  ques- 
tion and  then  to  the  question  of  minimal  counter- 
examples, we  make  the  following  observations  which 
are  important  to  the  understanding  of  the  proce- 
dure by  which  the  results  were  obtained.)  The 
procedure  of  section  3 does  the  tedious  checking 
of  the  various  triples  required  to  validate  the 
proposed  model.  One  phase  of  the  process  is  the 
check  for  consistency.  For  example,  in  the  just- 
given  model  one  could  evaluate  f(a,a,b)  with  axiom 

4 or  with  axiom  3.  In  both  choices  the  same  value 
must  be  obtained.  Also  note  that  the  model  is  not 
presented  to  the  procedure  by  means  of  precisely 
those  equalities  given  in  the  previous  paragraph, 
but  rather  by  a set  which  includes  the  axioms  to 
be  satisfied.  The  other  equalities  are  derived 
and  used  to  narrow  the  search  for  the  desired 
model  or  counterexample. 

Now  to  establish  the  independence  of  axiom  3, 
just  replace  in  the  previous  three-element  model 
the  requirement  of  f (g(g(x)) ,x,y)  = g(g(x))  with 
the  requirement  of  f(x,g(x),y)  = y.  Axiom  2 will 
now  hold  since,  for  example,  f(a,b,b)  = b by  the 
new  equality.  On  the  other  hand,  axiom  3 is  now 
violated  for  the  value  of  three  tuples  has 
changed.  The  three  violations  are  f(a,b,c)  ” c, 
f(b,c,a)  “ a,  and  f(c,a,b)  “ b from  the  new 
equality. 

(For  the  interest  of  the  reader,  axioms  4 and 

5 may  be  proved  from  axioms  1,  2,  and  3 as  follows. 
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The  proof  that  ■ x depends  only  on  axloats 

1,  2,  and  3.  Substitute  R (r(x) ) , x , v , g (x) , cf x)  in 
axiom  1 and  apply  2,  3,  and  r(r(x))  - x to  vield 

Substitute  x,R(y),R(v),R(R(y)).R(R(y))  in  1 
and  apply  2,  3,  and  r(r(x))  - x to  yield  5.) 

The  final  question,  that  of  alninalltv  for  the 
counterexamples  to  axiom  dependency,  can  be  settled 
with  the  folloving  arRunent . For  two-element 
models,  either  there  exists  an  x with  r(x)  • x,  or 
g interchanges  a and  b.  The  first  possibility  is 
eliminated  by  an  earlier  remark,  l.e.,  the  presence 
of  axioms  4 and  5 would  force  then  a - b to  be 
true.  For  the  second  possibility,  axiom  5 forces 
f(b,a,a)  • a and  f(a,b,b)  • b,  which  says  that  axiom 
2 holds.  Also  in  this  case,  axiom  5 forces  f(a,b,a) 
” a and  f(b,a,b)  ■ b,  while  axiom  4 forces  f(a,a,b) 

” a and  f(b,b,a)  ■ b,  which  says  that  axiom  3 
holds.  A similar  analysis  shows  that  axiom  1 also 
holds  in  this  case.  So  the  smallest  counterexample 
to  the  dependence  of  1,  2,  or  3 consists  of  toree 
elements. 

Returning  to  the  discussion  of  the  models 
themselves,  we  Illustrate  a somewhat  different  use 
of  the  procedure  of  section  3.  The  problem  for  con- 
sideration Is  the  generation.  If  such  e:ists,  of  an 
asymmetric  three-element  model  of  LS.  The  specific 
objective  Is  that  of  determining  whether  or  not  any 
three-element  models  exist  satisfying  axioms  1,  3, 

4,  and  5,  violating  axiom  2,  and  with  g not  an  onto 
mapping.  There  are  two  such  models.  In  each  we 
have  g(g(g(x)))  - g(x),  g(a)  - b,  g(b)  - c,  g(c)  - 
b,  f(x,x,y)  - X,  f(g(y),y,x)  - x,  and  f(x,y,g(y))  - 
X.  In  both,  from  the  earlier  results,  f(x,y,x)  - x 
and  f (g(g(x)) ,x,y)  = g(g(x)):  also  f(a,c,c)  - a 
(substitute  a,c,b,a,c  In  axiom  1 and  apply  3,  4,  and 
5).  They  differ  In  that  In  one,  f(a,b,b)  » b while 
In  the  other  f(a,b,b)  • a.  In  both  the  violations 
of  axiom  2 are  f(c,a,a)  = c and  f(a,c,c)  « a.  F.xam- 
Inatlon  of  the  various  substitutions  shows  that 
axiom  1 holds  for  both  models. 

When  the  problem  for  the  previous  paragraph  is 
replaced  by  the  corresponding  one  for  U3,  we  find 
that  there  Is  but  one  asymmetric  model  of  1,  2,  4, 
and  5 violating  axiom  3.  The  model  is  quite  like 
that  which  was  just  given  except  that  axiom  3 is 
replaced  by  axiom  2,  f (g(g(x))  ,x,y)  •=  g(g(x))  is 
replaced  by  f(x,g(x),y)  - y,  f(a,c,b)  = b,  and 
f(c,a,b)  • b.  The  last  two  equalities  are,  of 
course,  the  violations  of  axiom  3. 

The  above  models  are  the  only  three-element 
models  of  U2  and  U3  violating  axioms  2 and  3, 
respectively.  First,  observe  that  there  are  only 
two  possibilities  for  the  effect  of  g on  three 
elements:  the  "symmetric"  and  the  "asymmetric" 
possibilities  given  above  (g(x)  cannot  be  x for 
any  x as  noted  previously).  Secondly,  the  possi- 
bilities for  values  of  f not  given  above  are 
eliminated  by  contradictions  to  axiom  1 which  were 
found  by  use  of  the  program. 

3.  The  Main  Procedure  for  Generating  Models 

Since  the  presentation  in  subsections  3.1  to 
3.6  is  brief  and  somewhat  intuitive,  we  have 


included  an  ex.iaple  In  3.'  to  aid  one's  understjnd- 
Ing  of  the  basic  procedure  and  of  the  various 
underlying  concepts.  The  example  illustrates  the 
iterative  nature  of  our  procedure.  Its  develop- 
ment in  part  parallels  the  mathematical  treatia«-nt 
of  section  2,  and  Illustrates  the  method  employed 
to  obtain  one  of  the  asvmaxetrlc  mL'dels  of  1*2  given 
there. 

3 . 1 iVve  rv  i ew 

The  main  objective  is  the  development  and 
imp lement at  ion  of  a more  complete  procedure  for 
attacking  open  questions  in  mathem.it  ics  and  logic. 
It  is  important.  In  the  treatment  of  such  ques- 
tions, to  have  a procedure  for  generating  models 
and  counterexamples.  .Such  a procedure,  based  on 
an  existing  aut.-saated  theorem-proving  progr.am,  is 
the  focus  of  attention  in  this  section.  For  the 
side  of  the  problem  concerned  with  finding  proofs 
for  "true"  theorems,  there  exists  computer  pro- 
gr.ams  in  various  stages  of  developan-nt  whose 
objective  is  that  of  proof  finding.  The  proofs  so 
obtained  are  usually  ones  bv  contradiction.  In 
general,  one  begins  with  a set  of  statenwnts,  some 
of  which  correspond  to  axioms  and  lemnuis  while 
others  correspond  to  the  denial  of  the  theorem  to 
be  proved,  and  continually  applies  rules  of  infer- 
ence until  the  unsat i sf lab  1 1 1 ty  of  the  set  of 
statements  Is  established.  What  is  missing  from 
such  programs  is  an  automated  treatment  of  the 
other  side  of  the  problem,  namely,  the  establish- 
ment with  the  aid  of  the  computer  that  a desired 
result  does  not  hold.  Put  differently,  when  the 
given  set  of  statements  is  satlsf table,  one  would 
like  to  have  a procedure  which  establishes  that 
fact  — a procedure  which  generates  a counter- 
example to  the  purported  theorem.  Although  the 
fundamental  theorems  for  the  first-order  predicate 
calculus  prevent  us  from  having  a decision  proce- 
dure, we  have  been  able  to  establish  that  certain 
results  are  non-theorem  and  thus  answer  certain 
previously  open  questions  as  those  of  section  2. 

With  the  object  of  automatedly  generating 
models,  we  turn  to  a brief  description  of  the 
various  components. 

3.2  The  Language 

The  chosen  language,  employing  the  clause 
representation,^  Is  one  which  Is  closely  related 
to  the  extended  first-order  predicate  calculus.^ 

The  equality  symbol  (predicate)  is  thus  treated  as 
a special  symbol  with  Its  meaning  "built-in".  All 
variables  and  all  given  and  Inferred  statements 
are  (Implicitly)  assumed  to  be  universally  quanti- 
fied. The  exlstentials  have  been  replaced  by 
skolem  functions,^  functions  of  the  appropriate 
universally  quantified  variables  on  which  the 
exlstentials  depend.  The  ensemble  of  statements 
is  (implicitly)  assumed  to  be  in  conjunctive  nor- 
mal form  — there  is  an  implicit  "and"  between 
pairs  of  statements,  and  implicit  "or"  between  the 
elements  of  each  statement. 
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3.3  The  Inference  Rules 

Although  the  procedure  has  access  to  a nuaher 
of  Inference  rules,  the  two  most  frequently  eis- 
ployed  are  respectively  general  1 zat  Ions  of  equality- 
substitution  and  of  modus  ponens.  The  first  rule, 
called  paranodul at  Ion, ' takes  clauses  (statements) 

In  pairs  and  attempts  to  substitute  from  one  into 
the  other.  A substitution  occurs  if  and  only  if  a 
common  domain  of  definition  can  he  found  for  one 
of  the  arguments  of  the  "from"  clause  and  for  a 
term  in  the  "Into"  clause.  The  "from"  clause  must 
be  the  correspondent  of  some  given  statement  of 
equality,  while  no  essential  restriction  is  placed 
on  the  term  into  which  the  substitution  takes 
place.  For  further  clarification  and  also  to  see 
that  we  arc  employing  a generalization  of  equality- 
substitution,  note  that  paramodulat ion  In  one  infer- 
ence step  takes  the  pair  of  statements  (clauses), 
finds  when  possible  a most  general  replacement  of 
the  variables  (universal  instantiation)  in  both 
which  will  permit  a straightforward  application  of 
equality  substitution,  and  applies  an  equality  sub- 
stitution rule  to  the  Instantiated  pair. 

As  for  the  other  main  rule,  called  hyper- 
resolution,^  the  following  cursory  description  may 
suffice.  The  rule  takes  a set,  Q1 ,Q2 , . . . ,Qn , of 
positive  assertions,  an  "if-then"  statement  of  the 
form  Q ’ i &Q ' 2& . . . &Q ' jpeR,  finds  (where  possible)  a 
most  general  variable  replacement  to  simultaneous- 
ly apply  to  the  Qj  and  qJ  which  permits  a modus 
ponens  type  inference,  and  then  makes  that  infer- 
ence from  the  thus  instantiated  clauses.  There  is 
the  additional  requirement  that  R be  positive. 

3.4  Usage 

No  programming  is  required  of  the  individual 
who  intends  to  use  the  procedure  as  an  aid  in  an- 
swering questions.  What  is  required  is  the  prepara- 
tion of  the  problem  in  one  of  two  forms.  The 
procedure  itself  accepts  problems  in  the  clause 
forms  discussed  in  3.2.  Recall  that  one  is  there- 
fore using  a conjunctive  normal  form  in  which  the 
variables  that  appear  are  implicitly  universally 
quantified,  the  exlstentials  have  been  replaced  bv 
appropriate  skolem  functions,  and  an  Implicit  "and" 
occurs  between  clauses  while  an  implicit  "or"  occurs 
between  the  literals  of  a clause.  For  example,  the 
clause  equivalent  of  that  axiom  which  states  that 
the  nonzero  elements  of  a field  possess  a multiplic- 
ative inverse  consists  of  the  two  clauses, 

EQUAL(X,0)  EQUAL(F(H(X),X),1)  and  EQUAL(X,0) 
EQl/AL(F(X,H(X) ) , 1)  , where  F denotes  product  and  H 
inverse  and  1 the  multiplicative  Identity.  (There 
are  other  valid  clause  encodings  of  this  axiom.) 

The  scope  of  universal  quantification  is  just  that 
single  clause,  i.e.,  an  occurrence  of  the  variable 
"X"  in  two  clauses  does  not  mean  the  "same" 
variable.  So  one  can  submit  the  problem  directly 
to  the  main  procedure  by  encoding  it  in  clause  form. 

On  the  other  hand,  if  one  finds  such  an  encod- 
ing difficult  or  inconvenient,  one  can  instead 
choose  to  represent  the  problem  in  the  first-order 
predicate  calculus.  There  is  no  requirement,  in 
such  a choice,  of  using  prenex  form  and  no 


restriction  on  the  use  of  the  various  boolean 
connectives.  The  availability  to  the  us< r of  the 
first-order  representat ion  is  due  to  the  existence 
of  a system,  called  TA-HFR,*  designed  and  imple- 
mented at  Argonne  National  laborat  .-rv . T.A.yrK,  al- 
though designed  for  pr  'gram  transform.it  ions 
different  type,  will  take  the  problem  in  its  first- 
order  form  and  produce  the  clauses  with  appropriate 
replacement  of  exlstentials  bv  functions. 

3.3  The  Procedure  Itself 

We  choose  to  slant  our  description  ti^ward  the 
informal  and  intuitive.  The  procedure  can  be  said 
to  be  divided  into  a nvnaber  of  phases  from  w'-.ich 
the  user  can  choose  anv  or  all.  There  is  the  lemma 
generation  or  fact  finding,  the  counterexample  and 
or  model  building,  the  validation  of  the  computed 
counterexample  and/or  model,  the  rejection  of  such, 
and  the  proof  of  the  theorem.  Thus,  despite  the 
bias  that  mav  exist  when  considering  a particular 
open  question,  the  procedure  mav  succeed  in  proving 
the  corresponding  purported  theorem  or  mav  Instead 
generate  a count erexamp Ic . It  is  the  second  of 
these  alternatives  (in  the  closely  related  area  oi 
generating  models  for  consistent  axiom  systems)  on 
which  we  concentrate. 

The  approach  is  at  present  one  of  iteration  in 
which  one  begins  with  a set  of  statements  which  mav 
include  axioms,  lemmas,  and  various  conjectures 
about  the  definition  or  structure  of  the  sought- 
after  counterexample  or  model.  (Throughout  the 
rest  of  this  subsection  we  nuike  no  distinction  be- 
tween "counterexample"  and  "model.")  One  then 
makes  a series  of  computer  runs  with  Che  intention 
of  appropriately  adding  to  and/or  deleting  from 
the  original  Input  set.  Additions  are  either 
lemmas  which  were  not  already  present  or  "promis- 
ing" extensions  Co  the  definition  of  a model.  The 
validity  of  any  of  the  former  can  be  established 
by  examining  its  proof  tree  to  show  that  only 
alreadv-proven  theorems  are  relied  upon,  while 
validity  of  various  of  the  latter  may  remain  in 
question  until  the  model  is  completed  because  of 
reliance  on  other  conjectured  conditions.  (The 
derivation  information  is  Included  in  Che  computer 
output  of  each  run.)  Deletions,  on  Che  other 
hand,  are  usually  the  result  of  detecting  Incon- 
sistency in  the  conditions  defining  the  model. 
Tneonsistenev  is  signalled  by  the  deduction  of 
"contradiction"  by  the  program.  Such  deletions 
often  cause  a fair  amount  of  backtracking  because 
of  the  corresponding  necessity  of  making  new  con- 
jectures about  the  structure  of  the  model,  and 
this  may  in  turn  require  duplication  of  earlier 
runs  but  with,  of  course,  the  new  conjectures. 

Thus  the  additions  and  deletions  made  by  the  user 
in  earlier  runs  in  part  determine  the  nature  of 
later  runs. 

One  of  the  nice  features  of  our  procedure  is 
that  these  computer  experiments  are  accomplished 
with  the  aid  of  an  existing  automated  theorem- 
proving  program  and  require  no  additional  pro- 
gramming. Each  experiment  or  run  is  terminated 
either  by  exceeding  memory  or  time,  or  by  having 
made  all  possible  new  inferences,  or  deducing 
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contradiction.  The  second  termination  condition 
occurs  either  when  the  model  has  been  both  success- 
fully completed  and  validated  or  when  the  model  is 
partially  specified  but  no  inconsistencies  exist 
therein.  One  can  differentiate  between  the  two 
cases  by  simply  examining  the  computer  output. 

The  third  termination  condition  signals  model  in- 
consistency or  proof  of  the  theorem  thus  answering 
the  open  question  under  study.  Examination  of  the 
proof  Is  sufficient  to  determine  which  is  the  case. 
Finally,  the  first  termination  condition  can  occur 
with  any  use  in  any  phase  of  the  procedure. 

For  each  of  the  phases  of  the  procedure  (listed 
at  the  beginning  of  this  subsection),  the  following 
remarks  in  general  hold.  Lemmas  are  found  through 
use  of  the  inference  rule,  paramodulatlon,  which  is 
a generalization  of  equality  substitution  (see  3.3), 
New  information  is  checked  against  that  already 
present,  and  the  more  general  fact  is  retained  and 
the  less  general  purged.  Both  the  building  and 
validation  of  the  model  are  accomplished  through 
application  of  hyper-resolution,  a modus  ponens-llke 
rule  discussed  also  in  3.3.  The  rejection  of  the 
model  being  developed  is  through  a combination  of 
inferences  from  paramodulatlon  and  from  hyper- 
resolution. And  finally,  the  proofs  of  theorems 
may  be  obtained  from  various  inference  rules,  but 
paramodulatlon  is  often  the  most  successful. 

3.6  Applications 

The  procedure  under  investigation  has  been 
used  to  generate  the  multiplication  table  for 
various  semi  groups,  for  successfully  searching  for 
models  establishing  the  correctness  of  certain  con- 
jectures, to  generate  counterexamples  and  thereby 
refute  various  possible  axiom  dependencies  as  in 
section  2,  and  for  finding  proofs  for  various 
theorems  as  also  given  in  section  2.  All  models 
and  axiom  sets  considered  so  far  have  been  of  small 
cardinality. 

3.7  An  Example  of  Our  Procedure 


Some  of  the  automated  theorem  prover  runs  made 
in  searching  for  one  model  of  U2  are  listed  below 
to  indicate  the  degree  of  our  reliance  on  the 
computer.  As  might  be  expected,  the  search  includes 
tests  which  appear  inconclusive  or  unnecessary  in 
retrospect. 

1.  Paramodulatlon  runs  proved  TBA  axioms  4 and  5 
from  axioms  1,  2,  and  3,  and  incidentally  derived 
g(g(x))  = X from  axioms  1,  2,  and  3. 

2,  A paramodulatlon  run  attempting  to  prove  axiom 
2 from  axioms  1,  3,  4,  and  5 proved  neither  axiom  2 
nor  g(g(x))  = X.  Incidentally,  f(x,y,x)  = x was 
derived. 

The  failure  to  prove  axiom  2 motivated  the 
search  for  a counterexample.  The  fact  that 
g(g(x))  ” X was  not  derived  suggested  that  a 
model  violating  g(g(x))  = x be  attempted. 

Such  a model  would  necessarily  violate  axiom 
2.  It  could  be  based  on  one  generator  (an  a 
for  which  g(g(a))  a)  rather  than  two  (an  a 


and  b for  which  f(b,a,a)  4a),  possibly  re- 
quiring fewer  elements,  fewer  defining  rela- 
tions, and  less  computer  time  for  verifica- 
tion. 

3.  Paramodulatlon  run  seeking  consequences  of 
axioms  1,  3,  4,  and  5,  in  conjunction  with 
g(g(g(x)))  = g(x),  g(f(x,y,z))  = f (g(x)  ,g(y)  ,g(z)) , 
and  f(x,y,z)  = f(x,z,y).  Axiom  2 was  not  proved, 
but  the  last  equality  with  axioms  3 and  5 yielded 
g(g(x))  = X. 

Because  a model  with  g(g(a))  4 a was  being 
sought,  the  last  equality  was  not  used  for 
subsequent  models.  The  possibility  that 
g(g(g(x)))  = g(x)  might  imply  g(g(x))  = x was 
not  tested  at  this  time, 

4.  A paramodulatlon  run  deriving  consequences  of 
axioms  1,  3,  4,  and  5,  in  conjunction  with 
g(f(x,y,z))  = f (g(x) ,g(y) ,g(z))  and  f (a,x,g(g(a) ) ) 

= a,  derived  no  undesirable  consequences. 

The  latter  equality  was  suggested  by  an  exam- 
ination of  the  proof  of  g(g(a))  = a from 
axioms  1,  2,  and  3.  This  proof  used  the 
instance  of  axiom  2,  f (a,g(g(a) ) ,g(g(a) ) ) = 
g(g(a)):  if  this  term  had  the  value  a instead, 
g(g(a))  = a would  not  be  proven, 
f (a,x,g(g(a) ) ) = a generalizes  the  second 
argument  of  f. 

5.  Partial-model  run  in  which  values  for 
f(a,c,c),  f(c,a,a),  and  f(a,b,b)  had  not  yet  been 
determined.  (Here  b and  c refer  not  to  generators 
but  to  g(a)  and  g(g(a)).) 

6.  Partial-model  run  in  which  the  value  for 
f(a,c,c)  had  not  yet  been  determined, 

7.  Model  validation  run  verifying  the  first 
asymmetric  model  of  section  2. 

4.  Requirements  for  New  Problems 

The  submission  of  problems  for  consideration 
by  the  procedure  described  in  this  paper  is  most 
welcome.  To  be  admissible,  such  problems  must  be 
representable  in  the  first-order  predicate  calcu- 
lus, If  the  object  is  the  generation  of  a 
counterexample  or  model,  there  is  the  assumption 
that  one  of  small  finite  cardinality  will  suffice. 
On  the  other  hand,  if  the  object  is  the  finding  of 
a proof  for  a purported  theorem,  we  only  require  a 
statement  of  the  theorem  and  a set  of  axioms  char- 
acterizing the  field  from  which  the  theorem  is 
taken.  In  addition  we  find  value  in  having  a list 
of  the  important  lemmas  of  the  field. 

Among  those  areas  whose  open  questions  may  be 
most  amenable  to  attack  with  the  automated  proce- 
dure are  the  theory  of  semi  groups,  elementary 
group  theory,  ring  theory,  the  theory  of  Ternary 
Boolean  algebras.  Boolean  algebra,  and  Tarsklan 
geometry.  For  the  type  of  question,  one  might 
consider,  for  example,  questions  concerned  with 
the  equivalence  of  axiom  systems,  questions  about 
the  existence  of  certain  mappings,  and  questions 
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of  axiom  dependency.  On  the  other  hand,  phrases 
such  as  "for  all  Integers  n"  and  "for  all  func- 
tions f"  strongly  suggest  the  lack  of  an  appro- 
priate mechanism  to  handle  the  question. 

We  conclude  by  remarking  that  consideration 
of  open  questions  and  problems  of  the  type  just 
discussed  should,  when  subjected  to  treatment  by 
computer  programs  of  the  type  underlying  this 
paper,  lead  to  the  alternation  of  the  solution  of 
some  problems  followed  by  the  development  of  more 
successful  automated  procedures  followed  by  the 
solution  to  others...  . 
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In  "A  system  of  modal  logic Lukasiewicz  in- 
troduced his  four-valued  system  L,  a system  which 
was  intended  to  be  interpreted  modally,  but  which 
has,  because  of  certain  of  its  features,  resisted 
such  interpretation.  In  particular,  there  is  in  L 
no  law  of  necessitation,  i.e.  no  transformation 
rule  of  the  form 
(!)#-«.  — * h Lc^. 

where!  is  a necessity  functor.  There  are,  in 
fact,  no  theses  at  all  of  the  form  able  to  be 

deduced  in  L.  Thus,  as  likely  a candidate  for 
thesishood  in  a modal  system  as 

(2) MCpp 

is  not  a thesis  of  L.  Lastly,  wffs  such  as 

(3)  H CKApAqAKpq 

are  able  to  be  deduced  in  L,  wffs  which  are  very 
unintuitive  if  A is,  as  Lukasiewicz  wishes,  inter- 
preted as  a possibility  functor. 

Prior  has  suggested^  that  we  interpret  X and 
^ as  restricted  functor  variables  ranging,  resi)ec- 
tively,  over  (a)  the  negation  and  falsum  and  (b) 
the  verum  and  assertion  functors  of  standard  two- 
valued logic.  There  is  much  to  this  suggestion, 
but  I wish  to  continue  to  interpret  X.  and  ^ as 
modal  functors,  albeit  non-standard  ones.  Whereas 
it  is  standard  to  view  a necessity  (possibility) 
functor  as  a restricted  universal  (existential) 
quantifier  ranging  over  the  set  of  possible  worlds 
(p-worlds),  I propose  to  view  X ( ) as  a res- 

tricted universail  (existential)  quantifier  ranging 
over  the  set  which  contains  all  p-worlds  and  all 
impossible  worlds  (i-worlds).  Thus,  while  a pro- 
position is  ordinarily  said  to  be  necessary  iff  it 
is  true  in  all  p-worlds,  a proposition  beginning 
withX^  will  be  true  iff  it  is  true  in  all  p-worlds 
and  in  all  i-worlds.  Likewise,  a proposition  be- 
ginning with  A wild,  on  my  interpretation,  be 
true  iff  it  is  true  in  at  least  one  member  of  the 
set  of  all  worlds,  rather  than  in  at  least  one 
member  of  the  set  of  p-worlds,  as  is  the  case  with 
standard  possibility  functors. 

The  advantage  of  this  interpretation  is  that 
in  using  it  we  can  account  for  the  odd  features  of 
i mentioned  above,  without  reducing  the  system  to 
non -modal  status.  Consider,  first,  that  for  any 
logical  truth,  ^ , i.e.  for  any  proposition  true 
in  all  p-worlds,  it  is  easy  to  specify  an  i-world 
in  which  C*~  is  false.  For  example,  Cpp  is  true  in 
all  p-worlds,  but  is  false  in  the  i-world  in  which 
(U)  If  grass  is  green,  then  grass  is  green 
is  false.  Thus,  we  would  not  expect  to  be  able  to 
assert,  in  an  intuitive  logical  system,  that  any 
proposition  was  true  in  all  p-worlds  and  all 
i-worlds.  But,  given  my  interpretation  of  X , that 


is  exactly  what  a thesis  such  as  (2)  woiHd  do. 
Hence,  if  we  read  X as  I suggest,  we  need  not  be 
surprised  that  there  are  no  theses  of  the  form 
hlo.  in  L,  nor  need  we  be  surprised  that  (l), 
which  would  permit  the  deduction  of  such  theses, 
is  absent  from  L. 

Further,  consider  that  (3)  is  unintuitive  in 
a standard  modal  system  because  we  can  imagine 
situations  where  p and  q are  both  possible  (making 
K Ap  Aq  true)  but  not  compossible  (making  AKpq 
false).  But  this  objection  does  not  work,  given 
my  interpretation  of  A,  since  even  where  p and  q 
are  both  possible  but  not  compossible,  i.e.  where 
there  conjunction  is  impossible,  .^Kpq  is  still 
true,  since  Kpq  holds  in  at  least  one  of  the  set 
of  all  worlds  (viz.  in  an  i-world).  Thus,  given 
my  interpretation  of  A , one  would  be  surprised 
if  (3)  was  not  a thesis  of  L. 

Lukasiewicz  would  surely  have  disputed  my 
interpretation  of  X and  A , but  I see  no  other  way 
of  accounting  for  L's  apparent  oddness  without 
denying  its  modal  status. 

^in  Journal  of  Computing  Systems  Vol.  I (1953) 

pp.  III-IU9 

^"The  interpretation  of  two  systems  of  modal  logic" 
in  Journal  of  Computing  Systems  Vol.  IV  (195^) 

pp.  626-630 
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A NEW  ASrSCT  OF  SOFE  PC3T  ALGEBRAS 


SERGE  TERRIKE 


33  R>ie  Jac:!uard 

Abstr-ict  - Sor.e  Post  algebras  -re  nothing 
but  coirru  t-' t i ve  unitnry  algebras  I.  over  a 
finite  field  K where  Femt  theorec  holds 
in  1.. 

I.  .i'!'’'RODI’CTira 

In  his  art'cle  ( ' ) Epstein  defines  a Post 
n-algebro  as  a distributive  lattice  L with 
zero  0 and  unit  u satisfying  the  following 
conditions  : 

Axior  1 : For  every  element  x L there 
exist  n elements  Cq(x),  C^(x),  C^Cx)..  C^x^ 

which  are  pairwise  dirioint  and  whose 
supremum  is  u. 

Axiom  2 : These  exist  n fixed  elements  of 
L denoted  0=e  , e,,...  e ,=  u with  the 
properties  : 

(a)  The  elements  form  a chain,  with 

®i_1<®i  i^n-1 

(b)  If  xtL  and  xe^=0  then  x=0 

(c)  If  xfcL  and  for  some  i,  x e^  e^^  then 
x=e . 

^ v"' 

Axiom  5 s For  every  xCL,  x=_ye^Cj^(x) 

And  he  shows 

Theorem  16  t The  Post  algebra  L is  isomorphic 
with  the  set  of  all  continuous  n-valued 
functions  on  a totally  disconnected  compact 
Hausdorff  space. 

He  gives  the  example  of  a commutative  ring 
of  characteristic  p such  that  for  every  x<R 

we  have  x^=  x.  This  is  the  general  case. 

II.  SOFE  POST  ALGEBRAS  ARE  K-ALGEBRAS. 

Let  L be  a Post  n-algebra  with  a power  n=p^ 
of  a prime  num.ber  p of  elements  e^,  e^  ... 

n-1.  Using  the  theorem  16  rentionned  upper 
with  the  n values  of  the  functions  taken  in 
the  field  K with  n elements  and  the  discrete 
topology,  L becomes  a commutative  unitary 
K-algebra,  and  the  Fermat  theorem  in  K 
extends  in  L i 

'(  XtL  x"=x 

III.  RECIPROCAL  t 

Let  L be  a commutative  almebra  over  the 
field  K.  Let  us  suppose  that  K have  n 
el'-m.ents  and  that  L is  satisfying  I 

K XtL  x”«x 

A character  of  L is  a K-  morphism  form  L to 
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K.  The  set  of  all  characters  is  denoted  by 
X(L).  The  hull  kernel  topology  on  X(L)  defined 
in  (2)  m.akes  a totally  disconnected  compact 
Hausdorff  space  and  the  K-morphism  of  Gelfand 
a:L-*F(x(L),K)  is  an  isom.orphisra  from  L onto 
the  K-algebra  of  all  continuous  functions  from. 
X(L)  to  K with  the  discrete  topology.  If  K is 

now  ordered  by  : e <e.<e.,<.. . .✓e  . 

’’  o^  1 2 ^ ^ n- 1 

L can  be  ordered  by  : 

y x,yeL  x^yoV  zeX(L)  z(x)^z(y) 
and  becomes  now  a Post  algebra. 

IV.  A PPL  IC.' TICKS 

The  description  given  upper  shows  that  when 

n=p^  is  the  power  of  a primje  number  p,  a Post 
n-algebra  L is  the  same  as  a corrutative 
unitary  algebra  over  a finite  field  with  n 
elements  K,  the  algebra  satisfying  the  Fermat 
theorem  : 

V X t L x"=  X 

(1)  We  have  a theorical  link  with  algebraic 
coding  theory  (Cf(3)),  because  Post  algebras 
are  the  same  as  algebras  used  in  algebraic 
cod ing. 

(2)  If  n=2  we  find  a cla  sioal  result  about 
Boolean  algebras. 

(5)  If  L=  K[X.|,  ...,  X^  where  for  every  i=l, 
...,  r,  find  X(L)  = and  L is 

isomorphic  with  the  set  of  the  functions  from. 

K to  K,  This  is  the  reason  why  the  operations 
defining  K form  a functionally  complete  set  of 
operations  (Cf(4)). 

Conversely  it  is  possible  with  Van  der  Monde 
matrix  to  give  the  polynomial  expression  of 
any  function  from  K to  K.  This  can  be  done 
with  the  polynomial  expressions  of  the 
elementary  Dirac  functions  which  are  precisely 
the  C^(x),  C.|(x),  ...,  (x)» 

V.  BIBLIOGRAPHY 

(1)  G.  EPSTEIN  The  lattice  theory  of  Post 
algebras.  Trans . Amer. Math. Soo .Kay  1960,Vol95f 

N“2,pp. 300-517. 

(2)  A.  GUICHARDET  Lemons  sur  certaines 
algebres  topologiques . Gordon  & Breach. 

(3)  J.VAN  LINT  Coding  theory  Springer  Verlag 
N®  201  (Ergebnisse  der  Kathematik) 

(4)  IVO  G.  ROSENBERG  Completeness  properties 
of  multi  valued  logic  algebras  CH  6 in 

(5)  DAVID  C.  RINE  Computer  Science  and 
multiple  valued  logic.  North  Holland. 


2S9 


ANALYSIS  OF  COMPUTING  PROTECTION  STRUCTURES  BY  MEANS  OF  MULTI-VALUED  LOGIC  SYSTEMS 


Ladislav  J.  Kohout  * 


University  College  Hospital  Medical  School,  London,  and 
Man-Machine  Systems  Laboratory,  University  of  Essex,  U.K. 


Abstract 

The  paper  presents  a formulation  of  a combinat- 
orial multi-valued  protection  model  which  is  a specBl 
case  of  the  possibilistic  protection  models  develop- 
ed by  the  author.  A class  of  5-valued  functionally 
complete  logic  systems  based  on  the  Pinkava  multi- 
valued logic  algebras  is  used  as  a notational  base 
for  the  MVL-protection  model.  The  complexity  meas- 
ures given  in  the  paper  show  that  the  MVL-protection 
models  are  clearly  superior  to  binary  ones. 


1.  Introduction 

The  concept  of  protection  structures  first  ar- 
ose in  computer  systems  motivated  by  the  problem  of 
potentially  shared  resources  in  big  time-sharing  sys- 
tems or  in  big  computer  networks.  Graham  and  Denning 
capability-based  model^  represents  a succinct  formal- 
ization of  problems  which  originated  in  design  of 
protection  hardware  (e&MULTICS^  or  MINIC^)  or  of 
operating  systems. ^2  similar  protection  problems 
also  arise  in  data-base  design,  in  particular  of  those 
driven  by  data-interrupts** »5.  Examples  of  data-inter- 
rupts  are  currently  found  in  "artificial  intelli- 
gence" languages  (such  as  PLANNER,  CONNIVER,  PLASMA) 
where  protection  against  unwanted  interractions  of 
concurrent  processes  requires  urgent  attention®.  In 
the  robotics  and  in  the  artificial  intelligence 
based  approach  to  modelling  of  perceptual-motor 
skills^ similar  issues  of  protection  also  appear.  In 
this  context  protection  structures^  represent  necessa- 
ry constraints  on  sub-systems, imposed  in  order  to 
maintain  the  basic  functions  of  the  system  as  a 
whole  and  prevent  them  from  being  impaired  by  the 
independent  and  uncoordinated  actions  of  its  indi- 
vidual parts. 

The  global  dynamics  and  stability  of  general 
protection  models  can  be  analyzed  by  means  of  the 
apparatus  of  modal  logics  and  of  generalized  topolo- 
gies^®i^\  but  the  issue  is  very  complex  in  its  most 
general  case.  However  a special  class  of  these  prob- 
lems represented  by  non- sequential  (combinatorial) 
protection  structures  can  be  more  easily  analysed  by 
means  of  finite  many-valued  logics.  The  multi-valued 
logics  based  approach  may  be  of  some  practical  interest 
because  the  combinatorial  protection  structure  can  be 
used  to  describe  a rather  important  class  of  protec- 
tion problems  appearing  in  some  practical  applica- 
tions  (such  as  the  use  of  pro- 

*Requests  for  offprints  should  be  sent  to:  Dept,  of 
Electrical  Engineering  Science, University  of  Essex, 
Colchester,  Essex,  U.K. 


tection  models  for  the  description  of  parallel 
processes  or  the  problems  invoked  in  the  medical 
field  concerned  with  the  control  of  muscles  and  of 
movement  rehabilitation) 

The  purpose  of  this  paper  is  to  formulate  a 
combinatorial  multi-valued  logic  protection  model 
(MVL-protection  model)  and  to  demonstrate  its 
advantages  over  a binary  logic  protection  model 
(L'.-protection  model).  Section  2 presents  a partial 
functionally-complete  multi-valued  logic  system, 
which  is  used  in  section  3 to  construct  a class  of 
functionally  complete  5-valued  systems.  These  sys- 
tems form  a notational  base  for  MVL-protection 
models.  Section  4 gives  an  algebraic  formulation 
of  combinatorial  protection  experiments.  This  for- 
mulation is  in  Its  essence  an  algorithm  for  the 
inference  (identification)  of  the  structure  of  com- 
binatorial protection  models  from  experimental  pro- 
tection data.  In  section  5,  the  algebraic  model  of 
the  previous  section  is  embedded  in  a MVL-protection 
model,  by  means  of  5-valued  logic  normal  forms.  The 
paper  is  concluded  with  a comparison  of  the  complex- 
ity of  MVL-  and  BL-protection  models  and  the 
advantage  of  a multi-valued  formulation  is  demon- 
strated . 


2.  The  Pi-Algebras 

The  Pinkava  partial  functionally  complete 
multi-valued  logic  systems^^ have  been  used 
to  construct  a number  of  multi-valued  functionally 
complete  logics  utilized  in  several  computing  and 
modelling  applications!®!® »il.  Previously,  the 
standard  Pl-systems!®  had  been  used  in  protection 
modelling®.  However,  with  the  progress  of  the  work 
in  this  area,  it  has  become  apparent  that  the  gen- 
eralized PI-systemsl®,17  (PI -algebras)  offer  a con- 
siderable advantage  over  the  standard  ones  in  the 
protection  applications.  The  proofs  of  all  theorens 
on  Pl-algebras  appearing  in  this  section  can  be 
found  ln!2 . 

The  generalization  of  the  PI -systems  presented 
here  consists  of  the  representation  of  the  connec- 
tives as  algebraic  groupoids  (Kohout!®,  theorem  10) 
and  of  the  cyc!ic  negation  by  means  of  the  axioms 
of  the  cyclic  ordering  (see  the  Appendix)  familiar 
from  their  use  in  the  set-theoretical  topology. 

The  cyclic  shift  function  of  the  standard 
systems  can  be  generalised  if  the  discrete  cyclic 
oixier  is  used  instead.  Only  finite  systems  are  con- 
sidered here.  In  this  case  the  discrete  cyclic 
order  can  always  be  defined. 
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Definition  2.1 

Let  P be  a cyclically  ordered  set  and  aeP, 
bcP.  Let  a precede  b and  3 c such  that  (a,b,c)e 

We  say  that  {®)  is  the  direct  {^} 

■'  b successor  a 

if  in  the  set  is  element 

in  T/„(a).  If  every  peP  has  a direct 

15  ■'  successor 

then  the  cyclic  order  is  called  a ^j,£gj,t-^  discrete 

cyclic  order.  A discrete  cyclic  order  is  a cyclic 
order  which  is  both  left  and  right  discrete. 

If  a is  the  direct  predecessor  of  b,  we  write 

a^  b. 

The  familiar  cyclic  negation  (T=v+1  mod  k) 
which  was  used  previously,  can  be  generalised: 

Definition  2.2  (a  discrete  cyclic  shift  function) 

Let  P be  an  arbitrary  set . If  there  exists  a 
discrete  cyclical  order  of  P,  then  we  define  the 
discrete  cyclic  shift  function  cdrresponding  to 
that  cyclical  ordering  as  a mapping  ♦ such  that : 


In  order  to  have  a more  succinct  way  of  writ- 
ing let  us  further  introduce  the  following  symbols : 

n 

^{xj)=Xj^^X2^X2^  ..^x^,  n finite. 
i=l 

n n 

Analogously,  we  introduce  the  symbols  for 

repeated  operations  © ,0  respectively. 

More  generally,  we  shall  write  e.g.  G X for 

xeS 

repeated  operations  of  taking  all  elements  from  an 
arbitrary  set  S. 

Let  further  ^<!i''(v))=v^$(v)^*^(v)^ 

^[{♦"'(v)} -♦'’(v)]  is  the  abbreviation  for 

v^*(v)^  . . . ^{v)^  .... 

Definition  2.5 


1)  ♦ : p*p 

2)  for  every  pcP  it  holds  that  p^^(p). 

The  composition  of  mappings  is  defined  in  the 
usual  way  as : 

k+1 

♦(p)  = (p)),pcP 
Definition  2.3  (distance) 

Let  Pj^,  PjCP  and  be  a discrete  cyclic  shift 
function.  Then  the  distance  i of  the  elements  Pj^, 


T (V)  = ill 

K Z.  iff  Vf< 

♦ 


Lemma  2.6 

The  function  that  has  the  constant  value  c , 
where  c is  any  element  of  P,  is  given  by: 

c(v)=(ti''[^{*^(v))  1 where  <=6(z^,c) 


Lemma  2.7 


The  characteristic  function  is  generated  by 


p.,  with  respect  to  ♦ is  the  least  ordinal  such  that  a r,  X < 

P the  expression  V^(v)=^[{'(i  (v))-^*  (v)J  , where 

♦ (p,  ) = p,.  We  'vrite  ^.(p,  ,p-).  ...  .... 

^ ^ 1 ^ K = o(z^,c)  and  is  an  inverse  cyclic  shift 

Definition  2.4  (definition  of  Pi-algebra)  function  obtained  by  the  substitution  of  (j?*  for 

in  Definition  2.2. 

Let  Pi  be  an  algebra  such  that 


Pi  =(P,^,B  ,0,4^  where 

a)  P is  its  carrier 

b)  ♦ is  a cyclic  shift  function 

c)  <P,4>  is  an  arbitrary  groupoid  with 
zero  z.  , without  divisors  of  the  zero, 
and  ” with  the  almo.st-absorbing 

element  a.  such  that 

♦ 

a^^  P=P^a^  = for  every  pcP,  p)(z 

d)  ^P,©^  is  an  arbitrary  groupoid  with  the 
unit  e^ 

e)  ^P,0>  is  an  arbitrary  groupoid  with  a 

right  zero  z and  a right  unit  e _ . 

ra  ra 


< = j(z^,c)  and  is  an  inverse  cyclic  shift 
function  obtained  by  the  substitution  of  ^ for  ^ 
in  Definition  2.2. 

Lemma  2.6 

If  *(a^  ,e^^)=6(z^  then  any  function 

f(Vi,V2,. . . ,Vn)  of  a many-valued  logic  system  may 

be  expressed  by  means  of  a formula  of  the  following 
type: 


Vi,V2...Vn)=0»*2(**2(  (v  )j  ] 

^ t=l  “t 

{tr'f(aj^,a2,..a^)|f)<ej^) 
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where  ’ 

Remark : In  the  above  formula  (f®  ) the 

repeated  operation  for  such  substitutions  aj^,a2,.. 

..a  , a.eP,  of  the  variables  v,  , v-,...,v  , 
n j ’ 1’  2’  ’ n’ 

for  which 

The  distance  6*  is  the  inverse  of  the  distance 


Theorem  2.9 


Any  Pi-algebra  is  functionally  complete  if  the 
following  condition  is  satisfied: 

Theorem  2 . 10 


If  the  right  zero  z^^^  is  also  the  zero  and 

the  right  unit  e is  also  the  unit  of  the 

r B 

groupoid  \P,S>  then  the  following  holds: 

6 6*  6,  n 


= (vJ)]} 

(fi<eg)  ^-1  “l  *■ 


3.  Design  of  Functionally  Complete  Systems 
Suitable  for  the  Description  of 
Protection  Structures 


3.0  Brief  description  of  the  method 

Design  of  some  many-valued  systems  suitable 
for  the  description  and  verification  of  finite 
protection  structures  will  be  outlined  in  this  sec- 
tion. This  will  be  based  on  generalised  Pinkava 
many-valued  systems  that  were  described  in  detail 
in  the  previous  section.  Although  it  is  possible 
to  base  this  design  on  standard  Pinkava  systems  (cf. 
Kohout  & Gaines  1976)11,  the  use  of  generalised 
systems  offers  some  advantages  as  has  been  demon- 
strated in  Kohout  (1976)3. 

Resides  the  logical  properties  of  protection 
structures, there  are  always  extra-logical  conditions 
which  it  is  desired  that  a system  should  meet.  If 
these  can  all  be  embodied  in  one  of  the  connectives, 
that  is  called  a principal  connective. 

The  design  of  new  systems  should  consist  of  the 
following  steps: 

1)  choice  of  a suitable  k determining  the  number 
of  logical  values  in  a k-valued  functionally 
complete  calculus; 

2)  decision  concerning  the  meaning  of  each  logi- 
cal value  in  the  context  of  protection 
structures ; 

3)  examining  relations  between  individual  values, 
which  are  implied  by  some  extra-logical  pro- 
perties of  protection  structures;  these  will 


determine  the  additional  properties,  of  the 
principal  connective  ® . 

4)  specification,  which  connectives  of  the  set 

can  be  chosen  as  principal;  note 
that  there  may  exist  several  choices  - in  the 
extreme  case  any  of  ^ ,H  ,G  may  be  chosen  as 
the  principal  connective; 

5)  choice  of  the  best  principal  connective; 

6)  the  full  specification  of  the  other  connec- 
tives that  with  the  chosen  principal  connec- 
tive form  a functionally  complete  system; 
these  are  usually  chosen  in  such  a way  that 
they  possess  some  good  algebraic  properties 
advantageous  for  minimization. 

In  the  following  sections,  the  above  mentioned 
method  will  be  applied  to  the  design  of  a 5-valued 
system  for  verification  of  protection  structures. 

3.1  Choice  of  a suitable  number  of  logical  values 
and  of  a principal  connective 

In  the  description  of  a protection  system  it 
is  required  to  take  into  account  at  least  two  types 
of  conditions;  that  is  - what  properties  must  be 
present  and  which  properties  are  not  permitted. 
However,  in  practice,  no  structure  will  be  fully 
defined,  hence  don't  care  conditions  will  be  intro- 
duced. For  this  reason  the  many-valued  logics 
used  should  be  at  least  ternary  logics  as  the  three 
following  types  of  conditions  have  to  be  taken  into 
account : 

a)  conditions  describing  capabilities,  passes  and 
permits  which  must  be  present  and  which  are 
necessary  for  a proper  functioning  of  the 
whole  system; 

b)  conditions  specifying  which  capabilities, 
passes  and  permits  would  violate  the  protec- 
tion status  of  the  whole  system  and  therefore 
must  not  be  present; 

c)  don't  care  conditions  specifying  which  capa- 
bilities,  passes  and  permits  can  be  introduced 
by  individual  participants. 

This  leads  to  a logic  with  the  following  inter- 
pretation of  values: 

(necessary,  don't  care,  impossible)={n,d, i) . 

Structural  models  based  on  a t)iree-valued  log- 
ical calculus  with  the  values  given  the  interpre- 
tation, described  above  can  be  used  for  verifica- 
tion of  protection  systems,  if  suitable  reduction 
techniques  of  Gentzen-style  are  employed. 

Another  possibility,  which  will  be  employed  in 
this  work  is  based  on  direct  semantic  techniques 
employing  normal  forms.  For  this,  it  is  necessary 
to  amend  the  logical  calculus  by  introducing  a new 
logical  value  v;  which  specifies  when  the  violation 
of  some  logical  conditions  characterising  a protec- 
tion structure  occurs.  It  follows  from  the  above 
description  of  the  value  set  that  the  logical  con- 
ditions describing  a protection  structure  will  be 
mapped  into  {d,i,n).  Hence,  in  order  to  be  able  to 
detect  (in  the  eventual  normal  form),  the  violation 
of  the  conditions,  when  any  two  incompatible  condi- 
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tions  are  combined  by  the  principal  connective, 
the  result  should  be  mapped  into  v. 


"Don't  care"  as  a logical  value  can  designate 
the  cases  where  some  relation  or  a condition 
appearing  in  the  protection  model  is  irrelevant 
with  respect  to  the  function  of  protection.  In 
practice,  there  will  also  appear  vagueness  due  to 
lack  of  exact  information  concerning  a particular 
protection  structure,  the  situation  when  we  only 
know  that  some  relationship  between  participants 
is  possible ■ The  algebraic  properties  binding  the 
latter  logical  value  in  the  principal  connective 
are  stronger  than  those  binding  the  d logical 
value  but  weaker  than  the  conditions  binding  the 
other  logical  values.  In  order  to  take  this  situ- 
ation of  mere  possibility  into  account,  a new 
5-valued  principal  connective  is  introduced: 


(3.1-2) 


3.2  The  selection  of  a functionally  complete 

system. 

Next  step  in  the  design  of  a complete  system 
is  to  assign  the  logical  values  of  the  principal 
connective  @ to  a groupoid  from  the  set  of  con- 
nectives ,G}.  There  are  possible  the  fol- 

lowing assignments  of  values  for  both  the  5-valued 
princip)al  connectives  from  the  previous  section, 
and  the  “-valued  system  from^; 


a)  d=e^5 

b)  d=ea,  ; v=Zg,  . 


U.1-2) 


(3.2-3) 


The  "zeroes",  "units''  and  "almost-absorbing 
element"  can  be  assigned  in  the  following  way: 

IQ”’  15,=' 

g 

Note  that  for  the  4-valued  system  presented  in  no 
almost-absorbing  element 

For  the  pair  { @ ^ there  is  a greater 

degree  of  freedom  in  their  assignment  to  the 

set  Now,  several  examples  of  complete 

system  will  be  given  for  the  illustration  of  the 
method . 


Example  (3.2-5): 


'9 


d=e 


tH 


The  normal  form  is  given  by  the  following  expres- 
sion : 


f(Vi,V2 


(f/ie0=v)'  " ■>  ’ 


1-1 


The  cyclic  shift  function  is  given  by  the  following 
table : 


It  can  be  seen  from  this  assignment  that  two 
distinct  classes  using  all  connectives  can  he 
obtained ; 

a)  where  © = © (322) 

b)  { where  © = ffl 

It  is  obvious  that  it  is  possible  to  choose 
as  the  non-principal  connectives  of  each  system 
arbitrary  connectives  of  each  corresponding  type. 
However,  it  has  been  pointed  out  that  it  may  be 
advantageous  to  select  complete  systems  which  have 
some  additional  special  properties.  For  example  we 
can  choose  a pair  of  connectives  which  define  a 
lattice.  If  the  logical  value  v is  taken  as  the 
greatest  element  of  the  lattice  and  the  logical 
value  d as  the  smallest  element,  the  dual  connec- 
tive to  @ will  be  defined  by  the  following 

table 


X 


d 


”2  P 


P 


d 


where  the  permutations  of  the  logical  values  i,n 
are  denoted  by  ’ 


>r(i,n)= 


^•’'2 


= { 


i,n 

n,i 


Example  3.2-6 


For  (b)  the  form  is  given  by 


05ffl(5O),(|^^;d=e^  =^^=^0  •''=='0  • 

f(v  .V  . ,v  ):ffl{cY  bL^'I'  (v  )]  }'^‘*= 

^ ^ " f!<d  4=1  i 


where  -»  is  the  cyclic  shift  function  defined  in 
(3.2-5). 

The  choice  of  a many-valued  system  is  not  influ- 
enced only  by  the  requirement  for  good  algebraic 
properties.  Perhaps  more  important  is  the  require- 
ment that  such  forms  should  be  chosen  from  all 
available  normal  forms,  which  give  the  least  complex 
expressions  for  a given  class  of  protection  struc- 
tures. One  possible  simplification  is  to  map  into 
that  logical  value  which  appears  the  most  fre- 
quently in  a many-valued  logical  function  which  is 
being  expressed  by  the  normal  form.  For  example, 
if  the  don't  care  condition  is  the  most  frequent, 
the  obvious  choice  is  d=eQ  . This  value  is  then 
omitted  when  the  full  canonical  form  is  written 
down. 

The  example  (3.2-7)  that  follows  clearly  demon- 
strates that  the  choice  of  an  appropriate  normal 
form  can  reduce  significantly  the  length  of  the 
initial  formula  to  be  minimized  which  consequently 
leads  to  the  decrease  of  the  computing  time  needed 
for  the  minimization. 

Example  3.2-7 

Let  us  compare  the  canonical  normal  forms  of  a 
5-valued  function  fj^(x,y)  given  in  Fig.  1 which  are 
expressed  by  means  of  the  connectives  @ and 
given  the  following  assignments: 

a)  the  assignemnt  of  Example  3.2-5; 

b)  the  assignment  of  Example  3.2-6. 

Let  the  cyclic  shift  function  be  defined  by  the  sub- 
stitution (iij^=i,ir2=n)  into  the  table  of  example 

3.2-5,  in  both  cases. 

Then  for  (a)  we  obtain  the  following  normal  form: 
fj^(x,y)  = pa['i^(x)«f^(y)lB'?^(y)ffl7^(x)fflTQ(y) 

( y )]  & i a rfQ(x ) a y )a 

«T^(y)a'r2(y)B  Yj(x)at^(y)aT2(y)]o 
Onffl[r^(x)a'f3(y)H  %(x)«T3(y)]  . 


fj^(x,y)  = (y) 

® ‘•'4  ( y )]  **»'?  SI  [Vg  ( X ) T 2 ( V ) 

'l'^(v)ffly2(y)5iy2(x)at^(y)iaY_^(v) 

B3'!'3(v)Fa  v5j(>^(x)flY^(v)iH 
Y^(x)«Y^(y)H  Vg(y)af,  (y)S3 

'l'^(y)a»3(v)flY2(y)«H',(y)Hy^  (x) 

Bf  (y)ta»  (y)ii»Y  (x)iBf„(v)a'!'  (') 

1 1 0 14 

'f3(y)a'('3(y)OY^(y)l'^. 

It  is  obvious  that  (a)  represents  a considerable 
saving,  for  in  this  case  the  number  of  elementary 
expressions  between  the  connectives  is  equal  to  21 
whilst  in  (b)  is  equal  to  42. 

4.  Combinatorial  Protection  Models 

A set  of  processes  mutually  cooperating  or 
competing  perform  their  activities  according  to 
some  protection  rules  specifying  what  is  permitted 
and  what  is  forbidden.  General  formulation  by  means 
of  sequential  capability-based  models  is  unnecessary 
in  the  case  we  are  interested  only  in  the  question 
whether  some  concurrent  processes  violate  given  pro- 
tection rules.  This  situation  may  appear  in  certain 
computing  protection  modelsl2  as  well  as  in  some 
applications  of  the  protection  structures  to  model- 
ling of  biological  and  medical  systems^.  This  class 
of  problem  can  be  described  by  combinatorial  protec- 
tion models.  These  models  can  be  either  formulated 
directly  or  built  up  from  combinatorial  protection 
experiments.  The  latter  approach  is  preferable, for 
it  allows  us  to  infer  (or  identify)  the  structure 
of  a protection  model  from  the  experimental  data. 
These  data  are  described  by  means  of  protection 
experiments  which  represent  families  of  samples 
collected  repeatedly  on  the  systems,  the  protection 
status  of  which  is  being  analyzed. 

Given  a set  of  processes  X = (x.)  we  are  interested 
in  a description  of  a family  of  subsets  of  X which 
are  needed  in  order  to  perform  certain  activity. 

This  activity  is  characterized  by  a task  descriptor 
T. 

Definition  4.1  (task  descriptor) 

A task  descriptor  T,  associated  with  an  acti- 
vity T performing  a set  of  tasks  T,  is  a partition 
of  T into  two  disjoint  subsets 

T = <Tp.Tj> 

where  Tp  is  the  subset  of  permitted  tasks  and  Tj.  the 


subset  of  forbidden  tasks,  of  T. 
Definition  4.2  (completion  of  an  aim) 


An  activity  t completes  its  aim  if  all  associ- 
ated Tp  are  achieved.  It  completes  it  correctly 
if  none  of  the  associated  tasks  have  been  perf- 
ormed during'  this  act  of  completion. 


In  the  process  of  performing  a set  of  tasks  T, 
some  processes  are  active  and  some  inactive.  Each 
activity  is  completed  by  the  activation  or  disacti- 
vation  of  some  processes  from  X.  Generally,  there 
is  no  unique  way  of  completion  of  an  aim.  The  same 
completion  can  be  achieved  by  many  distinct  patterns 
of  activating  or  disactivating  of  processes.  In 
those  special  instances,  when  the  order  of  activa- 
tion of  processes  is  irrelevant  with  respect  to  a 
correct  completion  of  an  aim,  the  activity  of  comple- 
tion can  be  described  by  means  of  combinatorial  pro- 
tection experiments.  These  can  be  conveniently 
analyzed  by  means  of  finite  many-valued  logics. 

Definition  4.3  (protection  experiment). 


A protection  experiment  is  a quadruple 
PE=<T,X,s,{ 

where  t is  a task  descriptor  and  iM.)  is  an  indexed 
family  of  protection  samples,  and 

X = {x  . } ,(  j=l  ,2,3 , . . . ,r ) is  a set  of  processes;  rand 
s are'^the  numbers  of  processes  and  samoles,  respec- 
tively; 0 is  a set  describing  the  states  which  the 
processes  can  attain  (e.g.  ACTIVE,  INACTIVE,  IDLE, 
etc . ) . 

An  i-th  protection  sample  is  a tuple 


where  ^nd  D.=a).(Tj.)  are  the  ranges  of  the 

relations 


X.; 

1 


T -»■  v'  r 
p ^ 


u).  : 
1 


Tf^ 


where  P is  defined  by  P =(XXO)U{-};  the  symbol  X 
denotes  a cartesian  product.  The  symbol  {-}  repre- 
sents a blank  symbol.  In  practice  this  means  that 
if  in  a measurement  we  are  not  able  to  identify  the 

pair  (x.,ni'  ) correctly,  we  substitute  {-}  instead. 

J 

Definition  4.4  (M'’L-protection  model) 

An  MVL-protection  model  of  a PE  is  a mapping 

f:  XV-V 
r 

such  that  the  following  diagram  commutes: 


where : 


a)  V is  the  set  of  logical  values  (e.g. 
{d,p,n,i,v>) 

b)  the  partial  mapping  is  formed  according  to  the 
following  valuation  rules: 

s - s 

A=L/A^  MiPpr 

i=l  ^ i=l 


s s 

0 = a=  U^i 

i=l  i=l 


Condition 

Va luation 

b.1.1. 

An9^0  ■snd  AO'V®  implies 
(don't  care,  irrelevant) 

v( X )=d 

b.1.2 

Anars' and  (A  nii)H(An  A )/ 0 
(don't  care,  irrelevant) 

u(  A):d 

b.2 

violation 

c 

> 

M 

< 

b.3 

kC\hii  and  A(ia=0 
necessary 

C 

II 

< 

b.4 

and  kHMSS 

possible 

v(A)=p 

b.5 

A.O(nOA)=0 

impossible 

v(A)=i 

c ) the 

partial  mapping  X is  a cartesian  product 

of  the  component  mappings  if 


A component  mapping  k ■ must  obey  the  following 
conditions : 


Condition 

8 

c.l  f\  Projjj  (Aj)^0 

i=l  j ^ 

Xj^  necessarily  active 

s 

C.2  U 0 

i=l  “j  ^ 

X.  possibly  active 


Valuation 


<.(a.  )=n 
1 3 


^i(..)=p 
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C.3 


Projj  (A.  0 

1=1  i 


<.(5.)=i 


C .4 


Xj  necessarily  inactive 
».=(-) 

X.  not  observed 


<.(a.)=d 


The  set  0={d^,^}  and  a?(x^,rt!^),  a^iCx^.-iT).  The 

states  of  processes  , have  assif^ned  the  meaninp,s 
"ACTIVE"  or  "INACTIVE". 

Remark  4 . 5 (on  binary  lo^ic  models) 


paper  can  be  easily  'fuzzified'  by  means  of  the 
method  described  in 

Appendix  1 

The  definition  of  a cyclical  ordering  and  two 
auxilliary  Lemata  needed  in  section  2 of  the  paper 
are  given  here.  More  details  and  the  proofs  can  be 
found  in  E.Jech  (1969),  Point  Sets,  published  by 
Academia,  Prague  (distributed  by  Academic  Press, 

New  York). 


Definition  (Cech,  1969) 

A cyclical  ordering  of  a set  P is  a subset  ^ 
of  the  set  PxPxP  satisfying  the  following  conditions: 


A BL-model  can  be  obtained  by  substituting 
V={0,1}  and  defining  V as  V=^V,  where  p=2rs.card 

(0).  A reduced  binary  model  (RBL-)  can  be  obtained 
by  splitting  the  mapping  into  two  parts,  giving 
each  part  slightly  different  valuation  rules  and 
mapping  into  V'*’.  An  example  of  protection  models 
is  given  in  Appendix  2 and  the  complexity  of  both 
an  MVb- and  RBL-  protection  model  is  compared. 

S.  Comparison  of  tlie  Complexity  of 
MVL-  and  BE-  Models . 


A canonic  table  of  a logic  function  f is  de- 
fined as  a tuple  (V*',V)  - for  an  example  see  Fig.l. 

Complexity  of  the  canonical  normal  form  will 
be  a function  of  the  complexity  coeficient  C of  the 
corresponding  canonic  table  (i.e.  of  the  'length' 
of  the  table). 

VJe  obtain  the  following  formulas  for  card  (0) 

= 2: 

C(MVL)  = 5’^-e,  where  e is  card  (A)  such  that 
f(A)=e^  ,ACV'’; 

C(BL)=2‘*’^®-e 

(rq+(l+(’iog  s'’  )) 

C(RBL)=2 


It  can  be  seen  that  the  complexity  of  MVL- 
models  does  not  depend  on  the  numbers  of  protection 
samples  whereas  it  depends  on  s for  the  binary 

models.  This  can  be  explained  by  the  fact  that 
some,  for  the  purpose  of  the  protection  analysis 
inessential  structural  information  is  omitted,  when 
we  are  coding  into  an  MVL. 


1)  (a,b,c)e  (e’^(b.c.a)e  ^ 

2)  (a,b,c)€(f’ and  (b,a,c)e<;f'  never  hold 
simultaneously 

3)  if  neither  (a,b,c)c^nor  (b,a,c)E<?, 
then  two  of  the  elements  a,b,c  are  equal. 

4)  (a,b,c)e^\(a,c,d)e^i;'=^(a,b,d)e  ^ 

Lemma  A 


Let  P be  a cyclically  ordered  set  and  let  acP. 
If  XEP\(a),  yEP\(a),  we  say  that  x precedes  y if  and 
only  if  (a,x,y)E{f.  Then  we  shall  write  x^y.  This 
defines  an  ordering  of  the  set  P\(a),  which  will  be 
denoted  ll^Ia).  For  the  proof  that  this  is  an 
ordering  see  Cech  (1969),  p.  34. 

Lemma  B 


Let  aeP  and  let  there  be  given  an  ordering  of 
the  set  P\(a).  Then  there  is  exactly  one  cyclical 
ordering  of  the  set  P such  that  the  given  order- 
ing of  the  set  PS(a)  coincides  with  (a). 

Proof:  see  <5ech  (1969),  p.3i.  ^ 


Definition 

Let  be  a cyclical  ordering  of  a set  P. 
Define  PxPxP  as  follows: 


(a,b,c)E(f*<=9(c,b,a)E 

Then  is  the  inverse  cyclical  ordering  to  ^ . 


Appendix  2 - an  example; 
inference  from  experimental  data  and  the 
construction  of  an  HVL-model  and  its 
comparison  with  BL-  and  RBL-modeis 


6.  Conclusion 

An  MVL-protection  model  aiding  the  analysis  of 
combinatorial  protection  structures  has  been  presen- 
ted in  this  paper.  It  has  been  shown  that  the  com- 
plexity of  this  model  is  considerably  smaller  than 
of  corresponding  binary  models. 

Recently,  some  reports  on  application  of  fuzzy 
sets  of  protection  problems  have  appeared.  It 
should  be  noted  that  the  MVL-model  presented  in  this 


This  example  describes  a protection  experiment 
PE=(T,{x^,X2},4,{i(^})  on  the  set  of  processes 

XX®={ (Xj^,  a»,(xj^,'^)(Xj,/i^)(x2,/J>), 
where  (Xj^,A^),  means  the  process  Xj^  is  activated, 
(Xj^,a;^)  means  Xj^  is  not  active.  Let  us  denote  for 
simplicity  x={xj^,/i?')  x=(xj^,rt^)  y=(x2, <i>) , "yilx j.a?-). 

Then  the  protection  samples  are  given  in 
the  following  table: 
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1 (-,y),(x,-),(x,y), (x,v.' ,(x,y) 

2 (-,y),(x,-),(x,y)  (x,y),(x,y) 

3 (-,y),(x,-),(x,y)  (x,y),(x,y) 

4 (-,y),(x,-),(x,y)  {x,y),(x,y) 

Note,  that  A is  the  collection  of  sanples  of 
activities  of  processes  leading  to  desirable  tasks 
and  0 is  the  collection  leading  to  undesirable 
activities  against  which  we  want  to  implement  a pro- 
tection mechanism.  The  MVL-model  constructed  from 
this  PE  is  in  Eig.l  as  the  function  f^ix.y). 

The  complexity  measures  of  the  normal  forms 

are : 

C(MVL)=14  (for  e =v  we  have  e^ll) 

32  ^ 

C(BL)  = 

C(HBL)=128-e2 

After  the  minimization  the  models  are: 

MVL(f2(x,y))  = (xa  y)a  (xB  p)  (©"ffl) 
RBL(f2(x,x,y,yj^,Sj^,S2,Sg))=s^  [y(xxy'x}c)Vx(yy/yy)V 
✓xyxy  y(xyxy  xyxy)5^s^‘].s^LxyxyV'xyxy  ■]*  _ 


Here  the  triple  is  binary  coded  index  i 

in  Note  that  this  represents  some  re- 

dundant information  from  the  point  of  view  of  the 
protection  analysis  but  omitting  this  triple 
altogether  would  unfortunately  lead  to  the  destruc- 
tion of  the  information  that  is  essential  for  the 
analysis. 

Remark;  In  the  RBL  example,  (Xj^,A^)=x  and  (Xj^,^)= 

X etc.  The  har  above  a letter  is  used  to  denote  the 
binary  negation. 


8 p n i n n 


19  i i i 


20  i V V 
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THE  B-TERNARY  LOGIC  AND  ITS  APPLICATIONS 
TO  THE  DETECTION  OF  HAZARDS  IN  COMBINATIONAL  SWITCHIN:':  CIRCUITS 


Masac  Mukaidono 

Faculty  of  Enqinecring 
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Ikuta  Kawasaki-shi  Japan  214 


Abst  r.ic^t 

Botli  thf  steady  states  and  some  transient 
states  of  switching  circuits  can  be  described  by 
B-ternary  logic  in  which  the  truth  values  0,  1 
and  1/2  are  used  respectively  to  represent  false, 
true  and  uncertainty.  This  paper  showed  the  meth- 
ods of  detecting  and  identifying  various  kinds  of 
static  hazards  contained  In  combinational  switch- 
ing circuits  by  means  of  the  canonical  forms  of 
the  B-ternary  logic  functions  realized  by  the 
circuits.  Particularly,  a method  was  derived 
which  could  algebraical ly  detect  all  logic  haz- 
ards contained  In  the  circuits.  It  was  also 
pointed  out  that  there  were  some  dyn.imlc  hazards 
which  were  detectable  by  B-ternary  logic. 


1 . I n troduct ion 

D. A. Huffman^  and  E. J .McCluskey^ , firstly, 
pointed  out  hazards  contained  In  switching  circuits 
and  discussed  procedures  for  detecting  and  removing 

3^-11 

hazards.  Since  then,  many  researchers  have  in- 
vestigated these  subjects.  On  the  other  hand,  M. 

12 

Goto  proposed  that  a suitable  ternary  logic  (i.e. 
, B-ternary  logic)  in  which  the  truth  values  0,  1 
and  1/2  are  used  respectively  to  represent  false, 
true  and  uncertainty  was  applicable  to  describing 
uncertain  behaviors  of  relays.  It  was  shown  by  M. 

A 

Yoell  that  the  B-ternary  logic  could  be  utilized 
to  detect  static  hazards  in  combinational  switching 
circuits.  Furthermore,  the  method  wa.s  extended  by 

Elchelberger^  for  application  to  hazards  with 
multiple-input  changes  and  hazards  in  sequential 
c Ircuits, 

Based  on  some  new  properties  of  B-ternary 

13 

!;'*1.  clarified  recently  by  M. Mukaidono  , the  pre- 
-•nt  paper  Is  concerned  with  the  development  of  new 
? at  Ions  of  B-ternary  logic  to  detecting  and 
' ititylnc  various  kinds  of  hazards  caused  by 

!e-lnput  changes.  After  formalizing  various 
' atatl.  hazards  by  means  of  the  B-ternary 
<apier  4,  we  discuss  in  chapter  3 proce- 
••*■■■  ting  and  Identifying  hazards  by 

4 - yiii.tlvr  and  conjunctive  forms  of 
r tun' t Ions  realized  by  the  cir- 
‘ show  a method  for  detecting 
■ hazards  contained  in  the 
. • rrrsponding  B-ternary 


canonical  forms.  I'p  to  present.  It  has  been  con- 
sidered that  the  B-ternarv  logic  is  powerless  in 
regard  to  dvnamic  hazards,  but  chapter  7 shows  that 
some  dvn.imic  hazards  are  detectable  bv  the  B- 
ternary  logic. 

Is , 1 3 

The  fuzzy  logic  ’ Is  an  extension  of  the 
B-ternary  logic  and  satisfies  the  same  algebraic 
system.  Thus,  the  fuzzy  logic  and  the  B-ternary 
logic  have  the  same  ability  to  represent  the  tran- 
sient behaviors  corresponding  to  hazards  of  switch- 
ing circuits^**.  This  paper  uses  mainly  the  canon- 
ical forms  of  B-ternary  logic  functions,  but  it 
needs  to  be  noted  that  we  will  obtain  the  same 
results  even  if  we  use  the  canonical  forms  of  fuzzy 
logic  functions. 

2 . Hazards  in  Combinational  Switching  Circuits 

Usually,  we  use  the  binary  logic  (I.e.,  Bool- 
ean algebra)  to  design  switching  circuit  networks. 
Although  the  binary  logic  can  describe  all  the 
steady  state  behaviors  of  switching  circuits,  but 
it  cannot  adequately  describe  transient  state  be- 
haviors. This  is  because  time  factors  are  Ignored 
In  the  theory  of  binary  logic,  whereas  time  delay 
necessarily  exists  in  the  real  switching  circuit 
between  signal  input  and  output.  Hazards  are  one 
example  of  such  unexpected  behavior  occurring  In 
switching  circuits  in  a transient  state.  We  shall 
begin  by  defining  various  kinds  of  hazards  In  com- 
binational switching  circuits  according  to  M. 

Yoeli^  and  E.B.Eichelberger^. 

(Definition  l]^  A combinational  switching  circuit 
F contains  a static  hazard  due  to  an  input  change 
(in  this  paper  input  change  involves  the  changing 
of  one  or  more  input  variables)  iff 

(1)  the  output  of  F before  the  change  is  equal  to 
Che  output  after  Che  change, 

(2)  during  the  change  spurious  pulses  may  appear  in 
Che  output. 

Concerning  the  above  definition,  it  should  be 
noted  that  the  statement  " A circuit  contains  a 
static  hazard"  means  that  it  is  possible  for  the 
circuit  to  contain  a spurious  pulse  due  to  an  input 
change  and  does  not  means  that  a spurious  pulse  is 
always  generated  in  the  output.  That  Is,  Definition 
1 is  based  on  the  most  pesslmltlc  cases.  This  means 
that  it  is  always  possible  to  produce  a spurious 
pulse  by  inserting  delay  elements  In  certain  places 
of  Che  circuit. 
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et  F denote  a ^-lnput  variables  c>'<«blnat  Iona! 
"iwItrhlnK  circuit  and  / denote  the  binary  logic 
function  (l.e.,  switching  function)  realized  bv  F. 

We  designate  an  input  before  change  and  an  Input 
after  change  by  ;»  , and  .'•=  ; 

respectively,  where  ; and  ? are  elements  of  and 

■ ■.  = '0,1  . Vsing  this  notation,  the  condition  (1)  of 

Definition  1 is  written  as  /'  > . 

U 

(Definition  2)  A static  hazard  in  F generated  bv 
an  Input  change  from  a steadv  state  i to  another 
steady  state  (henieforth,  written  as  -■•.*■)  is  said 
to  be  a st.at  Ic  0 (1)  hazard  iff 
f -=;'  > =0  (;•  ; =;-';~^l). 

(Definition  1|^  A static  hazard  in  F generated  bv 
an  input  change  is  said  to  be  a logic  hazard  iff 

all  values  of  are  equal  to  each  other  for  the  in- 
puts 1 and  all  the  inputs  which  may  result  during 
the  change  ; . 

(Definition  4)^  A static  hazard  in  F generated  bv  an 
input  change  ; is  said  to  be  a function  hazard  iff 
there  is  an  input  state  j'  such  as  f ' l in  the 

inputs  wtiich  may  result  during  the  change 

Function  hazards  are  inherent  in  the  binary 
function  and  do  not  depend  on  the  construction  of 
the  circuit  F.  It  was  shown  by  E. B. Kichelberber 
that  function  hazards  could  not  be  eliminated  but 
logic  hazards  could  be  removed  by  using  all  prime 
imp) icants  in  disjunctive  form  (sum  of  product  form 
). 

(Definition  3[  A combinational  switching  circuit  F 
contains  a dynamic  hazard  due  to  an  input  change 
ja-i  iff 

(1)  *'(a)^f(h), 

(2)  during  the  change  spurious  pulses  may  appear 
in  the  output. 

13 

3.  B-ternary  Logic 

Both  the  steady  states  and  some  transient 
states  of  switching  circuits  can  be  described  by  B- 
ternary  logic  in  which  the  truth  values  0,  1 and 
1/2  are  used  respectively  to  represent  false,  true 
and  transient  state,  that  Is,  uncertain  as  to  0 or 
1.  In  the  present  chapter  we  describe  only  pertinent 
parts  of  the  theory  of  B-ternary  logic.  If  readers 
wish  to  know  more  about  details  of  the  theory  of  B- 
ternary  logic,  refer  to  (13). 

The  B-ternary  logic  is  a ternary  logic  system 
on  which  logical  operations  AND("),  0R(+)  and  N0T('v 
) defined  in  conventional  binary  logic  are  extended 
to  three  values  0,  1 and  1/2  such  as 
x-.j^=mln(x,.v), 
x+:/=max(x,t/)  and 
■yr'l-x 

, where  x,!/£V',”{0, 1/2, 1 } . In  the  B-ternary  logic,  as 
in  the  conventional  binary  logic,  the  commutative, 
associative,  absorption,  Idenpotent,  distributive 
and  DeMorgan's  laws  are  satisfied.  Yet,  the  B- 
ternary  logic  is  characterized  by  the  fact  that 
( complementary  laws):  ''<r"X“0,  ''<r+x=l 
do  not  hold.  A B-ternary  logic  function  is  a ternary 
function  represented  by  the  logical  formula  which  is 
obtained  by  applying  the  logical  operations  •,  + 
and  'V,  a finite  number  of  times,  to  the  variables 
x^, ,x^,  where  x^  takes  a truth  value  in  the  three 

values  0,  1/2  and  1.  Every  B-ternary  logic  function 


an  be  expanded  into  a disjunctive  f.-na  .sum 
products  fora)  and  int.  a cc’n‘un.  tlve  fora  tpr.’du.  t 
of  sums  fora),  however,  since  the  ompleaentarv 
laws  do  not  hold,  the  foras  oav  . -ntaln  some  terms 
in  which  a variable  and  its  negation  exist  in  pair 
sinultaneouslv  as  a factor.  "We  call  a variable  x. 

or  its  negation  x- . as  a Hjeral.  A simple  product 

tsua)  tern  is  defined  to  be  the  ptisduct  tsua)  .'f 
some  literals  in  which  a variable  and  its  negat ion 
s lau  1 1 ancous  1 ■ does  not  exist  in  pair  as  a f.actor, 

A c.Mapleaent arv  presiuct  isua)  ts*ra  is  defined  t ' be 
the  product  (sum)  simie  literals  in  which,  at 
least,  one  pair  of  a variable  and  its  negation 
occurs  s Imu I t aneousl V as  a factor.  \ c omp 1 enent arv 
pr.'duct  (sum)  term  Is  called  a . omp  1 ement ar v minter 
(maxtera)  if  it  contains  each  ot  the  vari.ibles  as 
factors.  A B-tern.«rv  logic  funition  is  said  to  be 
represented  bv  a B-ternary  disjunctive  ttonjunctive 
) form  if  it  consists  of  the  sum  (prisluct  ) ot  simpl 
product  (sum)  terms  and  or  complementary  product 
(sum)  terms.  Everv  B-ternary  logic  function  .an 
always  be  represented  by  the  B-ternary  disjunctive 
and  conjunctive  forms  but,  in  general,  may  have 
several  such  forms.  Every  c,>mp lement ary  product  ( 
sum)  term  can  be  expanded  into  sum  (product)  ot 
complementary  minterms  (maxterms).  A B-ternary  logl 
function  is  said  to  be  repr.sented  by  the  B-ter- 
nary  canonical  disjunctive  (conjunctive)  form  if  it 
is  represented  by  the  B-ternary  disjunctive  (con- 
junctive) form 

."=  I , r + i ■•'=  a , • -a 

i K . c 

, where  a.  is  a simple  product  (sum)  term  or  a com- 
plementary minterm  (maxterm)  and  a^.^.i  . for  all  . 

and  J (i^,).  Any  given  B-ternary  logic  function  has 
one  corresponding  B-ternary  canonical  disjunctive 
(conjunctive)  form  which  is  determined  uniquely. 

A partially  ordered  relation  which  desig- 
nates some  kinds  of  ambiguity,  is  defined  on  the 
set  of  l'^={  0,  1/2,  1}  and  as  follows:  (Flg.l) 

[Definition  6]  1/2^0,  I/2>^1  and  where 

Let  ,a  ),  b=(b,, ,t  1 be  elements  of  1 

1 K 2 H 

Then,  a>b  iff  a .>b  . for  all  i. 

— i—  i 


Fig.l:  A Partially  Ordered 
Relation  ^ 

Let  F be  a B-ternary  logic  function  and  a be 
an  element  of  the  domain  of  F.  Then,  a*  desig- 
nates the  set  of  all  elements  a ' of 

such  as  a^a ' . And  F(a*)  designates  the  set  of  the 
values  which  F(a*)  takes,  where  a'  is  an  element  of 
a* . 
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[Theorem  1)  A ternary  function  f is  a B-ternary 
logic  function  iff 


(1)  If  then  f’l'a-lt'.'g, 

(2)  If  then  F(a)^Ffb). 

[Corollary  1]  If  F is  a B-ternarv  logic  function, 

(1)  F('a,'  = l/2  , if  Fra'';={0,l}'. 

(2)  if  F(a)^Q,  then 

(3)  if  F(a)=l,  then  F(a*^={l). 

[Corollary  2]  If  a B-ternary  disjunctive  (conjunc- 
tive) form  F is  composed  only  of  simple  product  ( 
sum)  terms,  then 

F(a)=0  (1)  iff  fra*I={0}  ({1}). 

[Definition  7]  An  element  j=(a,, ,a^)  of 

corresponds  to  a simple  product  (sum)  term  a and 
vice  versa  iff 

a.=l  (0)  iff  X.  exists  in  a, 
t z 

a .=0  (1)  iff  . exists  in  a, 

t i 

a.=ll2  iff  X.  and  ox.  do  not  exist  in  i. 
i 11 

(Definition  8]  An  element  a=(a^, ,a^)  of 

corresponds  to  a complementary  minterm  (maxterm) 
a iff 


a . = 1 (0)  iff  X.  exists  and  . does  not  in  a, 
11  1 

a .=0  (1)  iff  Tx . exists  and  x.  does  not  in  a, 

I 7,  if 

a.  = 1/2  iff  X.  and  ax.  exist  in  a. 

1 11 

For  any  pair  of  elements  a and  b of  V^,  we 


can  always  find  the  least  upper  bound  (i.e.,  the 
supremum)  c=a\Sb  with  respect  to  the  partially 
ordered  relation  The  greatest  lower  bound  (i.e. 
, the  infimum)  t?=aAfc  is  defined  as  the  greatest 
element  a satisfying  and  if  such  an  ele- 
ment o exists,  and  we  write  as  aAb=<)>  if  it  does 
not  exist. 

[Corollary  3]  Let  a be  a simple  product  (sum)  term 


corresponding  to  an  element  a of  Then, 

(1)  a(b)=l  (0)  iff  a>b  iff  a(b'')  = {l}  ({0}), 

(2)  a(b)  = l/2  iff  a(b'*)  = {0,l), 

(3)  a(b)=0  (1)  iff  aAb=(ti  iff  a(b*)  = {0}  ({1}). 
[Corollary  4]  Let  a be  a complementary  minterm  ( 
maxterm)  corresponding  to  an  element  a of 

Then, 

(1)  a(b)=l/2  iff  b>a. 

(2)  a(b)=0  (1)  iff  b/a, 

(3)  a(b*)={0)  ({!))  for  all  elements  b of  vl. 

<6 

[Corollary  5]  If  a B-ternary  disjunctive  (conjunc- 
tive) form  F consists  only  of  complementary  prod- 
uct (sum)  terms,  then  F(a)=0  (1)  for  all  elements 


a of 

[Corollary  6]  If  a complementary  minterm  (maxterm) 
a exists  in  a B-ternary  canonical  disjunctive  ( 
conjunctive)  form  F,  then  F(a)=l/2  holds  for  a 
corresponding  to  a. 


4.  Static  Hazard  Detection  by  B-ternary  Logic 

Henceforth,  let  F denote  the  B-temary  logic 
function  realized  by  a combinational  switching 
circuit  F.  An  input  in  steady  state  is  symbolized 
by  an  element  a“(a,, ,a  ) or  b-(b,, ,b  ) (a., 

b ^ of  ^ and  an  input  In  transient  state  by  an 

element  <j”(e,, ,a  ) (a.eV,)  of  Here,  c?.=l/2 

1 n t c a i 

means  that  the  input  variable  x.  is  changing  from 

t 


0 to  1 or  from  1 to  0.  If  then  it  means  that 

x_.  does  not  change.  The  subject  of  this  paper  cen- 
ters on  switching  circuits  composed  of  gate-type 
AND,  OR  and  NOT  elements  and  it  Is  assumed  that 
each  such  elements  does  not  contain  any  logic 
hazard;  however,  as  will  be  shown  in  chapter  6,  the 
methodology  in  this  paper  is  applicable  to  nets 
constructed  by  any  gate-type  elements,  even  if  the 
elements  of  the  nets  may  contain  any  logic  hazards. 
[Theorem  2]  For  F and  any  element  ’ of  i j, 

holds  iff  the  output  of  F may  ch.inge  as  a result  of 
the  simultaneous  change  in  the  1/2  input  variables 
in 

(Proof)  The  output  of  AND,  OR  and  NOT  elements  are 
1/2  iff  the  outputs  may  change  when  1/2  input  var- 
iables change  simultaneously.  Since  a combinational 
switching  circuit  is  constructed  by  AND,  OR  and  NOT 
elements,  the  theorem  is  proved.  (Q.E.D.) 

Let  a and  b be  two  steady  state  inputs.  Then, 
;.’=jUfc  indicates  a changing  input  state  from  .2  to  b 
or  from  b to  a,  that  is,  a ^ element  whose  chang- 
ing variables  are  1/2.  Therefore,  by  Theorem  2, 
various  kinds  of  static  hazards  defined  in  chapter 
2 can  be  formalized  by  using  the  B-ternary  logic. 
[Theorem  3]  F contains  a static  hazard  caused  by 
an  input  change  a-'-b  iff 

(1)  F(c!)=F(b), 

(2)  .fraUb)  = l/2. 

(Proof)  Since  inputs  a and  b are  elements  of 

c 

we  obtain  f(a)=F(a)-F(b)-f(b).  As  shown  above, 
only  the  changing  variables  are  1/2  in  aUb.  Hence, 
the  theorem  is  shown  by  Definition  1 and  Theorem 
2.  (Q.E.D.) 

[Theorem  4]  If  F contains  a static  hazard  for  an 
input  change  a-*b,  then,  F also  contains  a static 
hazard  for  an  input  change  b-*a. 

(Proof)  It  is  evident  from  aUb=bL)a.  (Q.E.D.) 

According  to  the  above  theorem,  we  need  not 
distinguish  between  input  change  a-*b  and  bn-a  with 
regard  to  static  hazards.  Hereafter,  we  write  an 
input  change  as  a*-*b. 

[Corollary  7]  F contains  a 0 (1)  static  hazard  for 
an  input  change  a*-*b  iff 

(1)  f(a7=F(b)=0  (1), 

(2)  f(aUb;=l/2. 

(Proof)  It  is  evident  from  Definition  2 and  Theo- 
rem 3.  (Q.E.D.) 

[Corollary  8]  F contains  a logic  hazard  for  an  in- 
put change  a*-*b  iff 

(1)  f(aUfc7=l/2, 

(2)  F{(a\ib)*)^{0,l]. 

(Proof)  (Mb)*  is  the  set  consisting  of  all  ele- 
ments of  derived  from  replacing  all  1/2's  in 

allb  by  0 or  1.  Therefore,  it  expresses  the  set  of 
a,b  and  all  steady  state  Inputs  occurring  during 
the  transition  a*->-b.  F/faUb)  * *)*{0,1}  means  that 
F(  (a[)b)  * )‘‘{0)  or  F((aUb)  *)  = {!} , that  is,  F(a)  = 

F(b).  Hence,  we  obtain  the  theorem  by  Definition  3 
and  Theorem  3.  (Q.E.D.) 

[Corollary  9]  F contains  a function  hazards  for  an 
input  change  a->-*b  iff 

(1)  F(a)=F(b), 

(2)  FrraUb7'';  = (0,l}. 

(Proof)  Since  F( (.tUb) '‘/•{0, 1 } , F/CnUb) ; = l/2( ( 1 ) of 
Corollary  1)  and  there  exist  In  (.;U.h)*  elements 
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and  a"  satisfying  Ffs'/^O  and  In  conse- 

quence, the  theorem  is  shown  by  F(a)^F'a')  or  F(:i}^ 
F(a":  (Definition  A).  (Q.E.D.) 

A logic  (function)  hazard  is  called  the  logic 
(function)  0 (1)  hazard  if  it  is  a static  0 (1) 
hazard . 

(Theorem  5]  If  F does  not  contain  a static  hazard 
for  an  input  change  and  F(a)'=F(b',  , then, 

does  not  contain  a static  hazard  for  any  input 
change  a ' such  as  jUb^a'Di-'. 

(Proof)  If  a static  hazard  is  not  contained  in  F, 

holds;  that  is,  F(>3LlbJ=0  or  F'rUb—l.  If 
f(aUb)=0,  then,  F(aUfc)^F''j 'Ub  ' )=0  because  of  zUb^ 
a'Ub'  (Theorem  1).  Hence,  a static  hazard  is  not 
contained  (Theorem  3).  The  similar  proof  is  appli- 
cable for  F(aUb)=l.  (Q.E.D.) 

[Theorem  6]  If  F contains  a static  hazard  for  an 
input  change  a*-*b,  then  F contains  a static  hazard 
for  every  input  change  a'-^b'  satisfying  F(a')  = 
F(h')  and  a'Ub'^aUb. 

(Proof)  If  a static  hazard  is  contained,  F(3Ub/=l/2 
is  valid  (Theorem  3).  Since  a'Ub’^aUb,  we  obtain 
Ffa'Ub'  )^F(a{)b) , that  is,  F(a'Ub')  = l/2  (Theorem  1)  . 
Consequently,  a static  hazard  is  also  contained  for 
an  input  change  a'*^b'  in  F.  (Q.E.D.) 

We  can  detect  easily  by  Theorem  3 whether  a 
static  hazard  is  contained  or  not  in  F for  an  in- 
put change  a*-*b,  and  we  can  futher  decern  by  corol- 
lary 7 whether  it  is  a static  0 hazard  or  a static 
1 hazard.  Although  the  detection  of  whether  logic 
hazards  or  function  hazards  is  possible  by  Corol- 
lary 8 and  Corollary  9,  the  detection  is  difficult 
because  we  need  to  examine  the  value  of  F for  all 
elements  of  (dJb)*. 

5.  Static  Hazard  Detection  and  Identification 
through  Disjunctive  or  Conjunctive  Forms 

For  a combinational  switching  circuit  F,  there 
exists  the  logical  formula  f corresponding  to  F. 

The  logical  formula  f represents  a binary  logic 
function  f and  a B-ternary  logic  function  F.  This 
chapter  deals  with  the  detection  and  the  Identifi- 
cation of  various  kinds  of  static  hazards  by  de- 
riving the  disjunctive  or  conjunctive  form  from  the 
logical  formula  T. 

[Theorem  7)  Let  1*  be  the  formula  corresponding  to 
F.  And  let  f'  be  any  formula  obtained  from  f by 
applying  the  laws  covered  by  the  B-ternary  logic, 
and  F'  be  the  combinational  switching  circuit  cor- 
responding to  ' . Then,  for  an  input  change  a*-*b, 

F contains  a static  hazard  iff  F'  contains  a static 
hazard . 

(Proof)  Even  if  a law  covered  by  the  B-ternary  log- 
ic is  applied  to  a logical  formula,  the  B-ternary 
logic  function  represented  by  the  formula  is  the 
same.  Yet,  the  existence  of  a static  hazard  is  de- 
termined by  the  B-ternary  logic  function  realized 
by  the  circuit  (Theorem  3).  Then,  we  obtain  this 
theorem.  (Q.E.D.) 

By  the  above  theorem  we  can  see  that  every  law 
held  by  the  B-ternary  logic  is  a transformation 
that  preserves  static  hazards.  On  the  other  hand, 
every  logic  formula  can  be  expanded  into  the  B- 
ternary  disjunctive  (conjunctive)  form.  Therefore, 
it  is  sufficient  to  show  the  detection  and  identi- 
fication methods  of  static  hazards  Involved  in  the 
above  two  forms.  Henceforth,  let  the  B-ternary  dis- 
junctive (conjunctive)  form  corresponding  to  F rep- 


resent the  B-ternary  disjunctive  (conjunctive)  form 
of  the  logical  formula  f corresponding  to  F. 
[Theorem  8)  If  the  B-ternary  disjunctive  (conjunc- 
tive) form  corresponding  to  F consists  only  of 
simple  product  (sum)  terms,  then,  all  static  0 (I) 
hazards  in  F are  function  hazards. 

(Proof)  If  a static  0 (1)  hazard  is  contained  in  F 
for  an  input  change  then,  ' *F.'b)*0  (1)  and 

.- (.:;Ub  ' = 1/ 2 are  satisfied  (Corollary  7).  According 
to  Corollary  2,  if  F is  composed  only  of  simple 
product  (sum)  terms,  then,  fallb,' = 1 / 2 is  equivalent 
to  either  F(raUb  > '')  = {1 } ({0})  or  FlFaUb.' *,'-{0. 1} . 
The  former  contradicts  to  Ffa ‘ =FfbJ*0  (1);  then,  we 
arrive  at  FfFaUbl * ' =[0, 1 } . Therefore,  It  is  a func- 
tion hazard  (Corollary  9).  (Q.E.D.) 

[Theorem  9]  If  the  B-ternary  disjunctive  (conjunc- 
tive) form  corresponding  to  F is  composed  only  of 
complementary  product  (sum)  terms,  then,  F does  not 
contain  static  1 (0)  hazards  and  function  hazards. 
(Proof)  If  F consists  only  of  complementary  product 
(sura)  terms,  then,  F(a‘*'  = (0)  ((!})  for  all  elements 
a of  in  accordance  with  Corollary  5.  Therefore, 
Corollaries  7 and  9 indicate  that  a static  1 (0) 
hazard  and  a function  hazard  are  not  contained  in 
F.  (Q.E.D.) 

In  general,  the  B-ternary  disjunctive  (con- 
junctive) form  corresponding  to  F is  written  as 
fol lows : 


F=F  ,+F  ,CF=F  -F  I 
sd  ad  sa  aa 

, where  F ,(F  ) is  a formula  which  is  the  sum  ( 

8d  sa 

product)  of  simple  product  (sum)  terms  and  where 
F^^(F^^)  is  the  sum  (product)  of  complementary 

product  (sum)  terms.  The  following  conclusions  are 
derived  from  the  two  above-mentioned  theorems. 
[Theorem  10]  F contains  s function  0 hazard  for  an 
input  change  iff 

(1)  F^^(aUt 1=1/2, 

(Proof)  We  need  not  consider  function  hazards  in- 
volved in  F , because  F , does  not  contain  the 
ad  ad 

function  hazards  (Theorem  9).  F^^  does  not  contain 
logic  0 hazard  (Theorem  8);  then,  the  theorem  is 
derived  by  Corollary  7.  (Q.E.D.) 

[Theorem  11]  F contains  a logic  0 hazard  for  an  in- 
put change  a<-^b  iff 

(1)  F^j(a\ib)=0. 

(2)  F^^(aUi;=l/2. 

(Proof)  Because  F^^(a\Jb)=0  and  aUb^,b  , we  have 

F ,(ai^F  ,(fc)=0.  Furthermore,  since  a and  b are 
sdsd 

elements  of  V^,  F^^(a)^F^^(b)^0  holds  (Corollary  5) 

. Therefore,  we  obtain  F(a)’^F(b)“0.  On  the  other 
hand,  it  follows  from  that  F(aUl))=l/2. 

Hence,  a static  0 hazard  is  contained  in  F.  Since 
this  hazard  is  not  a function  0 hazard  because  F 
/<zUi)”0  (Theorem  10),  it  is  a logic  0 hazard. 

(Q.E.D.) 

[Theorem  12]  F contains  a function  1 hazard  for  an 
input  change  a*-*b  iff 

(1)  F faUb)-l/2, 

ea 

(2)  F (a)-F  Cb)~l. 

sa  sa 

The  proof  is  ommited. 


sd 
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(Theorem  13]  F contains  a logic  1 hazard  for  an  in- 
put change  a-^b  iff 

(1)  F 

so 

(2)  F ('aUiJ»l/2. 

oo 

The  proof  is  omitted. 

It  is  easier  by  theorem  10  ’v.  13  than  by  corol- 
laries 8 and  9 to  distinguish  between  logic  hazards 
and  function  hazards. 

6.  The  Detection  of  All  Logic  Hazards 

For  the  detection  of  all  static  hazards  con- 
tained in  a given  combinational  switching  circuit, 
we  need  to  examine  all  inputs  by  using  Theorem  3. 

We  can  examine  them  fairly  efficiently,  if  we  use 
properties  discussed  up  to  now.  This  chapter  shows 
a simple  method  to  detect  logic  hazards  algebra- 
icaly . 

[Theorem  14]  If  F contains  a logic  hazard  for  an 
input  change  a*-*b,  then,  F contains  a logic  hazard 
for  any  input  change  a'->-^b'  satisfying  aUi)=a 'Ufc  ' . 
(Proof)  If  F contains  a logic  hazard  for  an  input 
change  a*-*b,  then,  F(aUb)  = l/2  and  F('('aUb^*Jt^{0,l} 
hold  from  Corollary  8.  Therefore,  if  aUb=a 'Ub  ' , a 
logic  hazard  is  also  contained  for  an  input  change 
a’*^b' . (Q.E.D.) 

The  above  theorem  shows  that  a logic  hazard 
can  be  represented  by  an  element  c of  Here- 

after, we  represent  the  existence  of  a logic  hazard 

by  an  element  a of  rather  than  by  a pair  of 

changing  Inputs.  That  is,  the  statement  "F  contains 
a logic  hazard  for  c"  means  that  F contains  a logic 
hazard  for  all  input  change  a->->-b  satisfying  a\Jb=a. 
[Theorem  15]  F contains  a logic  0 (1)  hazard  for  an 
element  a iff  there  is  a complementary  minterm  ( 
maxterm)  B in  the  B-ternary  canonical  disjunctive 
(conjunctive)  form  F corresponding  to  F satisfying 

<?><?  and  <?A<J  =(<i  for  all  simple  product  (sum)  terra 
~ B a 

a of  F,  where  a and  c are  the  elements  corre- 
p o 

spending  to  6 and  a,  respectively. 

(Proof)  If  for  every  simple  product  (sum) 

term  a of  F,  then  ( { 1 } ) since  a(£;*)  = {0}( 

{!))  from  (3)  of  Corollary  3.  Furthermore,  If  there 
exlats  a complementary  minterm  (maxterm)  6 in  F, 
then,  F{c  )*1I2  by  Corollary  6.  Therefore,  If  a>a„ 

p — B 

, then  F(a)’’l/2  from  Theorem  1.  That  is,  F contains 
a logic  0 (1)  hazard  for  a (Corollaries  7 and  8). 
Conversely,  If  a logic  0 (1)  hazard  Is  contained 
for  o,  then,  F(c*)^{0)  ({!))  and  F(a)~l/2.  F(a*)- 
{0}  ({1})  means  that  a(a* )“{0]  ({1})  for  every  sim- 
ple product  (sum)  term  a of  F;  that  is,  a(c;)»0  (1). 
Hence,  <?A<7^-(J.  If  F(a)“\l2,  then,  there  exists  a 

complementary  minterm  (maxterm)  6 satisfying  6(<7)> 
1/2.  Hence,  we  arrive  at  from  (1)  of  Corollary 

4.  ® (Q.E.D.) 

[Corollary  10]  If  there  is  a complementary  minterm 
(maxterm)  6 in  the  B-ternary  canonical  disjunctive 
(conjunctive)  form  corresponding  to  F,  then,  F con- 
tains a logic  0 (1)  hazard  for  the  element  o cor- 
responding to  6.  ^ 

(Proof)  If  there  is  a complementary  minterm  (max- 
term)  B in  the  B-ternary  canonical  disjunctive  ( 
conjunctive)  form,  then,  o ho  for  every  simple 
product  (sum)  term  a of  F.^’Thls  Is  because.  If 

(3  Ac?  )i(>,  then,  o>6;  that  Is,  6 Is  omitted  by  a. 
pa  “• 


This  is  contradictory  to  the  hypothesis  that  F is 
the  B-ternary  canonical  disjunctive  (conjunctive) 
form.  Hence,  we  acquire  the  theorem  by  Theorem  15. 

(Q.E.D.) 

By  obtaining  the  B-ternary  canonical  disjunc- 
tive (conjunctive)  form  corresponding  to  F through 
Theorem  15,  we  can  detect  all  logic  hazards  con- 
tained in  F. 

The  B-ternary  canonical  disjunctive  (conjunc- 
tive) form  of  a B-ternary  logic  function,  in  general 
, written  as 


,+F 


CF=F 


■d) 


, where  is  the  sum  (product)  of  simple 

product  (sum)  terms  and  where  F .(F  ) is  the  sum 

mo 

(product)  of  comlpementary  minterms  (maxterms) . On 
the  other  hand,  every  B-ternary  logic  function  rep- 
resents a binary  logic  function  provided  that 
the  variables  take  one  of  the  two  values  {0,1}.  For 
any  given  B-ternary  logic  function,  we  denote  by 
F^j(F  ^)  the  B-ternary  logic  function  represented 

by  the  logic  formula  composed  of  the  sum  (product) 
of  all  prime  implicants*  (implicates*)  of  / corre- 
sponding to  F.  Then,  we  can  show  that  the  B-ternary 
canonical  conjunctive  (disjunctive)  form  o 

F ) is  written  as 

so 


F j=F  -F 
sd  pa  ma 


(F  =F  ,+F  J 
so  pd  md 


•(2) 

-(3) 


Therefore,  every  B-ternary  logic  function  F can  be 

represented  from  (1)  as  follows: 

F=F  -F  *F  . 

pa  ma  md 

= (F  j+F  J-F  

pd  md  ma 

, and  these  representation  are  determined  uniquely 
for  F. 

[Lemma]  Let  a be  an  element  of  V,  and  F be  a B-ter- 

«5 

nary  logic  function.  Then,  aho^’‘^  for  every  simple 

product  (sum)  term  a of  F .(F  ) iff  a>o  for  a 

3d  sa  B~ 

prime  implicate  (implicant)  B in  • 

(Proof)  If  aha  for  every  simple  product  (sum) 
a 

term  a of  iHen,  F(o* 


'{0}  ({1}).  Since 


the  value  of  F(a)  is  equivalent  to  F (a)  (F  .(a)) 

pa  pd 

for  every  a of  1^,  F (a*)‘{Q}  (F  ,(a* )~{l})  holds 
Z pa  pd 

. Hence,  by  (1)  of  Corollary  3,  there  exists  a 

prime  implicate  (implicant)  8 In  F (F  ,)  and  a> 

pa  pd  B— 

a.  The  converse  is  shown  in  similar  manner. (Q.E.D . ) 
[Theorem  16]  F contains  a logic  0 (1)  hazard  for  a 
iff  there  are  a prime  implicate  (implicant)  a in 
Fp^(F^)  and  a complementary  minterm  (maxterm)  6 

in  F ,(F  ) such  as  a >a>a„, 

md  ma  o 6 

(Proof)  It  is  shown  by  Theorem  15  and  Lemma. 

(Q.E.D.) 

For  a combinational  switching  circuit  F,  the 

term  F .(F  ) is  determined  uniquely  and  is  inde- 

pd  pa 

pendent  from  circuit  construction.  We  can  detect 

*)  A simple  product  (sum)  term  a is  said  to  be  a 
prime  implicant  (implicate)  of  / iff  a</  (a^)  and 
there  does  not  exist  a simple  product  (sum)  term 
B satisfying  a<B^  (o>6^  )• 
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function  hazards  by  "hich  represents  all 

steady  states  of  the  circuit.  On  the  other  hand, 

the  terms  F , and  F varv  according  to  circuit 
md  rna  ■ ® 

construction  and  represent  the  transient  states 
corresponding  to  logic  hazards.  The  forms  (2)  and 

(3)  represent  a B-ternary  logic  function  by  sepa- 
rating the  transient  states  corresponding  to  logic 
hazards  from  the  steady  states.  From  Theorem  15  and 
16  all  logic  hazards  in  a combinational  switching 
circuit  are  detectable  algebraically,  that  is,  de- 
tectable by  operating  the  logic  formula  correspond- 
ing to  the  circuit.  Conversely  by  applying  Theorem 
16  we  can  construct  a combinational  switching  cir- 
cuit which  contains  specific  logic  hazards.  Al- 
though this  paper  has  considered  switching  circuits 
consisting  of  AND,  OR  and  NOT  elements  which  do  not 
contain  logic  hazards,  the  methodology  described 
here  is  applicable  to  the  circuits  composed  of  oth- 
er gate-type  elements  even  if  the  elements  contain 
logic  hazards.  For  example,  if  an  element  does  not 
contain  logic  hazards,  then,  let  the  element  corre- 
spond to  the  B-ternary  logic  function  represented 
by  the  sum  (product)  of  all  prime  implicants  (im- 
plicates) of  the  binary  logic  function  realized  by 
the  element.  And  if  the  element  contains  specific 
logic  hazards,  then,  let  it  correspond  to  the  B- 
ternary  logic  function  obtained  by  the  formula  (2) 
or  (3). 

7.  Dynamic  Hazards  Detectable  by  B-ternary  Logic 

As  discussed  hitherto,  the  B-ternary  logic  has 
full  description  ability  about  the  steady  states 
and  the  transient  states  corresponding  to  the  stat- 
ic hazards  of  combinational  switching  circuits.  But 
it  is  not  necessary  that  the  B-ternary  logic  can 
always  describe  all  transient  states.  For  example, 
many  spurious  pulses  may  appear  in  the  output  by 
duplicating  static  hazards.  However,  the  transfor- 
mation of  logic  formula  by  the  idenpotent  and  ab- 
sorption laws  of  the  B-ternary  logic  does  not  fix 
the  number  of  spurious  pulses.  That  is,  by  the  B- 
ternary  logic  we  can  decern  whether  or  not  a static 
hazard  is  contained,  but  we  cannot  know  how  many 
spurious  pulses  appear.  Similarly,  since  the  ab- 
sorption and  distributive  laws  are  not  transforma- 
tions which  preserve  dynamic  hazards,  we  cannot  use 
the  B-ternary  logic  to  know  about  dynamic  hazards, 
in  general.  But,  as  will  be  mentioned  below,  there 
exist  some  dynamic  hazards  detectable  by  the  B- 
ternary  logic. 

[Theorem  17]  F contains  a dynamic  hazard  for  an  in- 
put change  a*-*b  if 

(1)  F(a)iF(b), 

(2)  F contains  a static  hazard  for  an  input  change 
a'*-*b'  such  as  aUb^a'Ufc’. 

(Proof)  Let  F(a}~Q  and  F(b)~\  (can  be  proved  simi- 
larly for  F(a)^l  and  F(b)^O)  and  suppose  a static  0 
hazards  is  contained  in  F.  Then,  during  the  input 
change  a*-*b,  the  route  a*-Hi  ' *-^b ' *-*b  clearly  exists, 
where  F(a)“F(a' )~F(b  ' )“0  and  where  a’ 

and  b'  are  elements  of  (a'  and  a may  coincident) 

. Slnc.‘  a static  0 hazard  is  contained  for  the  in- 
put change  a'*-*b',  a dynamic  hazard  is  contained 
for  the  input  change  a->-*b.  A similar  proof  follows 
a static  1 hazard.  (Q.E.O.) 

[Corollary  11]  F contains  a dynamic  hazard  for  an 
input  change  a*-*b  if 


(1)  Fla}4F(b\ 

(2)  there  is  a complementary  minterm  (maxterm)  f 

such  as  fn  the  B-ternary  canonical  dis- 

junctive (conjunctive)  form  cprresponding  to  F. 

(Proof)  If  there  is  a complementary  minterm  (max- 
term)  6,  F contains  a logic  0 (1)  hazard  for  ( 
Corollary  id).  Then,  we  obtain  Corollary  11  from 
Theorem  17.  (Q.E.D.) 

[Theorem  18]  If  there  is  a complementary  minterm 
(maxterm)  S in  the  B-ternary  canonical  disjunctive 
(conjunctive)  form  F corresponding  to  F,  then,  F 
contains  a hazard  for  every  input  change  ij--*.*'  such 
as  aUhjo  . 

(Proof)  £et  FCal=Fi'hJ.  If  there  is  a complementary 
minterm  (maxterm)  8 in  F,  then,  .'’fo , ) = 1 /2  (Corolla- 
ry 6).  If  aU^20g,  then  F^2U^’•l/2  by  Theorem  1. 
There‘'ore,  f rom^Theorem  3 a static  hazard  is  con- 
tained in  F.  Let  FCjJ^Ffb  ’ . Then,  a dynamic  hazard 
is  contained  in  F by  Corollary  11.  Therefor,  a haz- 
ard is  contained  in  either  case.  (Q.E.D.) 

8.  Conclusion 

This  paper  has  shown  that  the  question  whether 
or  not  a combinational  switching  circuit  contains  a 
static  hazard  is  determined  totally  in  the  scope  of 
the  B-ternary  logic  theory.  Particularly,  using  the 
canonical  forms  of  B-ternary  logic  functions  real- 
ized by  the  circuits,  we  have  demonstrated  the  de- 
tection and  identification  methods  of  various  kinds 
of  static  hazards  as  well  as  an  algebraic  detecting 
method  of  logic  hazards.  Furthermore,  we  have 
pointed  out  that  there  are  some  dynamic  hazards 
detectable  by  the  B-ternary  logic. 

The  methodology  described  here  is  applicable 
to  any  combinational  switching  circuit  whatever  the 
building  elements  may  be. 

The  results  obtained  in  this  paper  give  an 
answer  to  the  synthesis  problem  on  the  construction 
of  a combinational  switching  circuit  which  contains 
specified  logic  hazards. 

Acknowledgements 

We  would  like  to  thank  pro.  Motlnori  Goto  of 
Meiji  University,  Dr.  Yasuo  Komamiya,  Head  of  the 
Electronic  Devices  Division  of  the  Electrotechnical 
Laboratory,  and  Dr.  Tadashi  Nagata,  Chief  of  the 
Information  Control  Research  Croup  of  ETL,  for 
their  continued  encouragement. 

References 

(1 ) D .A. Huf fman: "The  design  and  use  of  hazard-free 
switching  net  works",  J.ACM,  4 , 1 , pp .47( Jan . 1957) 

(2) E.J .McCluskey: "Transients  In  combinational  logic 
circuits",  in  Redundancy  Technique  for  Computing 
System,  Spartan  Book,  Washington  D.C. ,pp. 9(1962) 

(3) S.H. Unger: "Hazards  and  delays  in  asynchronous 
sequential  switching  circuits",  IRE  Trans. 
Circuit  Theory,  Vol .CT-6, ppl2(March  1959) 

(4) M.Yoell  and  S .Rinon: "Appl icat ion  of  ternary 
algebra  to  the  static  hazards",  J .ACM, 1 1 , 1 ,pp . 

84  (Jan.  1964) 

(5) E. B.Elchelberger: "Hazard  detection  in  combina- 
tional and  sequential  switching  circuits",  IBM  J, 

9,  2,  pp.90  (March  1965) 

(6) J.G.Bredeson  and  P.T .Hul ina: "El iminat ion  of 
static  and  dynamic  hazards  for  multiple  input 
changes  In  combinational  switching  circuits". 
Inf.  and  Cont.  Vol . 20,No . 2(March  1972) 


274 


(7) L. L. Mete, S. Das  and  H.Y.H.Chung:"A  logic  hazard 
detection  and  elimination  method".  Inf.  and  Cont. 
Vol.26,  pp.351  (1974) 

(8) J. Beister: "A  unified  approach  to  combinational 
hazards",  IEEE  Trans,  on  Comp.  Vol.C-23,  No. 6, 
pp.566  (June  1974) 

(9) Sugino,  Inagaki  and  Fukumura:"A  method  of  detect- 
ing static  hazards  caused  by  raulti-input-variable 
changes  using  ternary  algebra".  Jour . I .E.C .E. , 
Japan,  50,  6,  pp.997(June  1967);  available  in 
English  in  E.C.J.,  same  date,  pp.l7. 

(10) Fukumura,  Inagaki  and  Kohmura: "Minimization  of 
hazard-free  switching  units".  Information  pro- 
cessing, Japan,  Vol.8,  No. 4 (July  1967) 

(11) M.Mukaidono; "A  formalization  and  a detection  of 
hazards  in  combinational  circuits  by  means  of  a 
ternary  logic".  Paper  of  Technical  Group  on 
Electronic  Computers, I. E.C. E. , Japan  EC72-28 
(Nov.  1972) 

(12) M. Goto: "Application  of  logical  mathematics  to 
the  theory  of  relay  networks".  Jour.  lEE  Japan, 
Vol.59  (April  1949) 

(13) M.Mukaidono: "On  the  B-ternary  logical  function" 

, (in  Japanese),  Trans . I .E.C.E . , Japan,  55-D,6, 
pp.335(June  1972)** 

(14 ) M.Mukaidono: "On  some  properties  of  fuzzy  logic 
",(in  Japanese),  Trans. 1. E. C. E. , Japan,  58-D,3, 
pp.150  (Mar.  1975)** 

(15) M.Mukaidono: "An  algebraic  structure  of  fuzzy 
logical  functions  and  its  minimal  and  Irredun- 
dant  form",  (in  Japanese),  Trans. I .E.C.E. , Japan 
, 58-D,12,  pp.748(Dec.  1975)** 

(16) A.Kandel:"Appllcatlon  of  fuzzy  logic  to  the  de- 
tection of  static  hazards  in  combinational 
switching  systems".  International  Journal  of 
Computer  and  Information  Sciences,  Vol.3,  No. 2 
(1974) 

**)available  in  English  in  Systems'Computers'Con- 
trols  (Scripts  Publishing  Co.);  same  date. 


275 


POSSIBILITY  THEORY:  AS  A MEANS  FOR  MODELING  COMPUTER  SECURITY  AND  PROTECTION 


David  Rine 

Information  Science  Program 


Western  Illinois  University 
Macomb,  IL  61A55 


The  paper  studies  correlations  between  com- 
puter security  specifications  and  protection  tech- 
niques in  order  to  find  ways  by  which  architec- 
tural features  of  a computer  system  corresponding 
to  security  specifications  may  be  designed  or 
evaluated.  The  formal  basis  of  the  study  begins 
with  two  basic  models  introduced  in  sections  2.1 
and  2.2  of  the  paper.  Study  objectives  include 
developing  a set  of  models  based  on  a theory  of 
possibilities  for  "measuring"  strengths  and  weak- 
nesses of  "correlations"  between  security  speci- 
fications and  protection  features. 


1.  Introduction  and  Review  of  Some  Previous 
Models. 

1 . 1 Early  Protection  Mechanisms. 

In  the  late  1940' s and  early  1950' s, 
early  computers  were  machine-language  programmed 
by  single  users  with  programs  being  processed  one 
at  a tin*:.  Users  could  protect  confidential  pro- 
grams and  data  against  unauthorized  access  by 
simply  taking  the  programs  and  data  home  (in  the 
form  of  notes,  punched  cards,  or  tapes)  after 
each  use. 

By  the  late  1950's  and  early  1960's,  with 
the  introduction  of  multiuser  programming  and 
operating  systems,  programs  and  data  began  to 
fall  into  two  classes,  either  application  pro- 
grams which  utilize  user  libraries, or  privileged 
programs  which  could  only  be  processed  by  the 
executive  operating  system.  Hence,  computer 
system  protection  schemes  were  of  two  levels  and 
used  devices  such  as  switches  and  keys  to  isolate 
application  programs/data  from  privileged  pro- 
grams/data. 

In  addition  to  privileged  programs/data,  it 
was  soon  discovered  that  some  application  programs 
and  data  demanded  a greater  degree  of  protection. 
Computer  system  protection  schemes  using  devices 
such  as  protection  rings  were  employed  by  users 
to  give  these  more  sensitive  application  programs/ 
data  a greater  degree  of  security. 


By  the  late  1960's  and  early  1970's,  with  more 
levels  of  software  separating  the  user-nonprogram- 
mer from  the  operating  systems  and  with  more  di- 
verse and  complex  applications  and  query  programming 
security  requirements,  it  was  discovered  that  the 
protection  mechanisms  afforded  by  operating  systems 
did  not  often  match  well,  or  enforce  properly,  the 
security  requirements  of  the  user  community. 

This  problem  still  exists.  It  is,  therefore, 
of  primary  importance  to  study  the  correlations 
between  computer  security  policies  (rules,  require- 
ments) and  protection  mechanisms  (features,  tech- 
niques) in  order  to  exhibit  and  analyze  those  archi- 
tectural features  and  programming  techniques  of  a 
computer  system  corresponding  to  various  security 
policies  (15).  This  is  what  we  propose  to  research. 

In  the  past,  for  most  data  management  systems 
it  was  not  clear  what  security  policy  a particular 
protection  mechanism  enforced  via  access  control. 
Recent  research  (13)  has  led  to  a more  careful 
model (s)  of  logical  security  policies,  denoted 
herein  by  Ij^,...,I^,  and  loglnal  protection  mech- 
anisms, Mj,...,M  , (as  opposed  to  physical  security 
policies  and  phyiical  protection  mechanisms  which 
are  designed  to  prevent  unauthorized  access  by  by- 
passing the  system  (1,  3,  16)).  These  newer  models 
attempt  to  bridge  the  differences  between  security 
and  protection,  particularly  with  the  concept  of 
soundness*  and  the  concept  of  completeness** . For 
example,  the  surveillance  protection  mechanism  is 
sounder  than  and  as  complete  as  the  high  water  mark 
protection  mechanism  (14);  this  will  be  explained 
later  in  section  2.1.  This  paper  discusses  some 
security  policies  and  protection  mechanisms  of  data 
base  systems  using  the  model  described  in  section 
2.1  (below,  page  2 ),  and  attempts  to  offer  a gen- 
eral means  for  deciding  whether  or  not  some  of 
these  protection  mechanisms  are  sound. 

*A8sociated  with  a protection  mechanism  M(Q,I) 
which  enforces  a specific  security  policy  I for  a 
given  program  Q.  The  word  "soundness"  was  first 
used  in  (6,  7).  See , also .Appendix  A herein. 

**Deflned  in  order  to  determine  whether  or  not 
one  protection  mechanism  M(Q,I),  particularly  those 
which  are  first  sound,  out-performs  the  others 
M(Q,I).  That  is,  one  wishes  to  judge  the  degree 
of  completeness,  the  degree  to  which  all  possible 
penetration  holes,  but  only  those  holes,  are  plugged. 


276 


Early  works  were  primarily  concerned  with 
protection  mechanisms  and  did  not  formally  dif- 
ferentiate them  from  security  policies.  For  exam- 
ple, Graham  (4)  proposed  an  outline  of  a model  for 
ring  protection  mechanisms  like  those  used  in 
MULTICS-like  operating  systems.  In  this  ring  pro- 
tection model  protection  of  data  and  programs  is 
provided  during  the  execution  or  run-time  of  a 
given  procedure,  as  opposed  to  protection  by 
checking  of  authorized  access  by  the  procedure  at 
input/output  or  source  code  translation  time. 


2 . Current  Research  and  Proposed  Developments 
2 . 1 Basic  Model 

In  this  section  a basic  model  is  described 
which  associates  with  a user  or  program  both  a 
security  policy  and  an  associated  protection  mech- 
anism. This  model  is  similar  to  one  proposed  by 
Jones  and  Llpton  (8)  but  includes  some  additional 
components  worthy  of  further  investigation.  The 
model  is  introduced  as  consisting  of  the  following 
components : 


1.2  Early  Security  Principles  and  The 
Confinement  Problem. 

Although  there  was  an  Implied  security 
policy  called  a "security  principle,"  in  Graham's 
model,  the  definition  of  the  security  principle 
was  never  spelled  out. 

Later,  there  followed  a first  attempt  to 
precisely  define  and  formalize  the  concept  of  a 
security  policy  by  means  of  a security  matrix 
model. 

For  example,  Conway  and  others  (2)  proposed 
a model  for  security  policies  based  on  an  access 
security  matrix  representation  of  privacy  deci- 
sions. This  (2)  is  one  of  the  early  references  in 
which  processing  cost  is  discussed.  Thus,  it  was 
concluded  that  cost  of  protection  is  proportional 
to  two  variables:  (a)  the  cost  of  checking  secu- 
rity at  translation  time,  which  is  data  indepen- 
dent: and  (b)  the  cost  of  checking  security  at 
execution  time,  which  is  data  dependent. 

In  the  paper  (2)  security  policies  were 
denoted  "Information  privacy  decisions,"  and  pro- 
tection mechanisms  were  denoted  "information 
security  actions".  A need  for  "soundness"  of 
protection  mechanisms,  which  we  discuss  in  sec- 
tion 2.1,  might  possibly  be  derived  from  the  fol- 
lowing quote:  "In  most  information  systems  to 
date,  the  privacy  decision  has  not  been  made  ex- 
plicit and  security  has  not  been  deliberately  im- 
plemented" (2). 

More  recent  data  base  management  systems 
have,  for  the  most  part,  chosen  to  Implement  ac- 
cess control  and  protection  mechanisms  at  the 
translation  step  because  it  is  easier  to  do  so. 

For  example,  INGRES  (5)  has  Implemented  access 
control  in  its  query  language  QUEL  in  the  follow- 
ing way:  the  ^'RESTRICT"  QUEL  connand  is  appended 
to  a user's  qualification  by  the  AND  operator. 

An  IBM  query  language  similar  to  QUEL  called 
SEQUEL,  a query  language  for  System-R,  does  trans- 
lation time  access  control  checking.  From  (2) 
one  may  conclude  that  some  efficiency  is  gained 
if  the  appending  is  done  at  query  translation  time 
and  if  one  assumes  complete  data  Independence. 
However,  there  is  still  the  matter  of  the  Trojan 
Horse  Problem  of  application  program  access  (the 
Trojan  Horse  Problem  does  not  normally  apply  to 
query  language  access)  and  the  Observability 
Postulate  Assumption. 


Basic  Model 


OB)  Objects  to  be  protected,  logical  and 
physical. 

OP)  Operations*  on  objects,  logical  and 
physical. 

EN)  Environment:**  subset  of  OP  x OB,  logical 
and  physical. 

MT)  Enforcement : protection  mechanisms  - 

software  and  hardware,  as  a function 
of  t ime . 

N)  Environment  Modification:  Logical  and 
physical  data  base  migration. 

G)  Migration : EN  EN-  or  EN^ /restrict ion-* 
EN2/ res trice  ion. 

Program  (user  or  subject-program) 

Q:  D x ...xD,  -►  E.x  ...  xE 
1 k 1 n 

D^:  range  of  ith  input 


E 


i'' 


range  of  J^  output 


OB 

, . . . , Y output 
Q(X^,.  '.  .,  X^)  ="(Y^,.  . 
(Q^(X^,  . . .,  X^), 

v>- 


variables 


•'  V = 

• ••  '5n(^' 


Security  policy  Ij , 1 s J s n,  for  Y^  is  a 
collection  of  subsets  {XJ^^,  . . .,  XJ^}:  V 

Xp6{Xj^ ^k^  *^s  ^ ^p'  Security  policies 

{ij^,.  . .,  is  the  security  policy  I of  Q. 

Given  Q and  I Introduce  protection  mechanism 

M(Q,  I):  D X ...  xD,  E.'x  ...  xE'  where  F(M) 

A K 1 n 

violation  notices.  E^  - E^  F(M),  - 0, 

and  M^(Q,  I)  (X^ X^)  - Q^(X^,  . . . , X^)  - 

or  Mj^(Q,  1)  (Xj^,  ...,  Xj^)^F(M).  From  the  moti- 
vation by  Conway,  et.  al.  (2)  and  Lampson  (9)  one 
Introduces  "soundness".  Consider  Q,  1,  M(Q,I). 

M(Q,I)  sound  if  V J , Y I - {XJ, , . . . , XJ  } 3 
J J i.  tn 

M' (Qtl)/restrlcted  M(Q,I):  DJ,x  ...  xDJ  -*• 

1 n 

*0f  which  subjects'  processes  are  composed; 
e.g.  authorized  accesses  are  operations. 


**Assoclated  with  each  user  is  an  environment. 
Dynamic  alteration  or  modification  of  data  baseS 
should  preserve  security. 
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(a)  - Q(a) 


E 'x  . . . xE'  3M.(Q,I)  = M'j(Q,I)  = Y,. 

1 n .1 

I.e.  M'.(Q,I)  only  gives  information  derived 
from  I.  authorized  information;  M. (Q,I)  could 
give  information  derived  from  either  ^ or  not  Ij 
if  there  is  a leak  as  illustrated  by  Figure  1 
below . 


Figure  1.  Sound  Protection  Mechanisms:  unsound 
mechanism,  indicating  a possible 
leak  to  output  variable  Yj . 

While  it  is  true  that  a sound  protection 
mechanism  enforces  a security  policy  for  a user 
program,  it  is  also  true  that  it  may  over-enforce 
the  policy  thereby  generating  unnecessary  vio- 
lation notices.  Consider  the  following  graphic 
remark. 

Re^^:  Suppose  3 M(Q,I)!^y'i  M.(0,I) 

(Xj^,  . . . ,Xi^)  = C t:  F(M)  fixed.  Then 
is  useless  and  gives  too  many  violation 
notices.  Hence,  there  is  a dichotomy  be- 
tween over-enforcement  and  soundness. 

To  address  this  dichotomy,  the  concept  of 
"Completeness"  is  introduced  in  order  to  use 
lattice  operations  to  build  up,  by  the  meet  and 
join  operations  from  sound  protection  mechanisms, 
a protection  mechanism  which  neither  over-enforces 
nor  allows  leaks. 

Informally,  completeness  in  the  general 
sense  implies  that  all  those  and  only  those  re- 
quests Q that  are  security  sensitive  must  pass 
through  the  internal  protection  mechanisms  M(Q,1) 
before  being  honored. 

As  a compromise  one  may  only  be  able  to  get 
a new  protection  mechanism  which  is  sound  and 
which  does  not  over-enforce,  i.e.  generate  as 
many  violation  notices,  as  much  as  the  old  pro- 
tection mechanism.  One  Introduces  "completeness" 
as  follows: 

Completeness  (lattice  concepts) 

Let  M^(q,r),  Then,  M^(Q,r)  i 

MmQ,I)  whenever  M^(Q,I)  (a)  / Q(a)  implies 
m2(Q,I)  (a)  ^ Q(a). 

Let  M^(A,I),  M,  (Q,I)  sound.  Define  M ■ 

U join  5 y a 


M(a)  - Q(a),  if  .3  1 gl,  2 3 
M^(a),  otherwise. 

Conclusion:  M is  sound  and  t/ i M 

Pf . Induction. 

A total  access  control  mechanism  M(I)  Is  said 
to  be  complete  when  every  attempt  Q to  access  in- 
formation during  the  progress  of  a computation  is 
validated.  This  is,  generally,  impossible  since 
it  is  not  known  in  advance  what  all  Q would  be. 
However,  completeness  does  compare  the  extent  to 
which  the  security  requirements  I,  if  complied 
with,  provide  assurance  that  the  information  sys- 
tem is  not  vulnerable  to  penetration  (i.e.  com- 
pares which  mechanism  is  better)  . 

Most  protection  mechanisms  are  not  completely 
defined  for  all  Q or  are  made  Incomplete  as  the 
result  of  software  or  hardware  failures.  Hence, 
there  is  a need  for  added  deterrents  to  attacks. 
Individual  users'  knowledge  that  their  activities 
are  being  monitored  may  deter  them  from  conducting 
attacks.  Philosophically,  a surveillance  protec- 
tion mechanism  is  complete  when  each  and  every  at- 
tempt to  access  information  during  a computation 
is  either  monitored,  detected,  or  recorded,  this 
being  true  only  for  Information  of  which  auditing 
was  required. 

A more  recent  discussion  of  security  policies 
versus  protection  mechanisms  is  provided  by 
McCauley  (10).  In  McCauley's  thesis  the  "Con- 
ceptual Model"  is  introduced  to  formalize  security 
policies  as  opposed  to  protection  mechanisms.  The 
conceptual  model  consists  of  the  following  com- 
ponents : 

Access  types:  program  operations  a,  the 
program  type  identifiers; 

Extended  Logical  Data  Base  (ELDB) : all 
triples  (u,  a,  d),  u is  a user  and  d 
is  a data  element ; 

protection  specifications;  two-yalued  func- 
tions p:  S-^  {permit,  deny),  SS- ELDB; 

protection  pattern:  P set  of  all  p's; 

consistent  P:  P is  a function; 

authority  item:  user; 

capability  list:  inaccessible,  blocked,  or 
open; 

ordering  "s  ":  P s Q,  P and  Q protection 
patterns,  and  P a restriction  of  Q; 

specification  ordering:  p s q; 

gib  (p,q):  greatest  lower  bound  of  p,  q 
with  respect  to  "s  ",  used  to  eliminate 
inconsistencies. 

In  the  above  model  members  of  the  ELDB  can 
be  viewed  as  instances  of  HYDRA  (17)  pairs  (s,f), 
s protected  object  and  f access  function.  Also, 
the  ordering  s of  protection  patterns  is  similar 
to  the  ordering  M..  s M.  of  protection  mechanisms 
previously  defined  in  this  paper. 

If  two-valued  functions  p:S — ^(permit,  deny), 
q:s ^{permit,  deny)  are  protection  specifica- 

tions, then  define  A • (d:  p(u,a,d)  • permit). 
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Aq  « {d:  q(u,a,d)  ” permit}.  If  x^Ap/OAq,  then 
it  is  a point  of  inconsistency  when  p,q  enforce  I j . 
To  eliminate  the  inconsistent  point,  form  and  use 
glb(p,q):  S ;>{permit,  deny)  as  follows: 


2 . 2 Further  Study. 

2.2.1  Correlations  Between  Policies  and 
Mechanisms. 


gib (p,q) (d)= 


rermit,  if  p(d)  = q(d) 

= permit 


kleny,  otherwise. 


See  Figure  2. 


Figure  2.  Protection  Analysis  by 

Lattice  Models:  Inconsistent 
point  X for  two  sound  pro- 
tection mechanisms  p,  q. 


It  is  also  easy  to  show  that  in  general  the 
protection  specification  (10)  and  the  security 
matrix  (2)  are  equivalent  to  the  security  policy 
I of  this  paper.  For  if  c(u,d)  is  a security 
matrix  where  u:  user,  d:  data  element,  then 
define 


T(u,d)  « 


-permit  iff  c(u,d)  = 1 
-deny  iff  c(u,d)  • 0 


Then,  let  M(Q,I^):  D -*■  E'  and  M,j(Q,I^)  : 
D^x  ...  xDj^  -►  U F(M)  . 

Let  d£  D^x  ...  xO.  ' u:  I , a:  Q;  and, 

then  M (Q,I  ) (d)  » e %r  f. 

u u u 


Now  define 
Pu(Q,lJ  (d) 


fpermit  iff  M^(Q,I^)  (d) 

e , e £ E 
u u u 


deny  iff  M (Q,I  ) (d)  - f, 
f £ F(M)“a  “ 
.violation  notice. 

Finally,  define 


X(q,I^)  (d)- 


1 or  permit  iff  d £ 1^ 

0 or  deny  iff  d ^ 1 . 

u 


The  two-valued  functions  above  can  easily 
be  extended  to  multiple-valued  functions. 
(Appendix  B)  . 


In  the  previous  section  the  high  water 
mark  protection  mechanism  M^  (Q,I;  G,>,G  ) was 
introduced  as  a model  for  protection  features  in 
operating  systems  such  as  Che  ADEPT-50  (16).  Recall 
that  if  Q is  a flowchart  user  program  and  I is  a 
security  policy,  the  (G,>  ) is  a linearly  ordered 
set  with  grading  > and  G : {X^^, . . . ,Xj^,  Y,...;  •+€ 

is  a function  from  the  variables  of  Q to  G.  An 
assumption  is  that  there  exists  p t.  G such  that 
V V ^ I,  w ^I,  then  G (w)  > p i G (v) . The  fol- 
lowing are  example  interpretations: 

(1)  G is  a set  of  classifications  (military 
system  of  clearances)  such  as  "top 
secret",  "secret",  "confidential", 
"public",  ...,  which  are  ordered  such 
that  top  secret  > secret  > confidential 

> public  . . . ; 

(2)  initially  all  the  variables  in  a security 
policy  I are  given  some  classification 
equal  to  or  lower  than  p,  and  all  other 
variables  are  given  some  classification 
higher  than  p; 

(3)  G = {0,1}  = (deny,  permit}  . 


Recall  the  following  connection  from  the  previous 
section  between  security  policies  and  security 
matrices  (2) : 


X(Q,I^)  (d)  = 


0,  d denied  to  u 
-1,  d permitted  to  u. 


This  connection  could  be  extended  to  multiple- 
values  (16)  as  follows: 


X(Q.I^^)  (d) 


^ 0,  d denied  to  u 

1,  d usualiy  denied  to  u 

2,  d sometimes  permitted 
to  u 

3,  d usually  permitted  to  u 
— 4,  d permitted  to  u. 


0 corresponds  to  the  highest  cost  (penalty)  to 
break  the  protection  mechanism,  1 to  the  next  high- 
est cost  (penalty),  and  4 to  the  lowest  cost  (no 
penalty).  For  the  protection  raechansira  the  values 
0,  ...,  4 could  also  be  interpreted  as  protection 
ring  numbers  (4). 


Military  classification  schemes  seem  to  be 
completely  binary:  either  access  is  permitted  or 
it  is  denied.  However,  in  formulating  security 
policies,  even  in  the  military,  human  use  of 
policy  statements  is  subject  to  vague  Interpreta' 
cions;  and  managers  use  such  terms  as  "sometimes 
permitted"  in  trying  to  describe  security  poli- 
cies. 

Another  way  of  viewing  what  takes  place  in 
passing  from  the  security  policy  in  the  first 


example  (1)  above  to  its  protection  mechanism  is 
to  observe  that  "confidential"  is  a fuzzy  set 
*(19)  having  an  initially  vague  meaning.  Like- 
wise, are  top  secret,  secret,  public,  denied, 
usually  denied,  sometimes  permitted,  usually  per- 
mitted, and  permitted  fuzzy  sets. 

Continuing  the  notion  of  fuzzy  sets,  suppose 
that  U » {0,1,2,3,4,5,6,7,8,9,10}  is  a universe 
of  discourse  consisting  of  all  security  classes 
or  protection  ring  numbers.  Let  N be  a variable 
taking  values  in  U and  u the  generic  element  of  U. 
Then  N = 2 signifies  that  N is  assigned  the  ring 
number  2.  Suppose  that  the  "grade"  of  membership 
in  fuzzy  set  "confidential"  is  approximately  .8, 

.8  ^ (G,>  ).  Next,  from  (18)  let  "Poss"  denote 
the  possibility**  distribution  (function). 

Continuing  the  concept  of  posslblity  dis- 
tributions, consider  the  "degree  of  possibility 
that  'dataset  is  2'  given  the  proposition  'data- 
set is  confidential'".  This  can  be  denoted  as 
follows: 

Poss  (dataset  is  2 | dataset  is  confidential) 
• .8,  where  'confidential'  is  a fuzzy  subset  of  U. 

In  the  area  of  management,  administrators 
often  must  express  security  policies  by  using 
imprecise  terminology.  The  following  are  exam- 
ples: 

dataset  A is  confidential. 

dataset  B is  denied  access. 

dataset  C is  restricted  but  dataset  D is 
permitted  access. 


*fuzzy  set  F:  L'”unlverse  of  discourse  (e.g. 

[0,lj  ):  mapping  h p:U  •>  C 0.  iD  ; F a subset  of 
U,  and  a "linguistic  label"  of  the  subset,  and 
characterized  by  Pp;  F • pp  (u)/u,  infinite 

F;  F”P,u,  + ...  + P u , finite  F.  p„  (u)  is  a 
11  n n r 

"membership  grade",  interpreted  as  the  "compatabili- 
ty  of  u with  the  concept  labelled  F". 

**possibility : P fuzzy  subset  of  U;  X a variable 
over  U;  F » R(X),  fuzzy  restriction  on  X,  such 
that  X-u:  Pp(u),  where  pp(u)  is  the  "degree  to 
which  the  constraint  represented  by  F is  satisfied 
when  u is  assigned  to  X";  possibility  distribution 
TTjj  ” R(X)  ” F;  and  possibility  distribution  func- 
tion, possibility  that  X»u,  tt  (u)  “ Pt,(u). 

X F 

Possibility  distribution  statements  such  as 
Poss  (A  is  2 I A is  confidential)  • .8  and  Poss 
(B  is  1 I B is  denied)  • .2  Illustrate  that  Poss 
is  a connection  between  policies  and  enforcements, 
where  for  example  .2  and  .8  are  meanings  (result 
of  an  evaluation)  of  enforcement. 

A general  possibility  distribution  statement 
is  Poss  (X  is  r | X is  F)  - g,  "X  is  F"  is  a 
policy,  F fuzzy  subset,  "X  is  r"  is  a desired 
enforcement,  and  g 6(G,>  ) is  an  evaluation  of 
enforcement. 


Consider  the  following  types  of  possibility 
distribution  statements: 


(1) 

Poss 

(X 

is 

0| . 

. ) • 0. 

deny 

permit 

(leak) 

(OK) 

(2) 

Poss 

(X 

is 

10  / . 

. ) - 1. 

deny 

permit 

(leak) 

(OK) 

(3) 

Poss 

(X 

is 

0 1 . 

. ) " 1. 

deny 

permit 

(OK) 

(over 

enforcement ) 

(4) 

Poss 

(X 

is 

10  1 , 

. ) = 0. 

deny  permit 

(OK)  (over 


enforcement ) 

For  each  type  above  (1-4)  there  are  two  ex- 
treme cases  (deny,  permit),  and  one  of  the  cases 
is  a problem.  In  type  (1)  if  r is  small  and  g is 
small,  then  leaxlng  of  Information  may  occur;  in 
type  (2)  if  r is  large  and  g is  large,  then  leak- 
ing of  information  may  occur;  in  type  (3)  if  r 
is  small  and  g is  large,  then  over— enforcement 
may  occur;  and,  in  type  (f)  if  r is  large  and  g 
is  small,  then  overenforcement  may  occur. 

Thus  from  the  previous  section  2.1  (p.  2 ) of 
the  paper,  types  (1)  and  (2)  illustrate  a lack  of 
soundness  fjr  the  protection  mechanism;  whereas 
types  (3)  and  (4)  illustrate  a lack  of  completeness, 
i.e.  the  protection  mechanisms  for  types  (3)  and 
(4)  are  less  than  optimal  with  respect  to  the  lat- 
tice ordering  defined  in  the  last  section  for  sound 
protection  mechanisms  in  particular. 

Let  us  abbreviate  Poss  (X  is  r j X is  F)  to 
Poss  (r  I F)  . 

One  can  graph  the  possibility  curve  on  a pair 
of  IJ,  G axes  as  Illustrated  in  Figure  3 in  order 
to  gain  a better  view  of  the  optimal  point  (com- 
plete protection  mechanism  with  no  leaking  of  in- 
formation from  the  data  base).  As  in  type  (3) 
and  type  (2)  possibility  statements. set  the  g 
value  grade  evaluation  level  to,  for  example,  1. 

As  the  Poss  possibility  curve's  graph  moves  from 
Poss  (0  I permit)  of  type  (3)  to  Poss  (10  j deny)  of 
type  (2)  over  enforcement  of  an  associated  pro- 
tection mechanism  decreases  as  one  moves  to  the  op- 
timal point.  As  the  Poss  possibility  curve's  graph 
moves  past  the  optimal  point  (assuming  there  is  but 
one),  leaking  of  Information  from  the  data  base 
Increases . 

Dually,  as  is  illustrated  In  Figure  4 and  as 
for  type  (1)  and  type  (4),  set  the  g value  grade 
evaluation  level  to,  for  example  0.  As  the  Poss 
curve  moves  from  Poss  (0  j deny)  to  Poss  (10  | permit) 
leaking  decreases  to  the  optimal  point,  and  over 
enforcement  increases  past  the  optimal  point. 

It  then  becomes  of  interest  to  find  a means 
by  which  the  optimal  point  can  be  located. 

If  over  enforcement  is  not  as  serious  as  leak- 
ing of  information,  then  users  may  be  satisfied  in 
choosing  a point  to  the  left  (right)  of  the  optimal 
point  in  figure  3 (figure  4),  thereby  adding  an 
additional  constraint  into  the  graph. 

The  ability  to  answer  questions  relating  to 
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grade  evalu- 
ation level 

PossdOl  deny) 

leaking 
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enforcement  i i 
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policy 
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0. 
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Figure  3.  Security  and  Protection  Analysis  by 
Possibility  Models:  Graph  of  Possi- 
bility Curves  Poss  (O)permlt)  type 
(3)  to  Poss  (10|deny)  type  (2)  and 
optimal  point  representing  complete 
protection  mechanism  with  no  leakage 
of  information  from  the  data  base. 


Figure  4:  Security  and  Protection  Analysis  by 
Possiblity  Models:  Graph  of  Possi- 
bility Curves  Poss(O)deny)  type  (1)  to 
Poss  (lO/permlt)  type  (4)  and  optimal 
point  representing  complete  protection 
mechanism  with  no  leakage  of  informa- 
tion from  the  data  base. 


security  policies  for  the  authorized  accessing 
and  extracting  of  Implicit  or  explicit  information 
from  data  that  is  stored  in  a data  base  is  being 
discussed.  A theory  of  possibility  (18)  may  help 
lead  to  a model  for  Illustrating  how  this  can  be 
done  with  a (somewhat)  complete  and  sound  protec- 
tion mechanism. 

In  conclusion  we  have  indicated  how  impor- 
tant it  is  to  study  the  correlation(s)  between 


security  policies  (rules,  requirements,  specifica- 
tions) and  protection  mechanisms  (features,  techni- 
ques) in  order  to  define  and  analyze  specific 
architectural  features  of  a computer  system  corres- 
ponding to  specific  security  policies.  We  have 
seen  that  it  may  be  advantageous  to  measure 
strengths  or  weaknesses  of  such  correlations  throu^i 
possiblit les . Important  tools  may  include  the 
usage  of  possibility  curves,  such  as  those  previous- 
ly illustrated. 

A report  in  the  same  general  area  of  study  us- 
ing fuzzy  sets  has  recently  been  written  by 
Michelman  and  Hoffman  (11).  However,  the  study 
reported  herein  is  different,  and  has  different 
objectives,  from  their  study  in  that  we  are  con- 
cerned with  the  correlations  between  security  speci- 
fications and  protection  mechanisms,  with  the  inteit 
of  changing  one  or  the  other  if  their  correlation 
is  low.  Michelman  and  Hoffman  (11)  are,  on  the 
other  hand,  concerned  with  evaluations  of  the 
security  specifications  themselves.  A general  re- 
lation between  the  two  studies  can  be  described 
in  the  following  way:  Let  T,  0,  F be  their  (11) 
sets  of  threats,  objects,  and  security  features 
respectively.  Let  F be  equivalent  to  our  given 
security  specifications,  described  herein,  and  let 
PM  be  sets  of  corresponding  protection  mechanisms. 

In  Figure  5 below  let  C be  a set  of  correlation 
values,  such  as  possibility  values  described  earlier. 
We  are  studying  C (F,  PM). 


F 


Figure  5:  A diagram  relating  threats,  objects, 
security  specifications,  protection 
mechanisms,  and  correlations. 

If  I is  a security  policy  (see  section  2.1), 
then  M(Q,I)  is  a corresponding  protection  mechan- 
ism which  attempts  to  flag  illegal  requests  by 
enforcement.  Let  V stand  for  a profile  or  set  of 
values  representing  what  a user  or  administrator 
"thinks"  the  security  policy  is,  possibly  being 
a vague  or  imprecise  idea.  On  the  other  hand  I 
is  a precisely  stated  security  policy.  In  the 
Figure  6 below,  one  may  choose  to  evaluate  rela- 
tions e between  F-V  and  F-I,  or  one  may  choose  to 
investigate  correlations  c between  F-I  and  PM” 
M(Q,I). 
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Figure  6.  A diagram  relating  threats,  objects, 
security  specifications,  and  protec- 
tion mechanisms. 
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Appendix  A. 

It  is  helpful  to  be  able  to  view  the  model 
described  in  section  2.'  of  this  paper  in  terms 
of  a real  commercial  data  base  system  (DBS)  and 
associated  protection  mechanism.  Because  of  its 
popularity,  let  us  consider  an  example  like  IBM's 
IMS  DBS. 

Security  policies  may  be  implemented  via  IMS 
protection  mechanisms  in  the  following  ways: 

(1)  segment  sensitivity  (SENSEG) , 

(2)  processing  options  (PR0C0PT»), 

(3)  data  encryption  before  storage,  and 

(4)  terminal  and  password  security. 
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Figure  1 illustrates  the  basic  architecture 
of  an  IMS  System.  At  the  physical  storage  level 
data  encryption  provides  data  access  protection. 

At  the  communications  level  data  encryption  and 
terminal  protection  provides  data  access  protec- 
tion. At  the  applications  program  level  pass- 
word protection  provides  data  access  protection. 

At  the  DL/I  calls  level  from  the  host  language 
record  segment  sensitivity  and  authorized  pro- 
cessing options  provide  data  access  protection. 

In  terms  of  our  model  Q is  a DL/I  call,  an 
XJ  is  a program  communication  block  (PCB) , an 
Xp  is  a data  base  description  (DBD) , 

DLITPLI:PR0CEDURE(PCB1,PCB2,. . . ,PCBN)0PTI0NS(MAIN); 


Applications  Program 


workspace 


(logical 

level) 


PL/ 1 HOST  + DL/I  CallS^^" 

I/O  Area 

i 

V 

jProg. 

I Comn  • 
Block  1 

» 

PCB2  ! ■■■ 

1 

Data 
: Base 

Des- 

cripJ. 

DBD2  IdBDS  T"  L 

^J! 

CALL  PLITDLI(F0UR 
AD(PCB).0P,AD(I/O), 
qualifying  condi- 
tional); 


Program  I 

Specification! 
J^Block 


(physical 

level) 


a 0 


IMS  Data  Bases 


Figure  1.  Architecture  of  IMS  System. 

and,  indeed,  "t/ s3p  Xj  — Xp,  i.e.  the  segments 
of  each  PCB  reside  in  some  DBD.  Moreover,  the 
set  of  PCB's  assigned  legally  to  a given  applica- 
tions group,  ■^Xjj^, . . . ,XJ  ^ , describes  the  com- 
plete restricted  view  of  ?he  data  base  (data 
submodel),  -{x.  , . . . ,X.  , for  which  they  have 

authorized  access;  ana,  therefore,  it  is  Indeed 
the  realization  of  their  security  policy  I j . 
Hence,  for  all  programming  groups  who  may  wish 
to  issue  a given  type  of  DL/I  call,  Q:  CALL 
PLITDLI(F0UR,*,0P,I/O  Area,  qualifier),  security 
policies  -{l  is,  indeed,  the  security 

policy  I of  Q.  " 

Yj  is  precisely  the  I/O  Area  to  which  users 
programs' authorized  PCB's  {Xj.,...,X.  7 may 
return  data  from  a DL/I  call  without  raising  an 
error  flag,  i.e.  violation  notice.  Q(XJ.,..., 
XjJ=Yj. 

We  raise  the  question  as  to  whether  or  not 
IMS  under  SENSED  and  PROCOPT  is  sound,  as  a pro- 
tection mechanism,  given  a DL/I  call  type,  Q, 
and  a designated  security  policy,  I,  over  access 
to  all  PCB's  via  DBD's.  That  is,  does  IMS  really 
enforce  a policy  formalized  in  SENSEG /PROCOPT 
notation?  Consider  the  employee  data  base  des- 
cribed in  Figure  2. 


I EMPLpYEE'^ 


I SALARY  I I PR0FILEj 


I PAST  I I PRESENT  | 


Figure  2.  Employee  IMS  DB,  physical  data  base 
PDBl. 

Let  EMPL(>YEE,  PR0FILE,  And  PRESENT  be  sensi- 
tive segments  authorized  to  PCBl;  and,  let  SALARY, 
PAST  be  non-sensitive  segments  unauthorized  to 
PCBl,  and  protected  in  theory  by  PROCOPT=K. 
Therefore,  the  restricted  view  of  the  data  base 
is  as  in  Figure  3. 


EMPLOYEE 


PROFILE  j 


I 

1 PRESENT 


Figure  3.  Employee  IMS  logical  data  base  PCBl. 

Suppose  that  a query  DL/I  call,  Q,  requests 
data  about  PRESENT  Information  regarding  an 
EMPLOYEE . 

Then,  internally,  IMS  must  follow  from  the 
root  (EMPLOYEE) , segment  occurrences  according  to 
the  hierarchical  sequence  (tree  preorder  traversal) 
from  EMPLOYEE  occurrences,  through  SALARY,  PR0FILE, 
PAST,  and  PRESENT  occurrences,  until  the  desired 
PRESENT  segment  occurrence  is  obtained,  as  in 
Figure  4. 


authorized 


unauthorized 


n EMPlI 



» SAL1/////7!) 


PROFIT 


-^PASTl/////!^ 


PRESENTlI- — > 


Figure  4.  Internal  data  structure  traversal. 

Thus,  the  accessing  program  must  pass  through 
physical  records  which  are  unauthorized  to  the 
user. 

Should  a system  program  mechanism  be  developed 
which  could,  while  the  access  program  is  processing, 
leak  physical  records  which  are  being  passed 
through,  then  the  protection  mechanism  would  not 
be  sound,  as  depicted  in  Figure  5. 


ELDB  data  elements 


Figure  5.  A possible  leak  to  I/O  Area  Yj. 

Thus,  there  may  not  exist  M^(Q,I)  such  that 

Mj(Q,I)=M^j(Q,I)=Yj. 

A better^protection  mechanism  would  involve 

a data  structual  arrangement  prohibiting  pass 

throughs. 

Appendix  B. 

Access  types;  program  operations  a,  the  program 
type  identifiers. 

ELDB:  triples  (u,a,d),  u:  user,  a:  operation, 

d:  data  element. 

Protection  Specifications;  L chain  lattice  and 

special  Post  algebra,  L(s)  = /e,,e^ ®n-l}> 

n-valued  functions  p:  S-»L,  S£.ELDB. 

Protection  pattern:  P,  set  of  all  p's. 

Consistent  P;  P is  a function  on  ELDB,  i.e.  no 
inconsistent  points. 

Ordering  "s":  P£Q,  via  the  L ordering,  P and  Q 
protection  patterns,  and  P a restriction 
of  Q. 

Specification  ordering:  psq,  via  the  L ordering, 
p and  q protection  specif lcatlon,ieV  (u,a,d) 
p (u,a,d)<q (u,a,d) , meaning  that  p is  more 
restrictive  than  q. 

glb(p,q):  S L,  defined  by  glb(p,q) (u,a,d)= 
glb(p(u,a,d) ,q(u,a,d)) . 

lub(p,q):  S — >L,  defined  by  lub(p,q)  (u,a,d)  = 
lub(p(u,a,d),q(u,a,d)). 

D^(p):  S L,  defined  by  Dj^(p)  (u,a,d)”Dj^(p (u, 

a,d)),  monotonic. 

Example: 

Let  L(s)=N  (s)='(o, . . . ,n-l^  ring  numbers  of 
ring  protectlon(  4)  , using  the  natural 
ordering.  Then  protection  specifications 
are  ring  protection  mechanisms.  All  pro- 
tection access  brackets  (nj,n2),  such  that 
q(u,a,d)=n|  s n2”p(u,a,d)  for  authorized 
(u,a,d),  are  described  by  the  function  gib 
(p,Di(a)).  In  particular  if  1“0,  0:  deny, 

n-1:  permit,  then  glb(p,Do(q))  describes 
the  usual  permit/deny  Boolean  situation. 

See  Figure  1.  Let  p(u,a,d)”n2  if  dsn-;  0 
otherwise.  Let  q(u,a,d)-nj^  if  dsn^^; 

0 otherwise. 


Figure  1.  Access  bracket  protection  using  a 
Post/monotonic  system  • 

If  dj^<n^,  then  glb(p(u,a,d)  ,DQ(q (u,a,dj^)  ) ) •= 
glbCn^.DpCn^) )=glb(n2,0)=0, unauthorized.  If 
"l^‘^2^"2’  glb(p(u,a,d2)  ,DQ(q(u,a,d2)))  = 

gib  ("2  »^0  ("2  • 

If  glb(p(u,a,d2),DQ(q(u,a,d^)))= 

glb(0,DQ(0))=glb(0,n-l)=0,  unauthorized. 

It  is  now  interesting  to  note  that  Post 
monotonlc  systems  can  be  used  in  describing  speci- 
fic protection  mechanisms.  For  example,  referring 
to  Figure  2,  assume  ring  numbers  n^,  n2,  data 
access  bracket  (nj^,n2)  ,n  j£n2,  data  item  d in  seg- 
ment with  ring  number  n^'*' implies  WRITE  (to)  and 
READ(from),  data  item  d in  segment  with  bracket 
(nj^,n2)  implies  READ(from)  only,  and  data  item  d 
in  segment  otherwise  Implies  unauthorized  access. 


Figure  2.  Protection  rings  for  M(Q,I). 
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Then,  for  a given  user  program  Q with  READ'S 
to  DB  and  WRITE'S  from  DB,  and  I differentiating 
READ  authority  from  WRITE/READ  authority  for 
a user  associated  with  i £ N, 

M(Q,I)"(Dn  (q)—> WRITE/READ, 

glb(p,DQ(q))  -» READ, n-1—^ ABEND). 

Thus,  M(Q,I)  can  be  represented  as  a Post  monotonic 
system  conditional  expression  with  n-1  inter- 
preted as  TRUE.  Specifically,  with  u:  Q(i),ife-N, 
a:  WRITE  or  READ,  d:  segment  with  (nj^,n2)  and  dCDB, 
then  (u,a,d)eELDB  implies 

M(Q,I)  (u,a,d)={Dnj^(q(u,a,d)=n-l— ^•WRITE/READ, 
glb(p(u,a,d)  ,DQ(q(u,a,d))=n-l  -^READ, 

n-l=n-l ABEND),  where  ABEND  signals  an 

abnormal  ending  or  abnormal  ending  with  threat 
monitoring  routine. 

As  a second  example,  and  referring  to  Figure 
assume  ring  numbers  access 

bracket  (nj^,n_,n2),  n^n^n^,  code  C in  segment 
with  ring  number  n implies  process  code,  code  C 
in  segment  with  bracket  (n  ,0.)  implies  process 
code,  code  C in  segment  with  bracket  (n2,n-)  im- 
plies call  the  gate  keeper  routine  to  see  if  entry 
point  is  in  the  gate  list,  and  code  C in  segment 
otherwise  implies  unauthorized  subroutine 
(procedure)  call  (attempted  access  to  Illegal  code). 


Then,  for  a given  user  program  Q which 
attempts  to  call  (service)  program  P at  entry 
point  E,  code  in  DB,  and  1 differentiating  process 
authority  from  qualified  process  authority  at  only 
certain  entry  points  for  a user  associated  with 
i^N, 

M(Q,I)-(Dn^(q)-#’PR0CESS  PR0G.  , 

glb(ptD  (p))t»PR0CESS  PR0G., 
glb(r,D|;(p))-,»GATEKEEPER  R0UTINE, 
n-1 > ABEND),  where 


r(u,a,d) 


n^,(u,a,d)CS,l.e. (u,a,d):i s n^, 
0,  otherwise. 


Specil Ically , with  u:Q(l)  calls  P at  E, 
it-N,  a:  C of  P,  d:  segment  with  (n  ,n-,n  ) and 
dtrDB,  then  (u,a,d) tr  ELDB  implies 

M(Q,  I)  (u,a,d)'  (Dnj^(q(u,a,d))=n-1  ^ 

PR0CESS  PR0G.,  glb(p(u,a,d), 

Dg(q(u,a,d)))=n-1 ^ PR0CESS  PR0G., 

glb(r(u,a,d) ,DQ(p(u,a,d) ))=n-l- ^ 

GATEKEEPER  R0UT1NE,  n-l-n-1 ^ ABEND) . 

If  M Q,I)  falls,  then  P is  said  to  be  uncon- 
fined ( 9 ) . 


Appendix  C. 


Let  F be  a fuzzy  subset  of  universe  of  dis- 
course U“  £o,1,2,3,4,5,6,7,8,9,10J  , X a variable 
over  U such  that  F“R(X)  a fuzzy  restriction  on  X, 
and  let  -jf-  ”R(X)“F  a possibility  distribution. 

Then  Dp(l5^=  p ^fc-  Co.O  , and  F-  + • • •* 

U where  p^^  is  the  compatibility  of  U ^ with 
the  concept  labelled  F.  If  X“V^,  then  p^  is 

the  degree  to  which  the  constraint  represented  by 
F is  satisfied  when  u Is  assigned  to  X. 

If  u”2  and  F-nearly  secure,  linguistic  label, 
then  P2  is  the  degree  to  which  X is  nearly  secure. 
Thus,  p p^)“Tt  ^2 

possible  it  is  that  X is  nearly  secure . .2?,  .8?, 

0?,  1?  And,  TI^”F“nearly  secure-  p^u-^  + • • •+  P^q 


“^10* 

In  terms  of  the  notation  used  in  this  paper, 
if  F:  nearly  secure  and"Jf  -F,  then  it  (r)-  Pp(r) 
“g-Poss(X  is  r I X is  F)-Poss(r|  F) . 


10 


If  F^-Permit-5uPp^('l)/u  - ppU^  + -"+p 

F2  Deny  = Su^F2(\i)/u-^  ^^2u^^^fu22y 

sets,  then  it  is  conjectured  thatJl^feU  such  that 
TTjj(u^)=  ^Permit  sn^h  that  Pj^Oi^l) 


and 


° ^Permit 

in  Figure  1 depicts  the  possibility  distribution 
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All  possibility  distribution  function^ values 
g“l  line.  11^1  : A,  B, 


are  on  or  below  the 
F 


U ;i:C. 
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Abstract 

Fault  secure  multiple-valued  logic  networks 
have  their  outputs  encoded  in  an  error-detecting 
code  so  that  assumed  failures  either  result  in 
no  output  error  or  in  a detectable  (noncode) 
output.  In  this  paper  we  discuss  a way  of  con- 
structing fault  secure  combinational  networks 
as  well  as  a generalization  that  we  define  to  be 
"strongly  fault  secure."  The  only  constraint  on 
the  networks  themselves  is  that  they  be  made  of 
positive  unate  gates*  and  use  unordered  output 
encodings.  ' 

The  fault  assumptions  are  quite  general; 
they  Include  stuck-at  faults  as  well  as  many 
other  failures  which  seem  reasonable  in  a 
multiple-valued  technology.  Protection  is  pro- 
vided against  both  permanent  and  intermittent 
faults.  Various  unordered  codes  and  their  pro- 
perties are  discussed  as  is  the  construction  of 
check  circuits  that  are  themselves  fault  secure 
or  strongly  fault  secure. 


I.  Introduction 

In  theory,  multiple- valued  logic  networks 
enjoy  many  advantages  over  two-valued  networks 
[1].  Nevertheless,  two-valued  networks  are  used 
almost  exclusively  in  practice,  and  a major  rea- 
son is  that  two-valued  logic  networks  are  more 
reliable.  To  take  one  example,  multiple-valued 
networks  may  have  more  critical  noise  tolerances 
than  two-valued  networks.  In  order  for  multiple- 
valued logic  with  its  attendant  advantages  to 
be  of  practical  use,  the  reliability  problem 
must  be  solved. 

There  are  two  fundamental  approaches  to 
increasing  the  reliability  of  logic  networks. 

The  first  is  to  simply  Increase  the  reliability 
of  the  individual  components  (e.g,  gates).  The 
second  approach  is  applied  at  a higher  level 
and  involves  interconnecting  components  so  that 
reliability  is  Increased  due  to  the  structure 
of  the  interconnection.  A very  simple  example 
of  the  second  approach  is  the  use  of  triplica- 
tion and  voting  [2].  Of  course,  these  two 
approaches  can  be  used  separately,  or  they  can 
be  used  in  combination. 

This  paper  presents  an  approach  to  the 
reliability  problem  that  falls  into  the  second 
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of  the  above  categories.  We  discuss  a class 
of  combinational  multiple-valued  logic  networks 
that  have  their  output  signals  encoded  in  an 
error-detecting  code.  These  networks  are  de- 
signed so  that  assumed  failures  (faults)  eltlier 
result  in  a detectable  error  (i.e.  a noncode 
output)  or  in  no  error  at  all.  This  approach 
is  based  on  the  philosophy  that  the  costly 
errors  are  those  that  go  undetected.  Errors 
can  still  occur  using  the  proposed  method,  but 
they  are  immediately  detected  so  that  undesir- 
able consequences  can  be  minimized. 

It  appears  that  Intermittent  faults  may 
be  of  great  concern  in  multiple-valued  networks 
due  to  such  things  as  reduced  noise  tolerance. 

An  additional  advantage  of  the  networks  dis- 
cussed here  is  that  they  are  very  effective 
at  combating  intermittent  faults,  and  it  is 
felt  that  the  method  given  is  one  of  the  few 
practical  ways  of  dealing  with  intermittent 
faults . 

Networks  that  have  the  error-detecting 
property  Informally  described  above  have 
studied  for  two-valued  logic  and  are  said  to 
be  "fault  secure"  [3].  Formal  definitions  of 
the  fault  secure  property  and  a useful  gener- 
alization are  given  and  discussed  in  the  sequel. 
The  theory  developed  here  is  in  some  ways  a 
straightforward  extension  of  existing  theory 
developed  for  the  two-valued  case  [3-8]. 

However,  in  the  area  of  fault  modeling  we  depart 
from  the  obvious  extension,  and  it  is  this 
departure  that  leads  to  what  we  feel  are  inter- 
sting and  practical  results. 

II.  Preliminaries 
A.  Basic  Definitions 

We  consider  multiple  input,  multiple  output 
combinational  logic  networks  which  are  formed 
as  acyclic  interconnections  of  multiple-valued 
gates.  Let  G be  an  m-valued  logic  network^ 

Then  if  G has  n primary  input  lines,  the  m 
vectors  of  length  n form  the  input  space,  X, 
of  G.  The  output  space.  Y,  is  similarly  defined 
to  be  the  set  of  m*'  vectors  of  length  p where 
G has  p primary  outputs.  During  normal,  i.e. 
failure-free,  operation  G receives  only  a 
subset  of  X called  the  input  code  space.  A,  and 
produces  a subset  of  Y called  the  output  code 
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space,  B.  Members  of  a code  space  are  called 
code  words.  Under  faults,  noncode  words  may  be 
produced. 

B.  Post  Algebras 

The  logic  networks  to  be  studied  here  are 
based  on  Post  algebras  [16,17].  For  an  m-valued 
system  we  use  Post  chains  formed  from  the  set  of 
integers  [0,1,2,  ...,  m-1]  and  the  natural 
partial  ordering  A function  or  order  n (l.e. 
n variables)  possesses  m entries  In  its  truth 
table  so  that  there  exist  m™"  truth  tables  (and 
functions)  or  order  n. 

Post  showed  that  the  following  two 
operators  form  a functionally  complete  set: 

1)  f+g  - max  (f,g) 

2)  p =(p+l)  mod  m. 

Another  important  operator,  not  needed  for 
functional  completeness,  but  equally  simple 
to  generate  and  helpful  in  constructing 
functions  is  the  minimum  operation: 

3)  f‘g  « min  (f,g). 

With  the  min  and  max  operators  being  the  great- 
test  lower  bound  and  least  upper  bound, respec- 
tively, the  lattice  of  truth  values  is  a chain 
lattice,  an  example  of  which  is  shown  in  Figure 
la.  Figures  lb  and  Ic  show  the  lattices  pxp 
and  pxpxp  and  indicate  a partial  ordering  among 
m-valued  vectors  or  vertices. 


Although  forming  a complete  set  of  opera- 
tors with  max  and  min  functions,  the  cycling 
operation  is  not  the  only  unary  function  of 
interest.  For  an  m-valued  system,  there  are 
m such  functions.  As  an  example,  consider  the 
27  possible  ternary  functions  of  a single 
variable: 
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. Unary  functions  will  be  denoted  as 
X ^®0*^1’ ■ ■ ’^ra-l^  and  will  take  value  a if  X“l, 
0£l£m-l.  For  example  Jf*'  - X'^^^Hn  ternary 
algebra.  For  constructing  logic  networks  it  is 
desirable  to  limit  the  number  of  unary  operators 
for  the  usual  reasons  associated  with  modularity. 
Due  to  other  considerations,  however,  it  may  not 
always  be  possible  to  use  a minimum  number. 

The  partial  ordering  relation  indicated 
in  Figure  1 can  be  reformulated  into  the  con- 
cept of  covering. 

Definition  1:  A vertex  x,x..,.x  covers 


a vertex  y.y,...y  , denoted  as  x.x,. . .x  iy.y,. . . 

n X z niz 

Xn  If  for  all  1. 

Using  the  max  and  min  operators  one  can  say 
x^X2...x^.^j^y  . ..y  if  max  (x^,y^)“x^  for  all  1, 

and  *1*2"  ■ '*n  • 1^2"  "^n  for 

all  1. 

If  two  vertices  do  not  satisfy  in  any  way 
the  binary  ordering  relation,  they  are  said  to 
be  incomparable.  Functions  that  have  outputs 
that  are  ordered  in  essentially  the  same  way  as 
their  arguments  are  called  linear  monotonlc  or 
unate. 


Definition  2:  A function  FCxj^x^. . .x^)  is 
positive  unate  if  x.,X-. . .x  iy.,y,. . .y  implies 
F (xj^x2..,x^)  ^(yiy2*’ " 

This  notion  can  be  readily  extended  to 
multiple  output  functions  by  requiring  that  each 
output  function  be  positive  unate. 

In  Section  3 we  construct  combinational 
logic  networks  from  positive  unate  gates.  Any 
such  network  (typically  with  multiple  outputs) 
must  also  be  positive  unate. 

Theorem  1:  Any  combinational  logic  net- 
work composed  solely  of  positive  unate  gates 
must  realize  a positive  unate  function. 

For  generality,  we  do  not  insist  on  a 
particular  set  of  positive  unate  gates,  however, 
one  might  be  Interested  in  sets  of  gates  that 
can  Implement  all  positive  unate  functions. 

Definition  3:  A set  of  positive  unate 
operators  IU^,U2,. . .U^}  is  positive  unate  com- 
plete, or  for  our  purposes  simply  unate  complete 
if  the  operators  can  be  composed  to  form  all 
positive  unate  functions.  The  use  of  logical 
constants  is  allowed. 

Since  the  cycling,  min,  and  max  operators 
are  functionally  complete  they  can  be  used  to 
construct  all  positive  unate  functions.  However 
the  cycling  operator  is  not  positive  unate,  so 
this  set  of  operators  is  not  unate  complete. 

It  follows  that  other  unary  operators  must  be 
used  with  the  max  and  min  operators  in  order  to 
get  a unate  complete  set.  In  the  table  of 
single  variable  ternary  functions,  the  positive 
unate  functions  are  marked  with  an  asterisk  (*). 
Some  positive  unate  unary  functions  can  be  ob- 
tained from  others,  for  example  max  (X®®^  x012. 

(012)  y f / 

“ X'  and  therefore  one  of  the  arguments  is 

not  essential.  We  do  not  address  the  problem 
of  finding  the  smallest  unate  complete  set(s). 
Nevertheless,  it  should  be  apparent  that  the  min 
max,  and  all  positive  unate  unary  operators  are 
sufficient  to  Implement  all  unate  functions,  and 
hence  form  a unate  complete  set  of  operators. 

The  partial  ordering  relation  ^ can  be  used 
to  define  a class  of  codes  with  which  we  are 
Interested. 
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Definition  4:  An  unordered  code  is  a set 
of  mutually  incomparable  vertices  of  similar 
degree. 

The  code  {002,011,101,020,110,200)  is  an 
example  of  an  unordered  code.  Specific  unordered 
codes  are  discussed  in  section  IV. 

C.  Fault  Modeling 

All  failures  that  can  occur  in  a network 
G are  assumed  to  be  modeled  logically  as  faults. 

A fault  is  some  transformation  in  the  logic  func- 
tion realized  by  the  network.  By  looking  at  the 
logical  effects  of  a hardware  failure,  one  can 
deal  with  failures  within  the  structure  of  Post 
algebras. 


by  defining  a fault  sequence  <f  ,f,,...f  > to 

X n 

represent  the  event  where  r.  occurs,  followed 

latter  by  f.,  and  so  forth  until  f occurs, 
i n 

III.  Fault  Secure  Network  Structures 
A.  Definitions 

We  now  formally  define  fault  secure  combina- 
tional networks  and  an  interesting  generaliza- 
tion, strongly-fault  secure  networks.  In  order 
to  make  concise  definitions  possible,  we  denote 
the  output  of  the  network  G under  input  xtX  and 
fault  as  G(x,f).  Under  the  fault-free 

condition,  the  output  is  denoted  as  G(x,0). 


For  two-valued  logic  networks,  the  most 
common  fault  assumption  is  that  failures  can  be 
modeled  logically  as  lines  "stuck-at"  logical 
values  (either  0 or  1)  [9].  This  stuck-at  model 
has  led  to  many  useful  results  in  two-valued 
logic.  Nevertheless,  we  feel  that  a stuck-at 
model  is  Inadequate  for  multiple-valued  networks. 
This  is  primarily  because  a good  fault  model  is 
technology  dependent,  and  it  is  not  all  clear 
that  the  stuck-at  model  will  model  the  most 
likely  failures  in  a multiple-valued  technology. 
For  example,  due  to  signal  degradation  in  a 
gate  (a  reasonable  failure  mode)  output  voltage 
levels  could  become  shifted  downward.  Consequent- 
ly, outputs  may  have  Incorrect  logic  values 
(they  are  consistently  too  low),  but  are  clearly 
not  stuck.  Faults  of  the  type  just  described, 
as  well  as  those  where  an  upward  voltage  shift 
occurs,  will  be  referred  to  as  "skew  faults". 

In  this  paper  we  use  two  very  general  fault 
models.  For  a given  network  G,  we  define  F to 
be  a fault  set  that  Includes  the  transformal ion 
of  any  single  gate  in  G so  that  it  realizes  any 
other  single-output  function.  F is  defined  to 
be  the  set  of  single  gate  transformations  to  any 
positive  unate  function.  Both  F and  F are 
very  rich  fault  sets.  F clearly  includes  all 
stuck-at  and  skew  faults,  and  when  all  the  gates 
Implement  positive  unate  functions  as  they  do  in 
the  sequel  then  F also  Includes  stuck-at  and 
skew  faults.  These  two  fault  models  Include 
many  other  failures  with  F being  nearly  the  most 
general  fault  model  posslbie,  given  that  only 
single  gates  fall. 

For  later  convenience,  we  define  F to  be 
the  set  of  multiple  gate  transformations  in  G. 

Hence,  F C p F ^ F . To  denote  a member 

£ « s 01  u m 

or  Involving  two  (or  more)  members  of  F , 

say  fj^  and  f^,  we  write  the  fault  as 


The  following  definition  is  due  to  D.  A, 
Anderson  {3].  It  refers  to  the  functional 
block  G with  input  code  space  ACx,  output  code 
space. B^Y,  and  with  some  assumed  fault  set  F. 

Definition  5;  G is  fault  secure  (FS) 
with  respect  to  F if 

Vf«F  VatA  G(a,f)  = G(a,0)  or  G(a,f)yB. 

If  G is  FS  and  an  assumed  fault  occurs, 
then  any  erroneous  output  can  be  detected  by 
simply  checking  for  code  or  noncode  network  out- 
puts. Hence,  a fault  secure  network  appears  to 
offer  complete  protection  against  undetected 
errors  caused  by  modeled  failures.  Unfortun- 
ately, this  is  not  necessarily  true.  As  time 
passes,  the  network  may  pick  up  a second  fault, 
in  addition  to  the  first,  fj^.  If 
F then  some  code  input  may  cause  the  output  to 
be  an  undetected  Incorrect  code  word. 

A partial  solution  to  this  problem  is  to 
repair  the  network  when  the  first  noncode  out- 
put appears.  If  f..  can  cause  a noncode  output 
and  a sufficient  time  passes  between  fj  and  fj^ 
for  a subset  of  A to  be  applied  that  tests  for 
f.. , then  this  solution  is  satisfactory,  A fur- 
ther problem,  however,  is  that  f..  may  be  such 
that  Va«A  G(a,fj)  = G(a,0),  l.e.  there  is  no 
input  code  word  that  "tests"  for  the  presence 
of  f^. 

Despite  the  above  complications  a FS  net- 
work is  still  useful  from  a practical  standpoint 
if  it  is  periodically  tested  offline  (possibly 
using  noncode  Inputs).  Using  this  technique, 
an  undetected  error  can  occur  only  if  between 
two  off-line  tests. 

1)  a fault  occurs  that  is  not  tested  by 
a code  input. 


The  number  of  faults  in  a digital  system 

is  typically  modeled  as  a Poisson  process  [10]. 

As  a consequence,  it  is  assumed  that  fault  in 

F or  F accumulate  G one  at  a time  with  some 
8 u 

time  Interval  separating  them.  A critical 
assumption  regarding  this  time  Interval  is  dis- 
cussed in  the  next  section.  Because  faults 
accumulate  with  time,  we  denote  this  behavior 


2)  a second  fault  occurs, 

3)  the  second  fault  conspires  with  the 
first  to  give  an  erroneous  code  output 

We  believe  that  in  most  situations,  the 
probability  of  all  three  of  these  events  occur- 
ring during  a suitably  chosen  testing  Interval 
would  be  very  small,  and  a FS  network  would  be 


effective.  It  would  almost  certainly  be  more 
reliable  than  an  unprotected  system  using  the 
same  testing  Interval. 

To  develop  another  solution  to  the  above 
problem,  we  first  observe  that  G may  be  FS  with 
respect  to  f jiJ  f^  even  though  fjUfXF.  Then,  if 
fjUf-  results  in  a noncode  output  for  some  code 
input,  the  faults  are  detected  and  the  network 
can  be  repaired.  The  following  definitions 
(from  [5]  formalize  this  property  for  fault 
sequences  of  arbitrary  length. 

Definition  6;  For  a fault  sequence 
<f  f2,. . . f^> , f .«  F,  let  k be  the  smallest 
integer  for  which  there  exists  a code  input  acA 
such  that  G(a,*^  f ) “ G(a,|8).  If  there  is  no 
such  k,  set  k=n.  ^Then  G is  strongly  fault  secure 
(SFS)  with  respect  to  the  faul^. sequence  if 

Va*A  either  G(a,  y f.)  = G(a,0)  or 

j=l 

k 

G(a,  U fj)\B. 

Definition  7;  The  network  G is  strongly 
fault  secure  (SFS)  with  respect  to  the  fault 
set  F if  G is  SFS  with  respect  to  all  fault 
sequences  whose  members  belong  to  F. 

It  can  be  shown  that  if  a sufficient  time 
elapses  between  faults  so  that  the  complete  set 
of  code  inputs  is  applied,  then  the  first 
erroneous  output  in  response  to  any  assumed 
fault  (s)  in  a SFS  network  must  be  a noncode 
word.  Consequently,  if  the  above  conditions 
are  met  and  repairs  are  made  whenever  a fault 
is  detected,  then  no  undetected  errors  will  be 
emitted  from  the  network.  In  addition,  no 
periodic  offline  testing  is  required;  however, 
in  many  instances  offline  testing  may  be  ad- 
visable to  ensure  that  a sufficient  test  set 
(code  Inputs)  has  been  applied  between  faults. 

Two-valued  SFS  logic  networks  where  k is 
1 for  all  fault  sequences  have  been  called 
"totally  self-checking"  and  have  been  studies 
extensively  [3,6-8,11-14],  The  typical  (equiv- 
alent) definition  given  for  these  networks  is: 

Definition  8:  A network  G is  totally 
self-checking  with  respect  to  F if 

1)  it  is  fault  secure  with  respect 
to  F and 

2)  Vf«F  3a€A  such  that  G(a,f)yB(the  self- 
testing  property  [3]). 

We  have  chosen  not  to  emphasize  totally 
self-checking  networks  because  we  believe  that 
our  fault  models  are  so  general  (particularly 
F^)  that  they  make  the  construction  of  totally 
self-checking  networks  very  difficult.  There 
are  two  arguments  to  support  this  contention. 

First,  in  order  to  self-test  all  members 


of  F it  is  necessary  that  all  possible  input 
combinations  be  applied  to  all  gates  by  members 
of  A,  and  for  each  combination  a path  must  be 
sensitized  [15]  to  at  least  one  output.  The 
totally  self-checking  networks  studied  elsewhere 
have  been  rather  difficult  to  construct,  and 
they  are  based  on  stuck-at  fault  assumptions 
which  only  require  some  proper  subset  of  gate 
input  combinations  be  applied  to  each  gate  with 
the  gate's  output  being  sensitized  to  network 
outputs. 

Second,  the  most  straightforward  way  of 
constructing  totally  self-checking  networks 
Involves  transforming  a network  with  a non-self- 
tested  stuck-at  fault  into  one  realizing  the 
same  function  without  undetectable  faults. 

This  method  Involves  the  removal  of  certain 
"redundant"  parts  of  the  network  [14],  i.e. 
the  untested  lines  and  some  associated  gates. 

For  the  fault  models  we  propose  here,  no  such 
transformation  is  apparent. 

B.  Main  Theorems 

In  this  section  we  show  that  any  network 
made  of  positive  unate  gates  which  uses  an  un- 
ordered output  code  space  must  be  FS  with  respect 
to  F^  and  SFS  with  respect  to  F , Consequently, 
a very  general  design  method  for  these  types 
of  networks  is  to 

1)  choose  some  unordered  output  encoding; 

2)  implement  the  desired  function  using 
network  of  positive  unate  gates. 

Using  this  method,  the  designer  has  a great  deal 
of  freedom  both  when  choosing  codes  and  design- 
ing a network.  Further,  later  in  this  section 
we  will  discuss  conditions  under  which  the 
restriction  to  positive  unate  gates  can  be  re- 
laxed. 

Theorem  2;  Any  combinational  network  G 
composed  only  of  positive  unate  gates  and  using 
an  unordered  output  code  space  is  FS  with  res- 
pect to  F^. 

Proof:  Without  loss  of  generality,  say 
the  fault  f«F  is  present  in  G,  and  it  affects 
gate  g (refer  to  Fig.  2a).  Cut  the  output  line 
of  g and  treat  it  as  a network  input  line.  Then 
we  have  a new  network  G'  with  Inputs  Xj^.x^,..., 

X , g which  must  realize  a positive  unate  func- 
t?on  since  it  contains  only  positive  unate  gates. 
Apply  any  input  at A to  G,  and  let  g(a,0)  be  the 
normal  output  of  gate  g (no  fault  is  present). 

Let  g(a,f)  be  the  output  of  g when  it  is  faulty. 
Then,  g (a,0)>^g(a,  1 ) or  g(a,f )^g(a,0)  (the  order- 
ing of  elements  of  the  algebra  is  total.  If 
a>g(a,0)  represents  the  concatenation  of  the 
input  word  a with  g(a,0),  then 

aog(a,0)>^aog(a,f)  or  ao  g(a»g(a,f  )^ao  g(a,0)  . By 
considering  the  structure  of  G'  shown  in  Fig. 

2b,  we  can  deduce  that 

(1)  G' (a<>g(a,0),0)«G(a,0),  and 

(2)  G'(a.g(a,f),0)-G(a,f). 

Since  G'  is  positive  unate. 
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G'  (a  »g(a,f),0),0)^G'  (a‘>g(a,0)  ,0) 
or  G' (a»g(a,0),0)  ^ G' (a°g(a, f ) ,0) . 
Substituting  from  (1)  and  (2); 

G(a,f)>G(a,0) 
or  G(a,0)2^G(a,f), 

Consequently,  either  G(a,f)=G(a,0)  or 

G(a,f)XB  since  all  members 
of  B are  unordered.  Q.E.D. 


Theorem  3;  Any  combinational  network  G com- 
posed only  of  positive  unate  gates  and  using  an 
unordered  output  code  space  is  SFS  with  respect 
to  F . 


u 


Proof:  For  an  arbitrary  fault  sequence 

1 1 f oj  • • • f > , , let  k be  the,  smallest  inte- 

•L  z n 1.  U K 

ger  for  which  ^acA  such  that  G(a,  U f ) = G(a,0). 

j=l  ^ 

If  there  is  no  such  k,  then  it  follows  that  G is 
SFS  with  respect  to  the  sequence  by  Definition  6. 

k-1 

If  there  is  such  a k,  then  G(a,  Uf.)  = G(a,0) 

j=lJ 

for  all  code  inputs.  Let  G'  denote  the  network 
G with  the  transformations  of  gates  indicated  by 
k-1 


U f..  Then  G'  is  effectively  made  of  positive 


j = l 


k-1 


unate  gates  , and  VaeA  G' (a,0)  = G(a,  U f.).  By 


j = l 


j 


Theorem  2 G'  is  FS  with  respect  to  F and  FQf  ; 

k ® ® 

consequently,  VatA  G'(a,f,  ) = G(a,Uf.)  = G(a,0) 

^ J 

j=l 

or  G'(a,f|^)\B,  Then  G is  SFS  for  the  fault 
sequence.  Since  we  chose  an  arbitrary  fault 
sequence,  the  above  argument  must  hold  for  all 
sequences.  Q.E.D. 


C.  Implementations  with  Nonunate  Gates 


D.  Interconnections  of  Networks 


In  order  to  be  of  practical  use,  it  must  be 
possible  to  interconnect  FS  ans  SFS  networks  in 
order  to  form  larger  FS  and  SFS  networks.  As 
before,  we  consider  combinational  networks. 

In  an  interconnection  of  networks,  the  out- 
put code  space  of  one  network  may  be  the  input 
code  space  of  other  network(s).  Consequently, 
there  must  not  be  a conflict  between  the  use  of 
unordered  input  code  spaces  and  the  restriction 
that  networks  be  made  of  positive  unate  gates. 
Fortunately,  as  the  following  Lemma  points  out, 
unordered  input  codes  and  positive  unate  gates 
fit  together  quite  well. 

Lemma  1:  Any  multiple-output  function 
whose  inputs  are  unordered  can  be  embedded  in 
a positive  unate  function  if  don't  care  inputs 
are  properly  assigned. 

The  proof  of  the  Lemma  is  very  straight- 
forward and  has  been  omitted. 

Another  consideration  when  interconnecting 
the  proposed  networks  is  that  when  placed  in  a 
particular  system,  not  all  members  of  A may 
ever  reach  the  inputs  of  a network.  The  follow- 
ing Lemma  shows  that  this  causes  no  problems. 

Lemma  2 : Let  G be  a network  made  of  posi- 
tive unate  gates  with  an  unordered  output  code 
space  B and  with  input  code  space  A.  Then  the 
same  network  G with  a new  input  code  space 
A'CA  is  FS  with  respect  to  F^. 

Proof:  Since  AtA,  B'  is  the  new  output 
code  space,  andB'C  B.  Therefore,  B'  must  be 
unordered,  and  the  Lemma  follows  from  Theorems 
2 and  3.* 


Thus  far  we  have  discussed  networks  made  of 
positlve-unate  gates,  and  this  has  been  the  only 
restriction  on  network  structure.  We  have  not 
insisted  on  any  particular  set  of  gates;  any 
unate- complete  set  will  do.  As  a consequence, 
one  could  take  any  single-output  subnetwork  and 
call  it  a "gate".  Since  it  is  made  of  positive 
unate  gates,  it  will  also  be  positive  unate.  As 
long  as  its  function  is  positive  unate,  any 
internal  realization  of  the  "gate"  can  be  used. 
Hence,  some  nonunate  gates  can  be  interconnected 
to  form  a single-output  positive  unate  "gate" 
in  one  of  our  networks. 

Conceptually,  the  network  satisfies  Theorem 

2 and  is  FS  with  respect  to  F^,  the  set  of  all 

transformations  of  positive  unate  gates.  It  can 

also  be  seen  that  F includes  all  transformations 
s 

of  all  the  nonunate  component  gates  as  well. 

When  considering  F as  in  Theorem  3,  some 
restrictions  must  be  made  on  faults  occurring  in 
the  nonunate  component  gates.  In  most  cases, 
however,  we  feel  that  an  adequate  fault  model 
results. 


We  close  this  section  with  a theorem  show- 
ing that  essentially  no  difficulties  are  en- 
countered when  interconnecting  the  networks  we 
propose. 

Theorem  4:  Given  a set  of  networks  N = 
“{N.,  N^,...}  that  are  each  FS  (SFS)  with  re- 
spect to  F (F  ) according  to  Theorem  2 (3), 
any  acyclic  interconnections  of  the  networks 
in  N forms  a network  that  is  also  FS  (SFS) 

with  respect  to  F (F  ) , 
s u 

E.  Intermittent  Faults 

An  intermittent  fault  is  one  that  does 
not  remain  permanently  in  a network  after  It 
first  appears.  After  its  first  occurence,  we 
say  that  an  intermittent  fault  is  either 
'present'  or  'nonpresent'.  When  a member  of 

F is  intermittent  and  it  is  present,  the  net- 
s 

work  must  be  FS  since  a present  intermittent 
fault  behaves  in  the  same  way  as  a permanent 
fault.  A nonpresent  intermittent  fault  does 
not  affect  the  network  at  all,  so  it  Is  trivi- 
ally FS  under  this  condition.  Consequently, 
a network  G as  described  in  Theorem  2 is  FS 


with  respect  to  all  intermittent  members  of  F 
as  well  as  the  permanent  ones. 

When  considering  the  SFS  property  for  inter- 
mittent faults,  there  is  some  difficulty,  prima- 
rily because  some  members  of  a fault  sequence 
could  be  present,  and  others  nonpresent.  In 
short,  the  SFS  property  does  not  easily  extend 

to  intermittent  members  of  F . 

u 

IV.  Unordered  Codes 


In  this  section,  we  define  some  specific 
unordered  codes  and  examine  some  of  their  pro- 
perties. 

A.  Fixed-Weight  Codes 

Consider  a vertex  x,x.,...x  , 0<x.<m-l.  Then 
12  n - i-  n 

the  weight  of  the  vertex  is  defined  to  be  I x . 

1=1  ^ 

Then,  as  their  name  indicates,  fixed-weight 
codes  are  made  up  of  vertices  of  identical 
weights.  In  pxp  and  pxpxp  of  Fig.  lb  and  c,  each 
horizontal  row  forms  a fixed-weight  code  space. 
For  example,  the  code  {002,011,101,020,110,200} 
is  a fixed-weight  code  where  the  weight  is  2. 
Larger  fixed-weight  codes  can  be  obtained  by 
performing  weight  preserving  concatenation  pro- 
ducts of  smaller  lattices.  For  the  binary  case, 
fixed-weight  codes  are  often  called  k-out-of-n 
codes  where  k is  the  number  of  I's. 


In  an  m-valued  systems,  the  maximum  weight 
that  a length  n code  word  can  have  is  (m-l)"n. 
We  define  the  fixed-weight  code  of  weight 


(m-1) «n 


to  be  the  half-weight  code.  The 


mi 

binary  analog  is  the  -out-of-n  code. 


Theorem  5:  In  an  m-valued  system,  a length 
n unordered  code  with  the  maximum  number  of  code 
words  is  the  half-weight  code. 


The  proof  of  Theorem  5 is  a generalization 
of  the  one  used  to  show  that|^-out-of-n  codes 

are  optimal  binary  unordered  codes  [18].  As  a 
consequence  of  the  theorem,  if  one  wants  to 
minimize  the  number  of  digits  used  to  encode  in- 
formation the  half-weight  codes  will  lead  to  such 
optimal  encodings. 


A special  case  of  the  fixed-weight  codes 
are  the  "two-rail  codes."  The  most  basic  two- 
rail  code  word  has  length  2,  and  these  two 
digits,  ab,  have  the  property  that 
.■.,l,^^i.e.  b is  the  negation  of  a.  Its  code 
words  all  have  weight  m-1.  Larger  two-railed 
code  spaces  can  be  obtained  by  simple  concaten- 
ation of  the  basic  two-rail  codes.  For 
example,  {0202,0211,0220,1102,1111,1120,2002, 
2011,2020}  is  the  3-valued  length  4 two- rail 
code. 


B.  Berger  Codes 

Berger  codes  [19]  were  first  constructed 


for  binary  asymmetric  channels;  the  following 
is  a multiple-valued  generalization.  A Berger 
code  in  our  generalized  sense  is  a separable 
code  consisting  of  separate  information  digits 
to  which  are  concatenated  check  digits.  Sepa- 
rable codes  are  useful  when  the  extraction  of 
encoded  information  is  to  be  done  most  effi- 
ciently. 

To  satisfy  the  unordered  property  the 
weight  of  the  check  digits  should  decrease  as 
the  weight  of  the  information  digits  increases. 
There  are  many  ways  of  doing  this,  we  consider 
only  one  useful  case,  A Berger  code  is  a code 
consisting  of  information  digits  to  which  are 
appended  the  value  in  base  m-1  of  the  weight 
of  the  m-l's  complements  of  the  information 
digits.  Berger  codes  can  be  characterized 
by  three  numbers:  The  number  of  truth  values, 
m;  the  number  of  Information  digits,  n;  and 
the  number  of  check  digits,  k.  Clearly^  k= 
[log^(n. (ra-l)+l)] , If  I log^(n. (m-l)+l) 1=  log^ 

(n.(m-l)+l)  then  the  code  is  maximal. 


Example:  A maximal  Berger  code  with 


m=3,  n=4 

Info. 

digits 

, and  k=2. 

2's  comp. 

Weight^Q 

Weighty 

Codeword 

0000 

2222 

8 

22 

000022 

0001 

2221 

7 

21 

000121 

0002 

2220 

6 

20 

000220 

0010 

2212 

T 

21 

001021 

1021 

1201 

k 

11 

102111 

1022 

1200 

3 

10 

102210 

1100 

1122 

6 

20 

110020 

2220 

0002 

2 

02 

222002 

2221 

0001 

1 

01 

222101 

2222 

0000 

0 

00 

222200 

Theorem  6:  In  an  m-valued 

system. 

a 

length  n 

separable 

unordered 

code  with 

the 

maximum 

number  of 

code  words 

Is 

the  Berger 

code. 


As  with  Theorem  5,  a proof  is  a straight- 
forward generalization  of  the  one  used  for  the 
binary  case  [19]. 

V.  Check  Circuits 


In  the  networks  proposed  here,  faults  are 
detected  by  checking  the  network  outputs  for 
noncode  words.  Consequently,  one  must  be  able 
to  construct  check  circuits  to  perform  this 
code  checking.  A complication  is  that  any  such 
check  circuit  is  presumably  as  prone  to  fail- 
ure as  the  circuits  being  checked. 

In  this  section,  we  consider  checkers 
that  are  themselves  fault  secure  or  strongly 
fault  secure.  Checkers  are  functional  blocks 
that  in  addition  to  satisfying  the  previously 
defined  properties  also  possess  the  code  dis- 
joint property. 


Ot'flnltloji  9:  A liiiu'tloihtl  hltu’k  in  ct)tle 
illsjiilnt  If  It  itutpH  all  iiDiu'txie  InpiitH  tt)  lutnctxU* 

tiUtpUtH, 

A nuiv  havt*  a i»nlt‘  apace  input  i*t)n- 

Hlatln^  ol  a pnxtui  t of  aeveral  cociea  Hpacen, 
l)ut  gtMierally  haa  a alngle  and  aniall  output  code 
aptice, 

Kaul  I aecure  clieck  clrculta  are  for  the 
moat  part  eaay  to  conatruct.  One  can  alinply  uae 
<1  a Ingle  output  line  wlLlt  one  out)>ut  value  iiull-* 
eating  that  the  etieeker  ia  examining  a code  word, 
and  witli  tlie  other  vaiuea  indicating  a noiu’ode 
input  ia  lieing  applied.  Tliat  auch  a checker  la 
iault  aecure  with  reapec't  to  K (or  actually  ai^ 
lueiiiher  oi  K ) can  he  i^aaily  aiiowii.  One  ahould 

ill 

notf,  howev«*i  , that  altei  a fault  occura  in  the 
checker.  It  may  no  liuiger  he  code  dla]olnt. 

iStrongly  fault  aecure  checkera,  on  the  other 
hand,  ale  much  mote  intereating.  Thla  ia  hecauae 
W(‘  will  liialat  that  tlu*y  retain  the  code  dla)olnt 
propel  ty  lor  all  Initial  tault  Hei)uencea  which 
I'eault  111  no  dc'tectahle  output  erroia  (referring 
to  Detlnltion  h,  t)ie  ae({uencea  of  length  1,2,... 
k-1). 


aent  a method  to  c'onatruct  checkera  haaed  on 
tlie  work  of  Carter  and  Schneider  |4)  and  Andei  aon 
1121. 

■file  clunker  will  realize  two  funcilona; 
liuire  preclaelv  codeworda  will  he  imipped  onto 
2 output  codeworda  (0,m-l)  and  (m-i,0).  Id 
deaigii  a checker  for  a code  of  flxed-welghl  k 
tlie  input  diglta  to  the  checker  are  partitioned 

into  two  non-*emptv  grou|>a  A and  h of  n and  n, 

a h 

diglta.  file  wt«ight  ot  the  diglta  ill  group  A(h) 
will  he  labeled  w^lw^  ),  Delliie  the  Innctlon 
‘f(w  >1)  to  have  value'  111- 1 11  the  argument  la 
true  and  0 otherwlac*.  Let  the  2 output  1 unc- 
tlona  he  dellned  aa  follow: 

>1 

t =•  MAX  r(w  - 1)  . r(w.  ' k-l)  I even 

4 0 ” h — 


g MAX  T(w  ■ 1)  . T(w,  > k-1)  1 od.l 

1-0  " 


Where  the  hound  <i  can  he  ohtaliied  aa  follow: 

■f (w  ' 1 ) » (J  for  1 > w 

a ^ a 


fheoreiii  7:  In  order  for  a checker  to  he 
SKS  with  leapect  to  K , at  leaat  two  output  llnea 
are  neieaaary. 

I'roof:  If  only  i>ne  output  line  la  uaed  and 

the  line  hec'omea  atiick  at  a "valid"  indication 
(thla  tault  ta  In  ) then  the  check  circuit  will 
not  produce  a noncode  output  lor  thla  length  1 
fault  aei{neiice.  However,  the  circuit  ia  no 
longer  cinle  dia|oinl.  tlouae<|uent  ly , iiHire  than 
one  tnitput  line  ia  re(|uired.  ().K.l). 

A c‘onae(| lienee  of  thla  theorem  fa  to  define 
the  aize  ot  the  hardcore,  l.e.  the  amalleat 
niuiiher  of  output  linea  a checker  may  have  and 
at  111  poaaeaa  the  c'ode  «lla)olnt  and  SFS  pro- 
perliea.  Two  out|>ut  llnea  are  uaually  aufflcleiit, 
ami  two  llnea  are  uaed  In  the  next  aecLlona  wlierc^ 
iheckeia  for  aped  fir  codea  are  diacuaaed. 

A , SFS  Lhec  kera  tor  FI  xed-We tj|^ht  taidea 

From  the  general  dlacuaalon  on  checkera  it 
ia  apparent  that  the  code  diajoint  property  Im- 
poaea  a partition  on  the  aet  of  input  vertlcea. 
More  preciaely  the  aet  of  Input  code  worda  will 
map  onto  a aet  of  output  codeworda.  Due  to  the 
poaltlve  unateneaa  of  the  checker,  a noncode  In- 
put to  the  checker  that  covera  a codeword  ahould 
produce  at  the  checker' a outpiita  a noncode  word 
that  covera  aome  output  codeword.  A dual  of 
thla  Htateiaeiit  la  alao  true  Lf  the  covering  la 
the  other  way  around. 

The  theory  and  iin|) lementatlon  of  checkera 
tor  iilnary  fixed-weight  codea  la  well  developed 
(4,  7,  12|.  Some  of  the  work  deala  with  the 
theory  of  Kamaey  numliera  from  comblnatorlca  17], 
ami  fta  extenaion  to  the  multivalued  caae  la 
very  difficult.  Aa  an  alternative,  we  ahall  pre- 


*uid  flw,  > k-i)  - 0 
l>  — 


lor  1 > k-w 


h 


heiu’t*  41  **  mlii(w  ,k-w.  ), 
a h 


■ft)  ctimplete  the  dea  i gn  method  We  neeil  a teihnl- 
({ue  for  Implementing  the  threaiiold  functloiia. 

There  are  n 


1 (w  . 1)  la  tt)  he  1 mp  lement  ed . 

a — ' 

tllglla  111  that  group  labeled  (aay) 


Ft  rat  enumerate  all  the  n -tuplea  that  liavt' 
weight  w^,  Ftir  each  variafile  x Implement  tin 

fuiutloaH  


(0 ,(J ,m-  1 , . . , ni-  I ) , 


(!),(),. . .0,m-l) 


prtxiuct  Xj  II  12 


and  uae  them  aa  folltiwa. 

»|  ) X ). 

• m X ) *•  * “ - III 


For  each  n -tuple  firai  tleaci  Iheil  realize  the 
a 


(H„  l."i.  m' 


t) 


0 If 


11 1 j “ 111- 1 If  ) X j 

Tlie  fuiictlim  1'(w^  4^  I**  t''*"  I'laxlmum  of  all 

the  product  toriiiH  tIuiH  obtained.  Kxample:  A 
checker  for  a code  of  length  I,  weight  I In  a 
l-vnlued  ayatein.  The  code  la  {012,102,021,111, 
201,120,210),  het  A he  the  flrat  2 diglta  Xj 
and  X2  and  H he  x^. 


A 

w 

*1  “2 

B 

■s, 

*3 

^1 

'’I 

^2 

‘’2 

^2 

82 

01 

1 

(222)  (022)  (022)  (022) 

1 2 2 2 

0 

0 

X *“^>-2 

0 

2 

0 

2 

2 

0 

0 

2 

2 

0 

0 

2 

10 

1 

, (022) 

*1 

1 

1 

X 

0 

2 

1 

1 

1 

1 

3 

2 

0 

0 

2 

0 

2 

11 

2 

(022)  (022) 

*1  '*2 

2 

, (002) 

2 

0 

2 

0 

2 

0 

2 

0 

1 

1 

1 

1 

02 

2 

, (002) 

2 

1 

1 

0 

2 

1 

1 

1 

1 

2 

0 

1 

1 

20 

2 

^ (002) 

*1 

1 

1 

1 

1 

1 

1 

12 

3 

(022)  (002) 

*1  '“2 

It  can  be  verified 

that 

the  code 

disjoint  pro- 

perty  is  satisfied. 

Checkers  for 

two  rail  codes 

21 

3 

(002)  (022) 

1 Xj  Xj 

with  larger  k' 

' s can 

be 

obtained 

by 

cascading  in 

f - T(W^SO)  • T(Wj^S3)  + TN^^2)  • 

, (022)  (022)  (002)  (002)  (002)  (022)^  (022)  (002),  (022) 
- Uj  -Xj  ♦Xj  ♦Xj  ♦Xj  ^x^  Xj  i-Xj 

g • T(w  21)  • T(w  >2)  ♦ T(w  23)T(w.20) 

* a ti  at) 


a tree  fashion  the  two-rail  checkers  for  k=2 
hence  suggesting  a proof  to  tlie  generalized 
expression  for  f,  and  g,  . The  two-rail  checker 
for  k=2  Is  shown  In  Fig.  3. 


This  Is  a MIN-MAX  implementation.  A MAX- 
MIN  implementation  can  be  obtained  from  the 
following  formulae: 


and  2 ■ X ••  x , hfinor 


(^k-1  ^ • 

^8k_i 

+ b^) 

<fk-l  + • 

f,  = a,  and  g,  = 


, (0J2)  (022),  (002)  (002)  (022)  (022)  (002) 

9 . (»j'  ) • Xj  *Xj  Xj  •x^  Xj 


This  can  be  Implemented  using  6 unary  gates,  5 
MAX  gates  and  5 MIN  gates. 

IS.  SFS  Checkers  for  Two-rail  Codes 

Checkers  for  two- rail  codes  have  for  an  in- 
put code  sp.ace  a product  of  basic  two-rail 
codes  and  produce  a single  two-rail  coded  out- 
put. l.et  k be  the  degree  of  the  product  of  two- 
rail  input  code  spaces.  Let  a,^  and  bj^  be  the 
k two- rail  input.  The  output  functions 
g|^  can  be  expressed  recursively  as  follows: 

^k  = h-1  + ®k-r\ 

8k  “ ‘^k-l  f^=a,and  g,=b, 

We  shall  not  prove  this  result.  However,  it 
should  be  apparent  from  the  example  below  that 
these  formulae  work  in  general. 

Example:  For  k=2,  the  functions  become 


^2  = ^l'’2  ^^2 


82  ” ^1^2  '’l'’2 


The  checker's  outputs  f^  and  g2  for  code  space 
Inputs  are  as  follows: 


The  two-rail  clieckers  can  be  used  as  duplication 
comparators  if  one  set  of  Inputs  (e.g.  all  a^ 

, 1 , . , , , , (m-l,n)-2, . . . 1 ,0) 

or  all  b^ ) is  inverted  using  x 

This  unary  operator,  however,  is  negative  unate, 

hence  some  of  the  structural  properties  are  lost 

and  the  cl)ecker  is  no  longer  SFS  with  respect 

to  F . 
u 

C.  SFS  Checkers  for  Berger  Codes 

Checkers  for  separable  unordered  codes 
under  the  structural  constraints  enunciated  be- 
fore possess  little  well-established  theory 
and  implementation  irethods.  This  is  true  for 
any  valued  system.  Figure  4 gives  a schematic 
of  how  checking  could  be  achieved.  It  is 
highly  likely  that  such  an  approach  would  result 
in  a non-unate  implementation.  However,  it  may 
be  the  only  practical  implementation.  Other 
ideas  can  be  borrowed  from  [7,8]. 


D.  General  Comments 

It  is  apparent  from  the  previous  discus- 
sions on  checkers  that  there  are  several  open 
questions  concerning  checkers  for  multi-valued 
unordered  codes.  For  the  fixed-weight  codes 
it  would  be  desirable  to  be  able  to  determine 
the  existence  and  the  construction  rules  for 
checkers  with  the  smallest  number  of  levels. 

Also  modular  checkers  would  enhance  the  practi- 
cability of  the  codes.  Clearly  the  results  on 
Berger  checkers  need  further  development.  These 
topics  will  be  discussed  in  a subsequent  paper. 
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VI.  Conclusions 


This  paper  presents  a scheme  for  decreasing 
undetected  errors  that  can  be  produced  by  faulty 
multiple-valued  combinational  logic  networks.  It 
is  based  on  a fault  model  that  we  believe  is  much 
more  realistic  than  the  more  common  stuck-at  model. 
An  added  feature  that  we  feel  is  very  important  is 
the  protection  provided  against  intermittent  faults. 

Fault  secure  networks  depend  on  encoded  inputs 
and  outputs,  and  in  multiple-valued  technologies 
where  pin  counts  will  be  of  less  Importance  than 
in  current  binary  technologies,  these  encodings 
should  cost  relatively  little  in  relation  to  the 
savings  gained  from  added  output  reliability. 

Constraints  on  network  s,tructure  are  rela- 
tively loose.  Future  study  will  be  directed  at 
specific  network  realizations.  Emphasis  will  be 
placed  on  more  common  functional  blocks  such  as 
adders  and  check  circuits. 
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